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Abstract. In this paper, we denote two direction MRA and two direction scaling function in 
)(2 RL with dilation factor 2, discuss the proposition of two direction scaling function, give a 

necessary and sufficient condition for a function to be a two direction scaling function. 

Introduction 

 Over the past two decades, Wavelet analysis, as a new development of mathematical analysis 
method, has been widely studied in both theoretics and applications. Now, wavelet analysis has been 
applied to the fields of signal analysis, image processing, medical imaging and diagnosis, differential 
equation and control theory. 

American mathematician Daubechies [1] prove, in addition to Haar wavelet,  other Unit-wavelet 
cannot all have compact support, symmetry and orthogonality. Recently, there have been done a lot of 
work in multi-scaling function and multiwavelet. Scale vector function with nonnegative mask has 
very important application in the engineering technology. Shouzhi Yang  [2], introduces the concept 
of two-direction wavelet. As is known to all, refinement equation piays a very important role in 
wavelet theory and application [3-8], Two-directional refinement equation more general than fine 
equation also has a very important role in wavelet analysis.  

Based on [8] this paper give two theorems in )(2 RL . From two-directional refinement  equation, 
gave the concept of two-directional multi-resolution analysis and two-directional scaling function, 
discussed the some properties of two-directional scaling function, and finally gave a sufficient and 
necessary condition for a function to be a two-directional scaling function. 

Preliminary 

First, review the concept of two-directional refinement function and Parseval frame. 
Definition 1. A function )(xϕ is said to be two-directional refinement function, if the following  

two-directional refinement equation is satisfied:  
)2()2()( xkpkxpx

k
k

k
k −+−=  −+ ϕϕϕ                 (1) 

Where the sequence of zkkp ∈
+}{  and zkkp ∈

−}{ are respectively called forward two scale sequence 

and negative two scale sequence.  
Definition 2. Let H  be a Hilbert space, HX zjj ⊂∈}{ , if there exist constants 1c  and ,2c  

,0, 21 >cc such that  

,|||||,||||| 2
2

22
1 fcxffc

zj
j ≤><≤

∈

 ;Hf ∈∀  

Then, zjjx ∈}{ is said to be the frame of H  space, if 21 cc = , zjjx ∈}{  is said to be the tight frame of 

H  space, if 121 == cc , zjjx ∈}{  is said to be a Parseval frame of H space. 
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Now, we introduce two notions of operator and the basic notions and definitions used in the later 
paper. 

Define translation operator as: ),()(: 22 RLRLTk →  ),(|)( kff −⋅→⋅  ),(2 RLf ∈∀  Zk ∈ ;  

Define expansive operator as: ),()(: 22 RLRLD j →  ),2(2|)( 2 ⋅→⋅ j
j

ff ),(2 RLf ∈∀  Zj ∈ ; 

]2,0[2 πL  denote the space of all π2 -periodic functions. 

For all ),(, 2 RLgf ∈  we denote by ],[ gf the π2 -periodic function 

.)2()2()](,[  ∈
++=

zk
kxgkxfxgf ππ

 
It is easily seen that ],[ ⋅⋅   is a sesquilinear form, ]2,0[],[ 1 πLgf ∈  for all ),(, 2 RLgf ∈  and 

         .)](ˆ,ˆ[,,
]2,0[

ξξ
π

dgfgfgf >=>=<<       (2) 

For ],ˆ,ˆ[ fff =σ  we let fΩ be the π2 -translation invariant subset of R defined, modulo a null set, 

by  
}.,0)(:{supp ZkkfRff ∈≠+∈==Ω ξξσ  

For a function )(2 RL∈ϕ  we denote by >< ϕ the principal shift invariant space generated by ϕ ; 

>< ϕ  is the closed linear space generated by }.:{)( ZkTT k ∈= ϕϕ  

Two direction scaling function  

Before discussing two direction scaling function, we will introduce two theorem. The two 
theorems play an important role in the latter paper. 

Theorem 1. Let }.0{\)(2 RLf ∈  

(i)     For an arbitrary 2 ( )g L R∈ , k Z∈ , >< gfTk , is the kth Fourier coefficient of the function  

].2,0[]ˆ,ˆ[ 1 πLgf ∈  

(ii)    >−⋅⋅>⊥<−⋅⋅< )(),()(),( ggff  if and only if ,0)](ˆ),(ˆ[ =⋅⋅ gf   ,0)](ˆ),(ˆ[ =−⋅⋅ gf   

         ,0)](ˆ),(ˆ[ =⋅−⋅ gf   .0)](ˆ),(ˆ[ =−⋅−⋅ gf  

(iii)   ∧>−⋅⋅< )(),( ff ]}.2,0[,),(ˆ)()(ˆ)({ 1
2121 πLmmfmfm ∈−⋅⋅+⋅⋅=  

(iv)    },),(),({))(),(( ZlkfTfTffT lk ∈−⋅⋅=−⋅⋅  is a Parseval frame for >−⋅⋅< )(),( ff if and only if  

          ),()](,[ ξχξ
f

ff Ω=   ),()](ˆ,ˆ[ ξχξ −=− Ω f
ff  .0)](ˆ),(ˆ[)](ˆ),(ˆ[ =−=− ξξξξ ffff      

Prove. (i) since ,)](ˆ,ˆ[ˆ,ˆ,
]2,0[

ξξ
π

dgfgfgf >=>=<<  ]ˆ,[]ˆ,[ gfmgmf = , m is π2 -periodic 

function, we have  .],ˆ,ˆ[ˆ,ˆ,
])2,0([2 πLkkk egfgfegfT >>=<>=<<  

(ii) follows immediately from (i). 
(iii) Exactly as in the proof of Proposition 2.10(iii) in [8]. 

(iv) follows from (iii) we have ,)(),())(ˆ)()(ˆ)(( 21 >−⋅⋅∈<−+= ∨ fffmfmg ξξξξ By (i), we have 
22 |)(,||)(,| 

∈∈

>−<+><
zl

l
zk

k xfTgxfTg 2

]2,0[

2

]2,0[ 22 ||)](ˆ),(ˆ[||||)](ˆ),(ˆ[|| ππ ξξξξ
LL

fgfg −+= , since 

2
21 ||)(ˆ)()(ˆ)(|| ξξξξ −+ fmfm

22 |)(,||)(,| 
∈∈

>−<+><=
zl

l
zk

k xfTgxfTg . We obtain (iv) is true. 

Theorem2. Let ),()( 2 RLx ∈ϕ ),()( 2 RLx ∈−ϕ >−∈< )(),()( xxxfi ϕϕ  , ])2,0([)( 2
1 πξ Lmi ∈  

])2,0([)( 2
2 πξ Lmi ∈ , ,2,1=i  such that ),(ˆ)()(ˆ)()2(ˆ

21 ξϕξξϕξξ −+= iii mmf  a.e. Then, )2](,[ 21 ξff  

)()()()()()( 22122111 ξσξξξσξξ ϕϕ −+= mmmm )()()( 2111 πξσπξπξ ϕ ++++ mm  

).()()( 2212 πξσπξπξ ϕ −−+++ mm    (3) 
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Proof. 

)22(ˆ)22(ˆ)2](ˆ,ˆ[ 2121 πξπξξ kfkfff
zk

++=
∈

))(ˆ)()(ˆ)( 1211 πξϕπξπξϕπξ kkmkkm
zk

−−++++=
∈

 

))(ˆ)()(ˆ)(( 2221 πξϕπξπξϕπξ kkmkkm −−++++ , We have (3) is true. We omit the details. 
Now, we introduce the notion of two direction MRA. 
Definition 3. Let }{ jV be a sequence of closed subspace of )(2 RL  , where 

=jV ,,),2(2),2(2 22
)(2 >∈−−< Zlkxlkxclose j

j
j

j

RL
ϕϕ satisfying:

 
(i)   1+⊂ jj VV , ;Zj ∈∀  

(ii) 1+= jj VDV , ;Zj ∈∀  

(iii) };0{=∈ jzj V  

(iv) );(2 RLV jzj =∈  

(v) There exists a function 0V∈ϕ such that },),(),({ Znknk ∈⋅−−⋅ ϕϕ is a Parseval frame for 0V , 

We say }{ jV  is a two direction MRA  for )(2 RL  and ϕ  is a two direction scaling function for 

}{ jV . 

In order to get a necessary and sufficient condition for a function to be a two direction scaling 
function , we firstly discuss some propositions of twodirection scaling function . 

Let )(2 RL∈ϕ   is a two direction scaling function for an }{ jVMRA . Consider the closed subspace  

,)(),( >−⋅⋅< ϕϕjD Zj ∈  , and take an arbitrary ,)(),( >−⋅⋅<∈ ϕϕjDf  Then, by definition  

,)(),()2( >−⋅⋅∈<− ϕϕjf by 1((iii)-(iv)), we have   

=∈>=−⋅⋅< )2(),({)(),( 2 ξϕϕ jj fRLfD }.]),2,0([),(ˆ)()(ˆ)( 2
21 ZjLmmm ∈∈−+ πξϕξξϕξ            

(4) 

Definition 4. For 1Vf ∈ ，we call the function 

T

f

f
f m

m
M 








=

2

1 a minimal filter for f , where 

)],(ˆ),2([1 ξϕξfmf =  )],(ˆ),2([2 ξϕξ −= fmf  Since ,10 VV ⊂∈ϕ  we have ,
)(ˆ

)(ˆ
)()2(ˆ 








−

=
ξϕ

ξϕ
ξξϕ ϕM  

(5). The function ϕM will sometimes be called the minimal low-pass filter.                                                           
Proposition 5. Let }{ jV  be an MRA  with a two direction scaling function ϕ  whose minimal filter 

is ϕM . Then   
2

1
2

2
2

1 |)(||)(||)(|)2( πξξξξχ ϕϕϕϕ
+++=Ω mmm 2

2 |)(| πξϕ ++ m   a.e.                   

(6) 

Proof. 
∈

++=
zk

kfk ))22(ˆ)22(ˆ)2](ˆ,ˆ[ 2 πξπξϕξϕϕ  

+−+= )(|)(|)(|)(| 2
2

2
1 ξσξξσξ ϕϕϕϕ mm ).(|)(|)(|)(| 2

2
2

1 πξσπξπξσπξ ϕϕϕϕ −−++++ mm  So (6) 

is true. 
Proposition 6. Let }{ jV  be an MRA  with a two direction scaling function ϕ . Then   

1)|)2(ˆ||)2(ˆ(|lim 22 =−+ −−
∞→ ξϕξϕ jj

j   a.e.            (7) 

Proof. we can show that (7) exactly as in the proof of Proposition 3.5 in [8], the only difference is 
that the system ))(),(( −⋅⋅ ϕϕTD j

  is a Parseval frame for 0VDj  for each .Zj ∈   

The following theorem is a necessary and sufficient condition for a function to be a two direction 
scaling function. 
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Theorem 7. A function )(2 RL∈ϕ  is a scaling function for a MRA  if and only if the following 
three conditions are satisfied: 

(i)    )()()()()2(ˆ 21 ξϕξξϕξξϕ −+= mm  for ,1m  ].2,0[2
2 πLm ∈  

(ii)   1)|)2(ˆ||)2(ˆ(|lim 22 =−+ −−
∞→ ξϕξϕ jj

j               a.e.  

(iii)  ),(|)2(ˆ| 2 ξχπξϕ
ϕΩ

∈

=+
zk

k                                 a.e. 

Proof. We already know that the above conditions are necessary ( cf.) (5), Propositions 6 and 
theorem 1(iv). Let us prove the converse. 

Let us define >−=< )(),(0 xxV ϕϕ  and 0VDV j
j = , .Zj ∈  Let )],(),([ 21 ξξϕ mmM =  by the 

proposition 5, we have  
)2( ξχ

ϕΩ
2

2
2

1
2

2
2

1 |)(||)(||)(||)(| πξπξξξ +++++= mmmm  a.e.                                                                       

For an arbitrary 0f V∈ , by (4) and (5), we have  

),2(ˆ)2()2(ˆ)2()2( 21 ξϕξξϕξξ −+= ttf  ])2,0[,( 21 πTtt ∈  

)(ˆ)]()2()()2([ 2211 ξϕξξξξ −+= mtmt ).(ˆ)]()2()()2([ 1221 ξϕξξξξ −−++ mtmt                     (9) 

Then, ),()2()()2( 2211 ξξξξ −+ mtmt ].2,0[),()2()()2( 2
1221 πξξξξ Lmtmt ∈−+  

Now (9) shows, using (4), that .1Vf ∈ This proves ,10 VV ⊆ and then ,1+⊆ jj VV  Zj ∈∀ j Z∀ ∈ , is 

an immediate consequence. 
Let us prove }.0{=∈ jzj V   

We can show that }0{=∈ jzj V  exactly as in the proof of Theorem 5 in [2]. The only difference is 

that in our situation the system }),(),({ ,0,0 Zkxx kk ∈−+ ϕϕ is a Parseval frame for 0V , but the reader can 

easily convince herself that the aforementioned argument from [2] survives. 

Let us prove ).(2 RLV jzj =∈ Let ,)()( ⊥
∈∈ jzj Vxf   as demonstrated in [2, Theorem 6], Here we 

can use the same argument, we have 0=f , this shows that ).(2 RLV jzj =∈  

Conclution 

 In this paper, we follow the notion of MRAand scaling function in )(2 RL , give the notions of 

two-directional MRA  and two-directional scaling function, two properties in the subspace of )(2 RL  
are generalized, we obtain two theorems, discuss some properties of two-directional scaling function, 
gave a sufficient and necessary condition for a function to be a two-directional scaling function.    
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