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Abstract—In this paper, we investigate a discrete space-time
predator-prey model with ratio-dependent function response.
The model is given by a coupled map lattice framework, it takes a
nonlinear relationship between predator-prey reaction stage and
dispersal stage. Through stability analysis and bifurcation

analysis, the parameter conditions of Hopf bifurcation is obtained.

When adding the cross-diffusion, we obtain the parameter
conditions of Turing instability. Numerical simulations verify the
theoretical analysis and show a series of spatial patterns.
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l. INTRODUCTION

The predator-prey system is one of the basic ecological
models widely existing in nature. Since Lotka and Volterra
discovered the basic model of predator-prey systems, more and
more researchers investigate the dynamical behaviors of
predator-prey system [1-4]. In recent decades, dynamical
behaviors become more and more abundant and complex. The
spatial pattern formation of predator-prey systems is an
important issue in biological science. Since Alan Turing put
forward the reaction diffusion equations of chemical and found
that diffusion could destabilize the stable equilibrium [6].
Currently, reaction-diffusion theory is gradually maturing and
is applied into many fields [5,7].

Many researchers have studied time- and space-continuous
predator-prey systems. But the discrete model is more suitable
for the study of biological system, such as scattered habitats,
biological population of non-overlapping. Comparing with the
continuous dynamical models, the discrete models show more
accuracy in describing population dynamics and exhibit many
complex nonlinear characteristics [8].

In this paper, we focus on the discrete form of Holling-
Tanner model with cross diffusion. Holling-Tanner model is
one of the most famous predator-prey models and its functional
response is Holling Type Il [9, 10]. In order to describe some
other situations observed in the fields, this paper introduce a
ratio-dependent predator-prey model.

The outline of this paper is as follows. In section |1, we give
the discrete space-time predator-prey model. In section 111, we
discuss that the stability of equilibrium points and the
parameter conditions of the Hopf bifurcation and Turing
instability. In section IV, numerical simulations are given to
verify the theoretical results. Concluding remarks are given in
section V.

Il.  THE DISCRETE SPACE-TIME PREDATOR-PREY MODEL

In this section, we begin to study the Holling-Tanner model
with a ratio-dependent type [11], can be described by the
following reaction-diffusion equations:
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where N and P represent the biomass of prey and predator
population, T denotes time; r, k, m, a, s, h are positive which r
is the intrinsic growth rate, k is the carrying capacity of the
prey, m is the predation rate or capturing rate of prey by
predator, a is the interference coefficient of the predator, s is
the predator intrinsic growth rate and h is the conversion rate of
prey into predator biomass; V>N and V*P express the diffusion
of the prey and the predator in space, D,,and D,, are the self-

diffusion coefficients, D, and D,, are the cross-diffusion
coefficients of predator and prey; v2=a/6x* +a/dy? is the usual

Laplace operator in two-dimensional space, x and y are the
space coordinates of N and P.
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The classical method for developing the discrete space-time
predator-prey model is applying Euler discretization on (2), we
set a time interval of rand space interval h for discretizing (2),
and a rectangular domain including nxn lattices. Each lattice
stands for a spatial spot, is ascribed to prey biomass and
predator biomass. Accordingly, two state variables n;;, and
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Py (i, j,teZ"and 1<i,j<n) are defined, which represent
the prey density and predator density in lattice (i, j) at time t.

2 2
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where
f(n,p)=n+zn(l—n)— onp ,
n+ap (4)
g(n,p)= p+rép(l—%)-

and V3 is the discrete form of Laplace operator, and
shown by the following equation
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In the coupled map lattice framework, the dynamics at
each step iteration of the model consists of a reaction stage and
a dispersal stage. The dispersal stage is obtained by
discretizing the spatial term of (2), i.e.,

' _ T 2 T 2
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The reaction stage can be expressed as
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(6) and (7) describe a discrete space-time predator-prey
system with self- and cross-diffusion. In the model, all the
parameters should be the positive and values of n,, and

P,y @re non-negative. We notice that the above discrete

model cannot describe the dynamics on the boundary. For
applying the discrete model, we set the periodic boundary
conditions as follows:

Nt = Ninsn Moy = Nang Naio =N i Noio = Noioe (8)
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I1l.  CONDITIONS FOR PATTERN FORMATION

Next, the discrete model is employed to investigate the
special pattern formation of predator and prey, and the
conditions for pattern formation should be determined.

A. Conditions for Stable Homogeneous Stationary State

The homogeneous stationary states of the discrete model
require

2 —
Vil o =0,

©)
Vg Pajy = 0.

for all of i and j. Here, the equation of discrete model
becomes the following form
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The equilibrium point is calculated as

(10)
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Jacobi matrix is
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Substituting the values of (n,, p,) and (n,, p,) into (11) and
calculating its two eigenvalues 4 and 4, of the Jacobi matrix.

According to the research of [12], the stability criterion can be
obtained as follows: if |4|<1 and |4,|<1 , then the

corresponding fixed point is stable; if |1]|<1 and |1,|>1or
|4|>1and |4,]<1, then the corresponding fixed point is a
saddle point, which is also unstable; if |4|>1and |1,|>1, the
corresponding fixed point is unstable.

For fixed point (n,, p,) , we have

A-1 1
‘](novpo):( O+T /1_1_1_5] (12)
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From the above criteria, when 0<r<2 and -2<75<0 ,
(n,, p,) is stable. And the system is stable at (n,p,), each

parameter should satisfies the following conditions:

& +ay, < 1+ 8185 — 81585,
Ay +8y > —(1+a,8, —a,8,), (13)
8138, — 83,8, < 1
where
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B. Conditions for Hopf Bifurcation

According to the discrete system bifurcation theory, the
Hopf bifurcation is independent in space, so next we will not

consider the diffusion term in the study of Hopf bifurcation, i.e.,

Vinain=0and Vip,,, =0.

The eigenvalues of Jacobi matrix of (n,, p,) are as follows

1
11,2 = E(ail tay* \/(au - a22)2 + 4’alZaZl) (15)

The first condition for the appearance of the Hopf
bifurcation is that 4, and 4, is a pair of complex number with

modulus one, i.e.

(a11 - a22)2 + 4a12321 <0 (16)
When a,.a,, —a,a, =1, i.e.
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We have |4|=1and |4,|=1
Next, we change the (n,, p,) to the origin by the following

transformation

u=n-n,

18
V=p-p, ( )

The following mapping is obtained
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N

where O((lu|+|v])*) describes a function with order at least
four in the variables (u,v), and
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In order to facilitate subsequent discussions, the two
eigenvalue values can be written in the following form

p(zf")i% 4q(z,) - P* (7o) =y +iar, (21)
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We can know from the above that || =./q(z,) =1

Another condition of the existence of Hopf bifurcation is

d[A(2)|
dr

d=

n (n+a

2
—%[1—2n1+5—25’8p1 Py )J #0. (23)
1
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In addition, the following conditions are also required

(A(z,)) #L,6%1,2,3,4. (24)

which is equivalent to

p(z,) = —2,0,1,2. (25)
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It is known by (21), p’(z,)#4. Hence, p(z,)#-2,2, then
the requirement of p(z,)=0,1 lead to

7, {1— 2n, - (n“p1+5-25/3p1j #-2,-3. (26)

,+ap,)? n

Next, we study the normal form of (19) when r=z,.

Applying the transformation

e ) @)

Then
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In order to promise the appearance of the Hopf bifurcation,
the following a must not be zero.

——Re[(l 2 gqlézoJ S16uf ~|éaf +Re(7£,) %0 (30)

1-2
where
o= (R ~Fy +28,) +i(Gy ~Gy ~2F, ),
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a,a, a,a,
and likewise for all other similar terms.

C. Conditions for Turing Bifurcation

Turing instability analysis is performed at the nontrivial
homogeneous stationary state (n,,p,) . In the analysis of the

Turing bifurcation, vin,,, and Vip,, are not always be zero,
the eigenvalues of the operator V3 are determined firstly.

Next, considering the following equation
V2XT 4+ ax1 =0, (32
And the boundary conditions are as follows

x x|n+1 XlO Xln xl] xn+1] xO] xn] (33)

Applying the methods described in the eigenvalues of the
Laplace operator can be formulated as

Ay :4[sin2(@)+sinz(%ﬂ. (34)

where 1<k, <n.

We consider the heterogeneous perturbations in the
homogeneous space near the (n,, p,) . i.e.,

|:|(i i =N o =N
h (3%)
p(l jt) p(l it pl'

where ngjsand p,,, are the perturbations on the density
of prey and predator in (i, j) at t th iteration, and noticing that

Vzni L=V ﬁ(i"‘ )y
d'lG, it d it (36)

2 2 -
\& Pain = \& Pi.in-

Substituting (35) into (6) and (7), we get
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The o((\ win]+[p

perturbation is very small,. By using the eigenvalues X,
multiplied by the above formula, we can obtain

)) can be neglected when the

lJl)

Xkl n(' it _allxkln(' in+a,X kl p(| 5 + (andu +a, 21))(“V n(' i
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Forall i and j obtain
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Introduce ni =Y X{nain and p,=> X}p,,, . then the
above is changed into the following form

ﬁm = [aﬂ
Bm = [am

Calculating the two eigenvalues of the Jacobi matrix of the
above equation

e ra ) o s @ et |
(40)

_hlz (a21d11 +a22d21)’11<| jﬁl +(a22 _hlz ('321d12 +a22d22)j1<| ]Bl

A(k)== (A11+A22 J(Al An) +4AA, . (41)

where
A =ay _hlz(audu +a12d21)ﬂkl A, =ay, _hiz(andu +a12d22)/1kl' ( 2)
4
A =3, _hiz(aﬂdn +azzd21)ﬂ1<| Ay =8y _hi—z(aﬂdlz +a22d22)ﬂkl'

Whether |2, (k,1)[>10r |A_(k,1)|>1 exists, there will be at
least one set of k and | that meets 4, =0, and then (40) will

not converge. The divergence of (38) indicates the
phenomenon of Turing instability.

Next, define

Z (k1) = maximum (|2, (k,

) (43)

Z, = rrklnglx rréxZ(k,l). (44)

Then, Turing instability occurs. Therefore, (44) is the
criterion for judging Turing instability.

IV. NUMERICAL SIMULATIONS

In this section, we use numerical simulation to illustrate the
theoretical results, we select a set of parameters to verify the
parameter conditions of Hopf bifurcation and Turing instability.
Parameters are fixed on §=0.8,a=5,8=0.2,h =2.

The positive equilibrium point (n,, p,) = (0.8077,4.0385) . We

substitute the above parameter into the parameter conditions for
the existence of Hopf bifurcation and Turing instability in
Section I11. The results show that all parameter conditions are
satified.

We take 7 and d,;,d,,,d,,,d,, of parameters as variables,
then can get the bifurcation diagrams, as shown in Figure 1.

FIGURE I. REGIONS DIAGRAMS SHOWN IN PARAMETER SPACES.

Figure 1 shows four cases of the discrete predator-prey
system. Region | is the case of stable state without Hopf
bifurcation and Turing instability; region Il is the case of pure
Turing instability; region Ill is the case of pure Hopf
bifurcation; region IV is the case where both Hopf bifurcation
and Turing instability exist. So, we know that Il and IV are
regions where Turing is instable.
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Figure 2 shows that the predator-prey system will generate
the special pattern formation when parameters lie in the region
Il and V. Next, because the situation of predator and prey is
similar, we only analysis the change of prey patterns. We select
the values of parameters

5=0.8,0=5,#=02,h=2,d,, =5,d,, =10,d,, =0.1,d,, =0.5.

FIGURE Il. SPATIAL PATTERNS OF PREY AND PREDATOR.

V. CONCLUSION

Hopf bifurcation and Turing instability of a discrete space-
time Holling-Tanner model is investigated in this paper.
Previously some research works have been done, where
continuous reaction-diffusion models are applied. In this
investigate, the research of this model has been developed.

By using discrete system bifurcation theory, it has been
proven that the discrete model exists Hopf bifurcation and the
parameter conditions of Hopf bifurcation are obtained.
According to the two conditions of Turing instability, it has
been proved that the system exists Turing instability, and we
give the parameter conditions of Turing instability. Finally,
numerical simulations are given to verify the theoretical
results.
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