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Abstract

We study the time and temperature dependent correlation functions for an impenetra-
ble Bose gas with Neumann or Dirichlet boundary conditions (1(z1,0)¢(2a,t))+ 7.
We derive the Fredholm determinant formulae for the correlation functions, by means
of the Bethe Ansatz. For the special case x1 = 0, we express correlation functions with
Neumann boundary conditions ((0,0)¢1(z2,t))+ 7, in terms of solutions of nonlinear
partial differential equations which were introduced in [1] as a generalization of the
nonlinear Schrodinger equations. We generalize the Fredholm minor determinant for-
mulae of ground state correlation functions ((z1)1(22))+ o in [2], to the Fredholm
determinant formulae for the time and temperature dependent correlation functions
<¢)(l‘1, O)wT(IQ,t)>:|:7T, te R, T >0.

1 Introduction

In the standard treatment of quantum integrable models, one starts with a finite box
and impose periodic boundary conditions, in order to ensure integrability. Recently, there
has been increasing interest in exploring other possible boundary conditions compatible
with integrability. These other possible boundary conditions are called “open boundary
conditions”.

With open boundary conditions, the works on the two dimensional Ising model are
among the earliest. By the help of graph theoretical approach, B.M. McCoy and T.T. Wu
[3] studied the two dimensional Ising model with open boundary conditions. They cal-
culated the local magnetizations. E.K. Sklyanin [4] began the Bethe Ansatz approach to
open boundary problems. M. Jimbo et.al. [5] studied the antiferromagnetic XXZ chains
with open boundary conditions and derived an integrable representation of correlation
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100 T. Kojima

functions, using Sklyanin’s algebraic Bethe Ansatz framework and representation theoret-
ical approach invented by Kyoto school [6, 7]. T. Kojima [2] studied the ground state
correlation functions for an impenetrable Bose gas with open boundary conditions:

(1) (22)).

Kojima derived the Fredholm minor determinant representations for the ground state
correlation functions by the help of fermions, which have the integral kernel:

sin(A — p) N sin(A + p)
A—p Apu

The integral intervals depend on the space parameter x1, x2. In this paper we study an
impenetrable Bose gas with open boundary conditions. We are interested in the finite-
temperature dynamical correlation functions:

(W(x1,0)9" (22, 1)) 4 7.

We derive the Fredholm determinant representations for the dynamical correlation func-
tions by the coordinate Bethe Ansatz, which have the integral kernel:

D) (LA p) £ LA, =p)) VO (),
where we have used

o~ 3t +u?)

L) = S {9 s (0 = ) + € sinaa(2 — )
. (1.1)
—|—% P.V./ (8 i T i A) elts® sin((s — p)x1) sin((s — )\)xg)ds} :

Here the notation P.V. represents Cauchy’s principle value and the measure ¥(A) is
given by

1
= 1+exp (#) '

For an impenetrable Bose gas without boundaries, V. Korepin and N. Slavnov [8] has
derived the Fredholm determinant formulae for the dynamical correlation functions.

To describe the 2n point dynamical correlation functions for an impenetrable Bose gas
without boundaries, N. Slavnov [1] introduced a system of nonlinear partial differential
equations, which becomes the nonlinear Schrodinger equation in the simplest case. The
generalization of the nonlinear Schrédinger equations has 2n time variables ¢, (1 < j < 2n)
and 2n space variables z;, (1 < j < 2n). In this paper, we consider the dynamical
correlation functions with Neumann boundary conditions for the special case that one
space parameter has the value z1 = 0: (1(0,0)%"(z,t))7 . We express the dynamical
correlation functions in terms of a solution of Slavnov’s generalization of the nonlinear
Schrodinger equations. The differential equations, which describe four-point correlation
functions without boundaries:

(a1, )0 (w2, t2) (23, t3)1 (24, ta)),

(1.2)
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describe the dynamical correlation functions with Neumann boundary conditions:

(¥(0,0)9 (z, )1+

Now a few words about the organization of the paper. In Section 2 we formulate the
problem and summarize the main results. In Section 3 we obtain the determinant formulae
for the field form factors. In Section 4 we obtain the Fredholm determinant representation
for the dynamical correlation functions. In Section 5 we consider the completely integrable
differential equation which describes the 2-point dynamical correlation functions with
Neumann boundary conditions. In Section 6 we consider the special case that time ¢t =0
and derive the Fredholm minor determinant representations for the finite-temperature
fields correlation functions. We show that our Fredholm formulae coincides with the one
which has been obtained [2] at temperature 7' = 0.

2 Formulation and Results

The purpose of this section is to formulate the problem and summarize the main results.
The Hamiltonian of our model is given by

L
H = [ o (00010, + co' 6l hw') + ho (41060 - 61 (L)0AD)).
0
Here the fields 1 (x) and 9(z) (x € R) are canonical Bose fields given by

W), vT (W) =d6x—-y), [@),%y)]=[(2),4'Hy]=0  (z,y€R),

and L > 0 is the size of box. The parameters h > 0 and hg € R represent the chemical
potential and the boundary chemical potential respectively. We only consider the case
of the coupling constant ¢ = oo, so-called “impenetrable case”. The Hamiltonian H acts
on the Fock space of the Bose fields defined by the following relations between the Fock
vacuum |0) and the Bose fields:

(01! (x) =0, ¥(2)]0) =0,  (0/0) = 1.
A N-particle state vector |¥y) is given by

L L
|‘I’N>=/0 dzl---/o AN N (21, - 2n) YT (21) . 9T (2n) 0,

where the integrand v¢n(z1,...,2y5) is a C-valued function. The eigenvector problem:
H|Uy) = Ex|¥y), (Exy € R), is equivalent to the quantum mechanics problem defined
by the following four conditions of the integrand function ¥y (z1,. .., 2N).

1. The wave function ¥y = ¥ (21, ..., zn) satisfies the free-particle Schrodinger equa-
tion in the case of variables 0 < z; # 2z; < L:

N o 2
—Z <—> YN (z1,...,2n8) = EN - YN (21, ..., 2N),

(0<Z¢7£Zj<L, ENGR).
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2. The wave function ¥y is symmetric with respect to the variables:

¢N(21,...,2N):@ZJN(zU(l),...,ZU(N)), (O'ESN).

3. The wave function v satisfies the integrable open boundary conditions:

0

(6_27] - ho> YN
0

(a—zj ’ ’“’) o

4. The wave function 1 vanishes whenever the coordinates coincide:

=0,

zj=0

1/}]\[(21, e g Ry ey Zj, ceey ZN)‘ziZZj = 0.
This condition corresponds to the condition: ¢ — oo.

The wave functions 1 which satisfy the above four conditions were constructed [2].
They are parameterized by the spectral parameters

wN(Zl, e ,ZN‘)\l, .. .,AN>

= Cons. H sgn(z; — zi) 1§§'1,2th (Ajcos(Njzi) + hosin(Ajzg)) -
1<j<k<N
x
Here the function sgn(x) = W and the spectral parameters 0 < A\; < Ay < --- < Ay are
x
determined by the so-called Bethe Ansatz equations:
T

A =7 (I; €N, j=1,2,...,N). (2.1)

Because the coupling constant ¢ — oo, the Bethe Ansatz equations become simple. The
constant factor “Cons.” is determined by

(AL AN TN (A, An) = (20)Y.
The eigenvalue En({A}):
HUNAL -, AN))e = EN{AD YN (AL -, AN) e,
is given by
N
En({A}) =) (X —h).
j=1

We assume that the set {|Wxn(A1,...,AN))}an{r}y Nen is a basis of physical space of
this model. Here the index all{\}x represents all the solutions of the Bethe Ansatz
equations (2.1). This type assumption is usually called “Bethe Ansatz”. The following
lemma is a foundation of our analysis.
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Lemma 2.1 If the boundary condition hg takes the special value hg = 0,00, the eigenvec-
tors | ({\})) satisfy orthogonality relations

<\IJN()\177>‘N)‘\IIN(M177/’LN H(S)\],,Ltjv (hozovoo) (22)

Here 6y, is Kronecker Delta.

To prove the above lemma, we have used the Bethe-Ansatz equations of the spectral
parameters. In the sequel we use the orthogonality relations of the eigenstates, therefore
we concentrate our attentions to the case of the special boundary conditions: hg = 0, co.
The boundary conditions hg = 0 and hg = oo are called Neumann, Dirichlet, respectively.
In the sequel we use the following abberivations

[N (A1, ..., AN))+  for Neumann, [N (A1,...,An))— for Dirichlet.

The constant “Cons.” is given by

-1

Aj :
\/(14-(5,\10 jHl

1 2\ for Dirichlet
—_ | — i .
VN \ho/) ~’

By using the orthogonal relations (2.2) and the so-called “Bethe Ansatz”, we arrive at
the completeness relation:

for Neumann,

Cons. =

‘\IIN Al7" )>e e<\IJN()\1,...,)\N)‘
id = Z Z . (2_3)
N=0 all{A\}n )\1"' )\N ’\IIN()\l?vAN>>e

The Bose fields 1 (z,t), 1 (x,t) are developed by the time ¢ by
i) = [V H], o' = [v' H).

More explicitly the time dependence of the Bose fields are written by
b(a.t) = (el ) = iyt ()e it

In this paper we are interested in the dynamical correlation functions (¢(z1, t1)%1 (2, t2))er
defined by the following way. For the nonzero temperature 7' > 0, the dynamical correla-
tion functions for IV state are defined by the summation of the every states:

(W(w1, 1)1 (22, t2))e N7

-1

—1 5 e (FEMP) L3 S e ()

all{A} v all{A\}n

)

X€<\IIN()\1, - ,)\N)|17ZJ(."L‘1,7§1)¢T(1‘2,tg)‘\I’N(Al, .. -,)\N)>e}
AUNAL - AN TN (AL, AN))e
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where the index € = &+ represents the boundary conditions. Now the index “+” represents
the dynamical correlation functions with Neumann boundary conditions. The index “—”
represents the dynamical correlation functions with Dirichlet boundary conditions. For
the ground state case T' = 0, the dynamical correlation functions for NV state are defined
by the vacuum expectation value of the ground state:

(WY(w1, 1)1 (22, t2))e N0

_ AUNOL, - AN [U(1, )T (22, 82) [ TN (AL, -, AN) e
(UNAL ATV (AL e AN))e ’

where the spectral parameters (A1, ..., Ay) are given by
T
—(j—1), for Neumann,
L
Aj =
(i ..
70 for Dirichlet.

In this paper we are interested in the thermodynamic limit of the correlation functions,
for the temperature T' > 0 and the time ¢1,{3 € R. For the nonzero temperature 1" > 0,
the dynamical correlation functions in the thermodynamic limit are defined by

W (1, )Y (2, t2))er = N}%@w W (z1, )" (22, t2))e N7

F=p(T)

Here the density D(T') =

/ I (2.4)

where the Fermi weight () is defined in (1.2). For the ground state T = 0, the dynamical
correlation function in the thermodynamic limit is defined by

(21, t1)0 (22, t2))e0 = N}%@m (21, 1) (2, t2))e N 0-

()

~| =

[9] is given by

N
Here the density D(0) = T can be chosen arbitrary. In this paper we give the Fredholm de-

terminant representations for the dynamical correlation functions (v (21, t1)¢ (22, t2))e 7,
(T > 0,e = £). Because the following relation hols:

(W(x1, 0001 (22, t2 — t1))er = ((21, t1)Y (22, t2))e 7

we only need one time parameter t = to — t1, to describe correlation functions. In the
sequel, we use the abbreviation ¢t = t9 — t1. Let us set

7(s|x,t) = its® —ixs, (2.5)

1 (o @]
Glo) = o / el g (2.6)

and
> 1

2
()\‘1'171‘2) =€ 2“)‘2 {eT(AIth) - — PV/
™

—00

eGP0t gin (29 (s — )\))ds} (2.7)

s— A

In Section 4 we derive the following formulae.
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N
Theorem 2.2 In the thermodynamic limit N,L — oo, such that = D, the ground

state dynamical correlation functions have the Fredholm determinant representations

(W (z1,0)01 (22,1))e 0

)
a=0

. 10 25 n
= ¢t (G(wl — x3) + €G(z1 + x2) + %8_a> det (1 — Ve 04A6>

where the function G(x) is given in (2.6). Here the integral operators V. and A, are
defined by

~

V) = /0 Ve fGde, (A = /0 " A0 ) F (),

where the Fermi sphere ¢ = wD and the integral kernel are given by Neumann or Dirichlet
sum:

Ve(/\nu) = L(/\mu) + EL()‘a _M)a
Ac(A, p) = € (P(Mz1, 22) + eP(=Alz1, 22)) (P(plw2, 21) + eP(—plaz, 21)) .

Here we have used the function L(\, 1) defined in (1.1) and the function P(\z1,x2) defined
in (2.7). Here we can choose the density D > 0 arbitrary.

We have succeeded to write the integral kernel by elementary functions:

00 ,T(slyt)
P.V./ ds,
oo S—A

and trigonometric functions. In Section 4, we consider the finite temperature case, too.

N
Theorem 2.3 In the thermodynamic limit: N,L — oo, such that 7= D(T) (2.4), the

finite temperature dynamical correlation functions have the Fredholm determinant repre-
sentations

<1/J(IE1, O)wT(x%t»s,T = e_iht (G(.Tl — .’IJQ) + eG(xl + xQ) + ;%)

9 . N
x det <1 — 7‘/76,T — OzAE,T>
m

a=0

Here the temperature T > 0 and the integral operators ‘A/E’T and A\E,T are defined by

(Derf)N) = /Ooowww<u>f<u>du, AN = [ A8 001

where the Fermi weight ¥(\) is given in (1.2).
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In Section 5, we derive the differential equations for correlation functions for the case
x1 = 0. To describe 2n point dynamical correlation functions for an impenetrabel Bose gas
without boundaries, N. Slavnov [1] introduced a system of nonlinear partial differential
equations, which becomes the nonlinear Schrédinger equation in the simplest case. In
this paper, we express the dynamical correlation functions ((0,0)v1(x, )1+, (T'>0)in
terms of Slavnov’s generalization of the nonlinear Schrédinger equations [1]. For z3 = 0
and Dirichlet boundary case:

(¥(0,0)91 (x2,))7,— = 0,

because the wave functions become to zero. We consider the case 1 = 0 and Neumann
boundary conditions. First we consider 1" = 0 case. Let us set

/ WA, ) f(p)dp, (¢ =mD), (2.8)

sin(z(A — p)) n sin(z (A + #))

WA p) =
(A, 1) Y- P

(2.9)

Theorem 2.4 The correlation functions for an impenetrable Bose gas with Neumann
boundaries at the ground state are given by the following formulaes:

. 2~ —
((0,0)9" (,1))0,4 = 2" det <1—;W> bm(g 8 . f)'

Here the integral operator W is defined in (2.8) and the function by 4 is a component of
matriz b defined in (5.5).

The matrix b defined in (5.5) satisfies a set of partial differential equations introduced

in [1]:
8L aM-—i—[L M;]=0 (1<j,k<4) (2.10)
atj k Oy J ks 51 =Y, SRS =) .
Here we have used
ab
Lj(p) = pPj+ b, Bl Mj(p) = —pLj(p) + 3y
j
where we have used the matrix P; whose components are defined by

The diffential equations (2.10) describe the logarithmic derivatives of the four point cor-
relation functions without boundaries, too:

(W(y1, 1) 0T (ya, t2)v (s, )1 (ya, ta))o-

In Section 5, we consider the finite temperature case, too. Let us consider the finite
temperature case T' > 0. Let us set

(W) / W ) f () dps, (2.12)

where the kernel W (A, p) is defined in (2.9) and ¥(u) is defined in (1.2).
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Theorem 2.5 The correlation functions for an impenetrable Bose gas with Neumann
boundaries are given by the following formulaes:

i 2~ 0 0 —z =z
((0,0)61 (2, ) = 2¢~* det (1 - ;WT> iy ( 0o 1 ) ,
Here the integral operator WT is defined in (2.12) and the function blTA is a component of

the matriz bT defined in (5.6).

The matrix b’ satisfy a set of diffential equations (2.10), too. (We substitute b to b”".)

T. Kojima [2] derived the Fredholm minor determinants formulae for the ground state
correlation functions: (¢)(21)9f(22))g. In Section 6 of this paper, we consider the special
case for the time ¢t = 0 of our Fredholm determinant formulae:

(¥(x1,0)9 (22, 0)) e, (e==)

and derive the Fredholm minor determinant formulae for temperature T° > 0. This Fred-
holm minor determinant formulae for T' = 0 coincide with the one which has been ob-
tained [2]. Let us set

(0% 1) © = [ (Bl ) + Bl — €86, €)) £ (214)
where
6o (€)= /0 9(v) {cos((€ — m) + ecos((€ +n)w)} dv,

and Y¥(A) is defined in (1.2). Here E(&) represents the step function

|1, for £>0,
E(g){o, for £ <0.

Theorem 2.6 For the temperature T > 0, the field correlation functions have the first
Fredholm minor determinants representations
{5
T ’
(z1,22)

1 2~ a
(o) o)) = g (1- 2657
where the integral operator 0.7 is defined in (2.14).

Theorem 2.7 [2] The ground state correlation functions have the first Fredholm minor
determinant formulae

<¢($1)¢T(l‘2)>e,o = %det <1 — %]?6(901@2)

Here the integral operator is defined by
A~ x2
(REwp) © = [ Kae1€)ag
T

where

Ke(&n) = Sin?fy_ i esmgf; .

N
Here the density D = T can be chosen arbitrary.
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3 Form Factors

The purpose of this section is to derive the determinant formulae for the form factors.
First we prepare a lemma.

Lemma 3.1 For the sequences {fjr}j=1,.. N+1, k=1,..N and {gj}j=1,. n+1, the following

holds:

-----

N
0
> senofonin) [ [ 900). <fN+1 + a@)  det (gjk —afj-gnt1E)|  -(3.1)
0€ESN 11 Jj=1 =P a=0

Proof. Consider the coset decomposition:
SN+1 =SN(IN+1)USN(N)-(N,N+1)U---USy(1)-(1,N +1),

where Sy (j) is permutations of (1,...,7—1,N+1,j4+1,...,N). Rewrite the left side of
the equation (3.1) with respect to the coset decomposition:

N
(L.H.S.) Zg] Z sgn(7 - (j, N +1)) H Frig - Jr(vt1),4

J=1  reSNn(j) i

N
tgver Y sgn(r- (N+1,N+1)) H freyr = (R.H.S.)
TESN(N+1) k=1

Q.E.D.
Now let us consider the field form factor:

SN (A, AN [T (@)U (s - i) e

L L
:\/N—I—l/ dzl.../ dzNY N 1(215 - 2N T A, AN
0 0

XN (21, 2N, - )
1 —ix i\
= sgn o (e Mo (NHDT f ee!to(N+DT)
Ve i)

X H {/ dz sgn (z — z) (e 70?4 eePo)?) (e 4 ee_i“jz)} :

To derive the third line, we have used a simple fact:

Z sgnaTHfo(J N'ZSgHUHfJ

o,TESN €SN

Using lemma 3.1, we arrive at the determinant formulae for the form factors.
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Lemma 3.2 The field form factors have the determinant formula

(UNp1 (A, A [T (@) [N (s - pv))e = (CE(JU\)\NH) + 5%)

Ie B - € j Ie 3
X 1§%§%N( (@|Aj, i) — aCe(@[Aj) Le(z[AN+1, pir))

a=0
Here we have used
1 , .

Co(z|\) = ——— (e + ee®), 3.2
(z[A) m( ) (3.2)

(el ) = 1 {32 sinar - )

o VI +80) (T +8,0) L A—p
(3.3)
+ N . sin(z(A 4 p)) — 2L(0x , + 65)\705%0)} .

We can write the field form factors without using integrals.
From the relation ¢ (z,t) = eyt (x)e ", the dynamical form factors are given by

(UN 1AL, AN [0 (2, ) [ (- i)

N+1 N

=exp it | —h+ Z )\3 - Z,u? (3.4)
j=1 j=1

X (Un 1 (A An) [T (@)W (s i))e

4 Correlation Functions

The purpose of this section is to derive the Fredholm determinant formulas of the dynami-
cal correlation functions (1(x1,t1)9 T (z2,t2))e . First we consider the vacuum expectation
values of fields operators. Using the completeness relation (2.3), the vacuum expectation
values of two fields are given by

SUN(p1, - pun) (e, )T (o, 02) [ U (p1, - - i) e
€<\IIN(M17 .- 7/'LN>‘\IIN(M17 .- '7/'LN)>€

S Ol )L (D) a1V o, ) ()
i AN {EDTN ({ah)he (Ovar (DN (V) |

Using the equation (3.4) and the following relations:
AUN{ED (@, t) [ Wa (AD)e = (Tn (DG (@, ) [P ({e}):
(N (AN ({AD)e = (20)Y,

we obtain

: ( ; )2N+1 —i(ta—t1)(h4+ 30, p42) i(ta—t1) SN A2
— [ = e j=1H; eitz=t1) 32570 A
|
(N+ 1) \2L AIZE%N )\N+216%N

< (N (NI @) N ({})E (@ (DT (22) P ({1})e-
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The translation invariance of time holds
AUN {1, t) T (22, 12) [ U N ({1}))e
= (Un({p})e (21,00 (22,12 — t1) TN ({1}))e.

In the sequel we set the abberiviation ¢t = to — t;. Remember a following simple fact. For
sequences {fjh,._,jn }jl,...,jnely {gjl,...,jn}jl,...,jnela (I: some index set), the following holds

D Sym g (SYm Qiin = D Fivege (SYM @)y
Jlseendn€l J1seeenin€l
Here we have used
(Sym f In | Z f]o—(l)7 7Jo(n :
O'GSn

The form factors have the determinant formulae in lemma 3.2 and

AU (DT @ {uh))e= Y Ce@Novi HI (@ Ao () 1),

UESN+1

We obtain

it(thév: ,u?) 1 2N+1
At

2L

o 0
D DI <61MN+IC:(331|)\N+1)Cs(332|/\N+1)+8—a>

AlG%N /\N+1E%N

itA2 A2
x| dot (T aa|hg, ) @l 1) — a2 (@l (el )

24y 2

The j th line of the above matrix only depends on A; not on Ay, (k # j), therefore we can
insert the summations »°, --->>,  into the matrix. Now we arrive at the following.

Proposition 4.1 The vacuum expectation values of two fields have the determinant for-
mulas

€<\IIN(M17 e nUN)W’(l’laO)l/JT(xZ?t)N’N(Nla e 7MN)>€
AUN(p1s o V)N (1 - N ) De

. 1 its2 —a
_ _—ith § t
=e 2L erNeeZ " Cel@r]s)Celals) + oo
seT

1\? o2
><1<§12t<N (i) Z " Je(@ s, ) Je(wals, i)

seTN
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itSQCe(xﬂs)Je(xQ’Sa :U'j)

R
Sl
Sk

Q]

1 2
“\ 51 > e Clmals) Je(wals, )
SE%N =0
Here we have used
Je(zls, p) = eiéitl‘zlg(ﬂs,u).
and functions Ce(x|s) and I (z|s, u) are defined in (3.2) and (3.3), respectively.
The size of the above matrix depends on the state number N, however, the element of
the matrix does not depend on N. By calculations, we obtain

1 its?
5 ee"® Ce(x1|s)Ce(x2]s)
s€e TN
4.1
— i Z eitSZ—is(m—m) 4 Gi eit52—is(x1+:1:2), ( )
2L s€ETZ 2L s€TZ
15,2
1 its2 6_5Ztu 2 /m
il eits CE(;[;1|S)J€(1‘2|S,,U) =T - (-)
2L SGZL;N VIto.o||7\L
e (4.2)
its®—isxy ) )
x > S sin(wa(s — ) — ‘ZWW} +elp = (—u)}] ’
s€ETZ K
and
1 )2 jts? 2 /m e~ 2tV +p?)
— e Je(xr|s, p)Je(zals, N) = 6y — — (—)
<2L ZN T E L) T o)1+ 0,0)
1 A2 it,uQ .
X Yy e sin(x (A — p)) + e sin(za (X — p))
(4.3)

% <%> Z oits? <S i -~ - 1 )sin((s — w)z1)sin((s — )\)332)}

S_
s€ETZ H

1

+e€
A+ p

{n - (—M)}] :

It is straightforwards to take the thermodynamic limit of the right hand side of the equa-
tions (4.1), (4.2) and (4.3). We arrive at Theorem 2.2. Next we consider the finite tem-
perature thermodynamics. By statistical mechanics arguments, at temperature 7" > 0, the
thermodynamic equilibrium distribution of the spectral parameters is given by the Fermi
weight ¥(A) (1.2):

lim (%) ﬁ =9(\).
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Therefore the density is given by

D(T) = % _ %/Ooo IO

Now we arrive at Theorem 2.3.

5 Differential equations

In this section we will study the most interesting case (¢)(0,0)v1(z,)). 7, which only ap-
pears in open boundary model. For Dirichlet boundary case € = —, (1(0,0)%1(z,t))_ 1 = 0,
because the wave functions become zero. We will consider Neumann boundary case
(1(0,0)9T(z,t))+ v and derive the differentaial equations which describe the dynamical
correlation functions.

5.1 Preparations

First we will consider the zero temperature and general x1,xy case.

By using the relation:
2+ 2.\~
=—det(1—=V.|Tr|[1—-=V A
=0 T m

i det (1 — E‘Z — ou&)
T
we obtain the following formulae

Oa

(¥(x1,0)0" (w2, 1))e0 = €™ det <1 - %V)

—1
X <G(m1 —x9) + eG(x1 + x9) — %Tr ((1 - %ﬁ) :)) .

Define the integral operator ]%6 by

() 0 = [ Reh e

The kernel function R¢(\, u) is characterized by the following integral equation:

<1 — gﬁ> (1 + gﬁg) —1.
T s

Define the integral operator Sand L by

q

(55)w= [ somsooan ()= [ 20 i

—-q

where kernel function L(\, i) is defined in (1.1). The kernel function S(\, i) is character-
ized by the following integral equation:

<1— 3E> (1+2§> - 1.
T s
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Lemma 5.1 The kernel functions are related by the following linear relation

Re(A\ ) = S(A, 1) + €S(A, —p).

Proof. The following characteristic relation holds:

SO = 2 [ (L)) + L ~)S(-r ) dv = LA ).

™

Using the relations €2 = 1, (e = £) and L()\, —u) = L(—X\, 1), we obtain the following
characteristic relation:

(SO0 s) + SO =) = 2 [ (SOuv) + €S —0) (L0 ) + L0 =)
=L\ p) + €eL(A, —p).

Q.E.D.

By using lemma 5.1, we obtain
N\ 2\ ~
Tr <(1 — —‘/;> Ae) =Tr ((1 + —Re> e)
T T
2\ ~ 2
:Tr<<1+—5> U> +6Tr(<1+—
s 7

Here we have used

(@) w- [ U f(o)dp,  where U\ ) = P(Aa, 22) P(ulea, 21). (5.1)
Here we have used

(Asyf) ) = F(=2).

In the sequel of this section we will consider the special case that x1 = 0, 9 = = and
€ = +. The following simplication occurs:

L2y sin(z(A — p))
e vt

9
Therefore det (1 — —V+> dose not depend on time variable ¢:
T r1=0,r2=x

2~ 2~
det <1 — V+) = det (1 — W) ,
™ ™

where the operator W is defined in (2.8). By using the relation:

x1=0,z0=x

P(=A|z1,22) = P(\| — 21, 72),
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we obtain the simplication:

T ((1_ %@‘1@) —om((1+25)0)

We arrive at formulae

(¥(0,0)0" (z,))+0

= 2¢7 ™" det <1 - %W) (G(@ T <(1 " %§) ﬁ))

5.2 Differential Equations

x1=0,z0=x

r1=0,x0=x

In this section we will find the partial differential equations of variables ¢ and x. By
discussion in the previous subsection, it is enough to consider the factor:

1 2\ ~
G(z1 +x2) — —Tr ((1 + —S> U> .
2w T
It is convenient to consider the problem in more general situation. We introduce the

auxiliary functions Gp()) and the auxiliary vectors eX(A) and eff(n) defined by

Gp(\) = % P.V. / — i AeT(Slyzp—y%—l e =tap=1) g,

—0o0

L _ itop 1A% —iyop_ 1N itap_ 1 A2 —iyo, 1A
ep ()\) — ( —etlep—1 Y2p—1 ett2p—1 Y2p—1 Gp()\) )7

2 e_it2pﬂ2+iy2p.u‘G n
effw:—( ””)

e_ith;uQ +iy2ph

Let us set the integral operators IA(p by

(Raf) O = [ K00

where we have used the kernel defined by

L (e ().

™

Let us set

B (1) R

B () = Eé;(u) _ ( (eff (14 2R)) () )
B (1) el (w)
Ef (1)
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By direct calculations we obtain the closed differential equations of the above vectors:

0 0

a—ijR(u) = Li()E" (), a—tjER(u) =m;(n) E® (),
i) = pb;+[Q, Pl my(p) = —plj(p) + Z—Z

Here we have used the matrix P; defined in (2.11) and

1 o0 oo
_%/ eT(S|yry1,tzﬂfl)dsg+ _/ ef(s)e%(s)ds
—00 —00
Q= . - , (5.2)
0 _% o 67(8\y4—y3,t4—t3)d80+

where 7(s|y, t) is defined in (2.5). Define the integral operator M by

. q
(37r) 0 = [ "M
where we have used the kernel defined by

T EENE ()

By direct calculations we obtain the following Propositions.

Proposition 5.2 The kernel L(\, ) is the special case of the kernel M(\, p)
_ —x1 Tl Ty T2
uMmmwg-MQw‘o o t).

Define the vectors FZ(\) and F¥(u) by the integral equations

FWMz(#M)EHMFﬁM1%@D=—<G—§M>4F>M%

P (u)
Fy () 2 =\
P = | e [ = (2" (- 2)
Fii(p) m
Fi ()
By usual calculation procedure described in [10], we obtain the closed differential equations
0 0
5 FH ) = Ly PR (), 5o F (i) = My ()P (u), (5.4)
Yj t]
ob
Lj(p) = pPj+[b, P, Mj(p) = —pL;j(p) + o—
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Here we have used matrix b defined by
b=DB+Q, (5.5)

where @ is defined in (5.2) and the matrix B is defined by

'_4y1y2y3y4_q'RL
B]’k_B]’k( t1 ta t3 ty4 ) _/qF] (VB (A)dA

The compatibility condition of the above differential equations (5.4) yields the differential
equations (2.10).

Proposition 5.3 A factor of correlation functions can be written by an element of the
matriz b

1 2\ ~ _ —xr1 T1 —X9 X9
G($1+$2)—%TI‘(<1+;S> Q> —b174< 0 0 ’ " )
Proof. The kernel U(\, i) (5.1) is related to the vectors E®(\) and E¥(p)

QA p) = —2m Ef (N Ef ()]

By using Proposition 5.2, we arrive at the following

2\ ~ _ —r1 Tl —T2 X2
Tr((l%—;S)U)— 27['3174( 0 0 . " >

Q.E.D.

Y1=—Y2=—T1;y3=—Ya=—x2;t1=to=05t3=t4=t

Now we arrive at Theorem 2.4. For finite temperature case T > 0, we prepare some
functions. Let us set

(i = [ MO )9,

where 9(p) is defined in (1.2) and M (), i) is defined in (5.3). Define the vectors FZ(\)r
and FE(u)r by the integral equations

FEN)r = — ((1 - %MT> B EL) N, Fiwr = (ER (1 - %MT) _1> (1)-

Define the matrix b” by
vl = BT 1+ Q, (5.6)

where @ is defined in (5.2) and the matrix BT is defined by

o0
T _ pT Yir Y2 Y3z Y4 _ R L
Bj . = Bjk < bty ts > —/ FE (N1 Eg (A)rdA.

—00

By the similar discussion as temperature T' = 0 case, we arrive at Theorem 2.5.
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6 The time-independent Case

The purpose of this section is to derive the Fredholm minor determinant representations
for finite-temperature fields correlation functions:

(W(x1)YT (22))e 7

Our Fredholm minor determinant representations coincide with the one which has been
obtained in [2]. When we take the limit ¢ — 0, the following simplifications occur:

G(x) =0, L(Ap) —

(sin(z1(A — ) +sin(z2 (A = p))) ,

P(\|z1, z9) — e~ 1A,

Therefore we obtain

(W) (e)er = 5- ((%) det (1 2P oWy )

1 2=
= ——det <1 — —VET) Tr
2 T

Here the integral operators are given by

—(&m) oo
eTf / Ver(\, ) () dpe, <WE,T" f> (\) = /0 EI O ) f (w)dps,

where the integral kernels are given by

Ver(\, p) = V/IO(N) [ i . {sin(z1 (A — p)) + sin(z2(A — p))}

A

s (04 ) + sinaz(3+ m)}] ).

WSO ) = VINe(€ + ee ™) (e + ee™ )/ (1),

€

Pay attention to the Fourier transforms:

— W— / seo(e),  wle)= [ R WO EREI0Y

The following identity holds for functions fc(e\) = ef(eA):

) =

0 1 . 1 .
[ o) TG { 5 s )+ 5 sinGel3 ) |

L ms( TP ) > il
27/O(\) /_oodge /Od’f@e,T(rS,E) /_oodufﬁ(u) G(p)e e,
where

0.0(60m) = /0 " 0(w) {eos((€ — m)w) + ecos((€ + n)w)} dv.
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Therefore we arrive at
2= 2 /4
det <1 _ —VE,T> — det <1 _z (eﬁ’”;’z?))) ,
T T\ &
where the integral operator égy%’yﬂ is defined by

(6+1) (©) = /Ooo (Bl =€) +Blys = €))0r(6,€) F(€)de"

Here E(€) represents the step function

|1, for £>0,
() = { 0, for & <0.
Let us set
det (1 - % 603:,1173:2) ‘ ¢ )
Ae(g,ﬁ) = .

dor (12 (557

Here we have used the following notation of the r-th Fredholm minor determinants:
o)
/"]1 .. ’r]r
[e.e]
-\ n+r e “ e
ol s ; m o AL o A
where we have used

Km(& 5’”): det (K(&,m) .

m o Mm 1<j,k<m

det <1 —\K;

The integral operator K 1 is defined by using the integral kernel K (A, 1) and the integral
interval I:

(B ) /Kw

From the above definition of the Fredholm minor determinants, the function A.(&,n)
satisfies the integral equation:

Buen) = 2 [ 0ur(€.€) AU M =~ Z6.2(.m)

—x1

Let us take the Fourier transforms of this integral equation

iAE _2 > 1 ipE’
2W_/ d@eAmW/oduveTm F/ de'eine A (€, )
= L0 + ),

Therefore we obtain
9 = 1 —~(m)
]. - ;VG,T WG,T .

1
Ae(&“) =——Tr
T
Now we arrive at Theorem 2.6. In much the same way as with finite temperature case
T > 0 we arrive at Theorem 2.7.




Dynamical Correlation Functions for an Impenetrable Bose Gas 119

Acknowledgements

I wish to thank to Professor Miwa for his encouragements. This work is partly supported
by the grant from the Research Institute of Science and Technology, Nihon University.

References

[

2]

8]

[9]

(10]

Slavnov N., Differential Equations for Multipoint Correlation Functions in a One-Dimensional Im-
penetrable Bose Gas, Theor. Math. Phys., 1996, V.106, N 1, 131-142.

Kojima T., Ground-State Correlation Functions for an Impenetrable Bose Gas with Neumann or
Dirichlet Boundary Conditions, J. Stat. Phys., 1997, V.88, N 3/4, 713-743.

McCoy B. and Wu T., Theory of Toeplitz Determinants and the Spin Correlation Functions of the
Ising Model 4, Phys. Rev., 1967, V.162, 436-475.

Sklyanin E., Boundary Conditions for Integrable Quantum Systems, J. Phys. A, 1988, V.21, 2375—
2389.

Jimbo M., Kedem R., Kojima T., Konno H. and Miwa T., XXZ Chain with a Boundary, Nucl. Phys.
B, 1995, V.441[FS], 429-453.

Davis B., Foda O., Jimbo M., Miwa T. and Nakayashiki A., Diagonalization of the XXZ Hamiltonian
by Vertex Operators, Commun. Math. Phys., 1993, V.151, 89-153.

Jimbo M. and Miwa T., Algebraic Analysis of Solvable Lattice Models, CBMS Regional Conference
Series in Mathematics, Vol.85, AMS, 1994.

Korepin V. and Slavnov N., The Time Dependent Correlation Function of an Impenetrable Bose Gas
as a Fredholm Minor. I, Commun. Math. Phys., 1990, V.129, 103-113.

Yang C.N. and Yang C.P., Thermodynamics of a One-Dimensional System of Bosons with Repulsive
Delta-Function Interactions, J. Math. Phys., 1969, V.10, 1115-1122.

Korepin V., Bogoliubov N. and Izergin A., Quantum Inverse Scattering Method and Correlation
Functions, Cambridge University Press, 1993.



