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Abstract
On example of the model ﬁeld system we demonstrate that quantum ﬂuctuations
of non-abelian gauge ﬁelds leading to radiative corrections to Higgs potential and
spontaneous symmetry breaking can generate order region in phase space of inherently
chaotic classical ﬁeld system. We demonstrate on the example of another model ﬁeld
system that quantum ﬂuctuations do not inﬂuence on the chaotic dynamics of nonabelian Yang–Mills ﬁelds if the ratio of bare coupling constants of Yang–Mills and
Higgs ﬁelds is larger then some critical value. This critical value is estimated.

A steady interest to chaos in gauge ﬁeld theories (GFT) [3] is connected with the facts
that all four fundamental particle interactions have chaotic solutions [9]. There are a lot of
footprints on chaos in HEP [12, 18], nuclear physics (energy spacing distributions) [6, 7],
quantum mechanics (QM) [10].
Originally phenomenon of chaos was associated with problems of classical mechanics
and statistical physics. Substantiation of statistical mechanics initiated intensive study of
chaos and uncovered its basic properties mainly in classical mechanics [13]. One of the
main results in this direction was a creation of KAM theory and understanding of phase
space structure of Hamiltonian systems. It was clariﬁed that the root of chaos is local
instability of dynamical system. Local instability leads to mixing of trajectories in phase
space and thus to non-regular behavior of system and chaos (for review see [16, 22]).
Large progress is achieved in understanding of chaos in semi-classical regime of quantum
mechanics [5, 19].
Investigation of stability of classical ﬁeld solutions faces diﬃculties caused by inﬁnite
number of degrees of freedom. That is why authors often restrict their consideration by
the investigation of some model ﬁeld conﬁgurations [12, 1, 2].
There are papers devoted to chaos in quantum ﬁeld theory [4, 15]. Nevertheless there
is no generally recognized deﬁnition of chaos for quantum systems in QM (beyond semiclassical approximation) and QFT [7]. This fact restricts use of chaos theory in the ﬁeld
of elementary particle physics.
It was analytically [21, 20, 14] and numerically [12, 2] shown that classical gauge Yang–
Mills theories (GYMT) are inherently chaotic theories. Particulary, it was shown for spatially homogeneous ﬁeld conﬁgurations [1] that spontaneous symmetry breakdown leads
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to appearance of order-chaos transition with rise of density of energy of classical gauge
ﬁelds [2, 20, 14], whereas dynamics of gauge ﬁelds in the absence of spontaneous symmetry breakdown is chaotic at any density of energy [21]. This conclusion was supported by
studying the stability of topological solutions [12]. Study of chaos in classical GYMTs revealed several new problems. One of them is to understand the role of Higgs ﬁelds from the
viewpoint of their inﬂuence on chaotic dynamics of classical gauge ﬁelds. It was demonstrated that classical Higgs ﬁelds regularize chaotic dynamics of classical gauge ﬁelds at
low densities of energy and lead to appearance of order-chaos transition [12, 2]. The most
of the results concerning chaos in GYMTs are obtained in classical theories. The question
about chaotic properties of quantum GYMTs remains open. However, it was demonstrated
that quantum ﬂuctuations of abelian gauge ﬁeld leading to spontaneous symmetry breaking via Coleman–Weinberg eﬀect [8] regularize chaotic dynamics of spatially homogeneous
system of Yang–Mills and Higgs ﬁelds at small densities of energy [17].
In this Letter we demonstrate that the same eﬀect takes place in the case of non-abelian
gauge ﬁeld theory such as the theory of electroweak interactions. Namely, the “switching
on” of quantum ﬂuctuations of vector gauge ﬁelds leads to ordering at low densities of
energy, order-to-chaos transition with the rise of density of energy of gauge ﬁelds occurs
(compare with [17]). This phenomenon escapes one’s notion under classical consideration
and thus we make the step to understanding the role of chaos in GYMTs. Also we note
that if the ratio of the coupling constants of Yang–Mills and Higgs ﬁelds is larger than
some critical value then quantum corrections do not aﬀect the chaotic dynamics of gauge
and Higgs ﬁelds.
Consider SU (2) ⊗ U (1) gauge ﬁeld theory with real massless scalar ﬁeld ρ with the
Lagrangian


1
1
Z2
1
L = − Gaµν Gaµν − Hµν H µν + g 2 ρ2 W12 + W22 +
4
4
8
cos2 θw
1
1
+ ∂µ ρ∂ µ ρ − λρ4 .
2
4!

(1)

Here λ denotes a self-coupling constant of scalar ﬁeld, g — self-coupling constant of nonabelian gauge ﬁelds, θw is Weinberg angle, Aµ corresponds electro-magnetic ﬁeld, Wµ1 , Wµ2
describe W-bosons and Zµ — neutral Z-boson.
We used the following denotations
Gaµν = ∂µ Wνa − ∂ν Wµa + gεabc Wµb Wνc ,
Hµν =

∂µ Wν0

−

a = 1, 2, 3;

∂ν Wµ0 .

To study the dynamics of classical gauge ﬁelds from the viewpoint of chaos we use spatially
homogeneous solutions [1]. Their dynamics in the classical vacuum of scalar ﬁeld ρ = 0 is
chaotic at any densities of energy [21].
Situation qualitatively changes if we take into account quantum ﬂuctuations of vector
ﬁelds. It is caused by the known fact that the state ρ = 0 is not a vacuum state in this
case. Here ρ denotes vacuum quantum expectation value of scalar ﬁeld related with its
classical vacuum value ρ as follows ρ = ρ + quantum corrections. To ﬁnd a true vacuum
of scalar ﬁeld in this case we use the method of the eﬀective potential [8].
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One loop eﬀective potential generated by the Lagrangian (1) has the form (see also [11])


g 2 ρ2
3g 4 ρ4
1
1
+
ln
U (ρ) = λρ4 +
−
4!
128π 2
2
2µ2


4
4
2
1
g ρ2
3g ρ
− + ln 2
.
(2)
+
256π 2 cos4 θw
2
2µ cos2 θw
Where µ2 is a renormalization constant. Here we took into account contributions of all
Feynman diagrams with one loop of any (W1 , W2 , Z or A) gauge ﬁeld and external lines of
Higgs ﬁeld. This potential leads to spontaneous symmetry breaking and non-zero vacuum
expectation value of scalar ρ-ﬁeld appears. Classical vacuum of scalar ﬁeld is ρ = 0, but
it is not so in quantum case, because of Coleman–Weinberg eﬀect [8].
In the case of the Lagrangian (1) it is known that vacuum state of the scalar ﬁeld
becomes degenerated and ρ =
 0 if we take into account quantum properties of gauge
ﬁelds [11].
It is easy to calculate that the squared vacuum expectation value equals


4 ln cos θ − 32π 2 λ cos4 θ
2
18g
2µ
w
w
ρ2v = 2 exp
.
g
9g 4 (1 + 2 cos4 θw )
Its existence qualitatively changes chaotic behavior of spatially homogeneous solutions in
the quantum vacuum of scalar ﬁeld compared to pure classical consideration. Order-tochaos transition occurs with the rise of density of energy of non-abelian gauge ﬁelds (see
also [17]).
To demonstrate this in more evident form let us consider a simpliﬁed model system.
Full consideration does not add any new physical content.
We will investigate ﬁelds of the following form
 2
ea = 1,
a = 1, 2, i = 1, 2, 3;
e1 e2 = cos ξ.
(3)
Wia = eai q a (τ ) ,
Here eai are constant vectors. Other classical gauge ﬁelds for simplicity are put to be
equal to zero, but their quantum ﬂuctuations are included and give contribution to the
potential (2).
Lagrangian describing dynamics of the model ﬁeld system has the following form
H=

 1

 1
1 2
p1 + p22 + g 2 ρ2v q12 + q22 + g 2 q12 q22 sin2 ξ.
2
8
2

(4)

Here p1 , p2 are momenta of gauge ﬁelds, 0 < sin2 ξ < 1 is a free parameter. Inﬂuence of
quantum ﬂuctuations on the classical model ﬁeld conﬁguration (3) is taken into account
in (4). Lagrangian of the classical (no quantum corrections) model system follows from (4)
if one puts ρv = 0.
To analyze dynamics of the system from the viewpoint of chaos we use well known
technique [22, 23]. Particulary, we reduce equations of motion expressed in action-angle
variables (for instance see [16]) to discrete mapping by angle variable ψ and calculate
parameter of local instability K = |δψ n+1 /δψ n − 1| deﬁned in [23] (K > 1 — motion
is locally unstable and chaotic, K ≤ 1 — motion is stable). Here ψ n+1 and ψ n denote
values of angle variable at (n + 1)-th and n-th time step respectively. Form of the map
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and detailed calculations can be found in [14] where model system (4) was considered in
diﬀerent physical context.
Let us put ρv = 0 (that corresponds to absence of gauge ﬁelds quantum ﬂuctuations).
In this case, as it was clariﬁed in [21], dynamics of spatially homogeneous ﬁeld conﬁgurations in the classical vacuum of real scalar ﬁeld is always chaotic, at any, even small
densities of energy. This conclusion agrees with the results of [2, 20, 14].
If vector gauge ﬁelds quantum ﬂuctuations are “switched on”, and therefore ρv = 0,
then parameter K can be calculated (see [14]) and equals
K=

8E sin2 ξ
.
g 2 ρ4v

(5)

Here E is the density of energy of the spatially homogeneous model ﬁeld system (4).
From (5) it follows that at small densities of energy motion is stable (K < 1). At large
enough densities of energy motion becomes unstable and non-regular (K > 1). Thus if the
density of energy of the model ﬁeld system increases, we obtain order-to-chaos transition.
Critical density of energy Ec corresponding to this transition is given by the following
expression
Ec =

1 g 2 ρ4v
.
8 sin2 ξ

Thus at the densities of energy less than Ec dynamics of the ﬁeld system is regular and at
the densities of energy larger than Ec we obtain regions of unstable motion and chaos in
the phase space of the system.
We can conclude that quantum properties of gauge ﬁelds are essential since they qualitatively change chaotic dynamics of classical gauge ﬁeld conﬁgurations. Quantum gauge
ﬁeld ﬂuctuations generated by the Lagrangian (1) lead classical non-abelian Yang–Mills
ﬁelds to order at low densities of energy due to the same mechanism as it was demonstrated for abelian one [17]. Thus order-to-chaos transition missed under the classical
consideration can be obtained if one includes quantum eﬀects.
Similar analysis can be made for boson sector of electro-weak theory including Higgs
potential. In this case quantum corrections are considered against the background of the
classical vacuum value of Higgs ﬁelds. Thus quantum ﬂuctuations of ﬁelds lead only to
quantitative changes.
Now in contrary we demonstrate that under the certain conditions quantum corrections
to the Higgs potential leading to spontaneous symmetry breaking practically do not change
chaotic behavior of classical Yang–Mills and Higgs ﬁelds. In order to aﬀect essentially their
dynamics the ratio λ/g 4 has to be less then some critical value which is calculated.
Starting from the Lagrangian (1) we build new model ﬁeld system including Yang–Mills
and Higgs ﬁelds. We consider spatially homogeneous ﬁelds. For non-abelian gauge ﬁelds
we use the same assumptions and denotations as in (4). In order to simplify the problem
we put ξ = 0 which means that the ﬁelds of W + and W − gauge bosons have the same
linear polarization. Therefore the Hamiltonian of the model ﬁeld system has the form
H=

 1


1 2
p1 + p22 + p2 + g 2 ρ2 q12 + q22 + U (ρ).
2
8

(6)
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Here p1 and p2 are momenta of gauge ﬁelds and p is a momentum of Higgs ﬁeld. Now
we make the substitution q1 = r cos ϕ and q2 = r sin ϕ. It is easy to see that ϕ is
a cyclical variable and therefore its conjugate momentum pϕ = r2 ϕ̇ is a constant of motion.
Hamiltonian (6) can be written is the form
H=

 1
1 2
pr + p2 + g 2 ρ2 r2 + U (ρ).
2
8

(7)

Here pr is a conjugate momentum of r. We neglected by the term p2ϕ /r2 compared to the
term proportional to r2 considering further classical Yang–Mills ﬁelds with high intensity.
Using well known technique based on Toda criterion of local instability [20, 15] one can
obtain that there is an order to chaos transition with the rise of the density of energy of
the system. Critical density of energy (minus vacuum density of energy which is non-zero)
is given by the following relation




1
3µ4
2λ
−48Λw βw
.
(8)
1
+
1
−
7e
Ec =
exp
2α
−
β
w
w
64π 2
g4
2 cos4 θw
Here the following denotations are used
2 ln cos θw
32π 2 cos4 θw
,
,
β
=
w
1 + 2 cos4 θw
9 (1 + 2 cos4 θw )


1
3
1+
.
Λw =
128π 2
2 cos4 θw
αw =

If one does not take into account quantum corrections to Higgs potential it can be shown
that the behavior of the system (7) is chaotic at any density of energy. From the expression (8) it is seen that Ec can be exponentially suppressed if the ratio of bare coupling
constants of Higgs and gauge ﬁelds is larger then some critical value. If this ratio is large
enough Ec exponentially close to zero and one does not observe any order to chaos transition. Otherwise, if the ratio of coupling constants is small enough, the critical density
of energy given by the expression (8) have detectible value. Thus the magnitude of the
critical density of energy strongly depends on the value of the ratio λ/g 4 . Namely, if the
following condition is true
2
λ
<
,
4
g
βw
then quantum radiative corrections to Higgs potential aﬀect the chaotic dynamics of the
model system. Otherwise, at least one-loop eﬀective potential can not essentially regularize
chaotic dynamics.
In conclusion, we demonstrated that quantum ﬂuctuations of non-abelian gauge ﬁelds
leading to eﬀective potential of Higgs ﬁeld can regularize chaotic dynamics of Yang–Mills
ﬁelds at low densities of energy. We showed also that if Higgs ﬁeld is considered as
a dynamical variable then under the conditions stated above quantum corrections do not
aﬀect classical dynamics of gauge and Higgs ﬁelds.
Quantum corrections are known to be important in the framework of QCD, where
spontaneous symmetry breakdown is suggested to appear via Coleman–Weinberg eﬀect.
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Therefore we can expect that there is order-to-chaos transition in QCD at low densities
of energy as it is described above.
It is known that classical chaos inﬂuences on quantum properties of the system, for instance, on the rate of quantum tunnelling (chaos assisted tunnelling), see [5] and references
therein. Here we have demonstrated that inverse eﬀect exists also. Quantum ﬂuctuations
of the system can change its classical chaotic behavior.
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