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Keyu Nie} Bikas.K. Sinha fand A.S. Hedayat*
Department of Mathematics, Statistics, and Computer Science
University of Illinois at Chicago

Received 23 September 2016
Accepted 8 May 2017

Pitman closeness criterion is a coverage probability-based criterion to examine the relative performances of
estimators. Usually, the performance of the standard Graybill-Deal estimator of the common mean has been
examined with respect to the mean squared error (variance). In this study we examine its performance with
respect to the Pitman closeness criterion. Specifically, we compare a p-source based Graybill-Deal estimator
against its g-source based competitors for g (< p)-source subsets of p-source data. The key references to this
paper are [5] and [7].
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1. Introduction

We consider the problem of estimation of the common mean shared by several independent normal
populations with unknown and most likely unequal variances. Generally, we have p independent

sources with distributions N(u, Giz), i=1,2,...,p. Also, let X; and si2 be sample mean and sample
variance, respectively; and s%i = s? /ni, szl_ = Giz /n;, where n; is the sample size available from the
i" source, i =1,2,...,p.

[1] introduced their estimator {gpp, for p = 2 sources, and claimed that {igp,, was prefer-
able to both sample means with respect to the criteria of mean square error, if and only if sample
sizes n; and ny were moderate enough (> 11), which was corrected by [4] as (n; > 11,np > 11),
(n1 =10,n2 > 19) or (n; > 19,n, = 10). Subsequently this result was extended by [3] to include p
independent sources. They compared the Graybill-Deal estimator (GDE) of combining p sources
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with sample means %;, i = 1,2,..., p, and found that figp, had a smaller variance than each sample
mean under the same condition as [1]; that is, either n; > 10 fori =1,2,..., p, or n; = 10 for some

i,and n; > 18 (i,j = 1,2,..., p for each j # i). [8] showed that fi;p|, dommated any flgp|, of q
(< p) sub-sources, under the same condition as in [3], with respect to mean square criterion.

Here we shall compare figp|, with figp), by employing Pitman closeness criterion, which was
introduced by [6]: We say estimator f[1; is better (Pitman-closer) than fl, for the estimation of the
parameter u if and only if P{|f; — u| < |fl — u|} > 1/2. Pitman-closeness criterion is a coverage
probability-based criterion and has nothing to do with the loss function. It provides another angle
in the sense of ’one-to-one’ comparison measuring the performance efficiency of GDE.

Using the Pitman-closeness criterion, [5] and [7] established that for p = 2, a necessary and
sufficient condition for

P{|figpp — 1| < |xi— |} > 1/2,
to hold uniformly in (u, o3 %10 x2) is that m; = n; — 1 > 4 for each i = 1, 2. [7] further established that

P{lfgp, —p| < |5 —ul} = 1/2,

foralli=1,2,...,p and uniformly in (u, le , ze, %}), if and only if
4 —2y2)-1/2 4 & —2y2y1/2
(Y o) (Y of (Y o vhY (1.1)
J=1j#i J=1j#i J=1j#
holds for all i =1,2,...,p and uniformly in (6)%1 ) G)%z, e 0')%)), where Y;’s are independently dis-

tributed as m andmj=n;—1,for j=1,2,..., p. [7] also gave a sufficient condition by showing
that inequality (1.1) holds, forany i = 1,2,..., p, if

p
L=8m ' +4( Y, my) ' >0,
j=1j#

forall kin {1,2,...,i—1,i+1,...,p}.

In this paper we show that flp|, is a Pitman-closer estimator than fi;p|,, the GDE of any g (< p)
sub-sources, in the sense of Pitman closeness criteria for all p > 2. Without loss of generality, our
results are presented by comparing with initial g sub-sources, although for any other g sub-sources,
we will obtain similar results.

We provide several sufficient conditions [including the inequality (1.1) (suitably modified)
which holds uniformly in (le,cxz, zep) for all g sub-sources]. We also provide a necessary
condition towards this.

The remainder of this paper is structured as follows. Section 2 describes all the lemmas and
preparation for the main results. Section 3 provides a necessary condition when combining all p-
sources is preferred. Section 4 presents the corresponding sufficient condition and several corollar-
ies. Section 5 discusses the sample size requirement. Section 6 concludes the paper.

2. Notations and Lemmas

Before introducing our main results, we first introduce the following notations and lemmas.
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‘We borrow the definition from [7]:
Let

ms
Y, = 062572 ~ ’ i=1,2,...
[ x,sx, %z(mi)a forl [t D
where Y;’s are independently distributed and m; = n; — 1 is the degrees of freedom. Obviously we
have E(Y, ') = 1.
Let p = g+ r and define:

q q
Uq:(ZG)%s;i“)‘% (Y522 zcy‘zY2 —3( ZG_ZY
i=1 i=1
q+r : q+r q+r : q+r
U=(Y ors: )72 ( Y s =) o: 2Y7) 2 ( (Y o; ’Y)),
i=q+1 i=q+1 i=q+1 i=q+1
4y L _ _1
Vo= (Z Gisxi4) = (ZGXIZYIZ) 2,
i=1 i=1
q+r s 4l q+r el
VV:(ZGX,SX,-)ZZ(ZGX,YI)Z
i=q+1 i=q+1

(Ug, Vy) and (U}, V,) are mutually independent. As we mentioned before, U, and V, represented the

initial g subgroups, and hence U, and V, represented the remaining r subgroups.
Lemma 2.1. Y 0;% > U? > minj_y 5, s{03 *} holds uniformly in (6} ,06%,...,032).

Proof. Due to Cauchy-Schwarz inequality, we have:

h
Uy = (Y 0.%77)" ZG_ZY

—_

On the other side,

:i" oY
SxXiio
> min {o.>
,min {057}
O
Lemma 22. The inequality E{U,'} > (X o: ) 12> E{V,} holds uniformly in
(62,6%,...,02).
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Proof. Due to the fact:

h h
E{U; '} = E{<Zlcf;72Y,-2>“2(Z oY) '}
i= i=1
h
> (Z ng)—l/z (2.1)
1:1 72
~ (Lo Y )
i=1 10%,
h 2
— (Z I/ZE{Z )—1/2}
i=1 l 10; x,
2
> (Z 6?) ‘/ZE{Z o e (2.2)
i=1 =

h
=E{Y o ¥}} '
j:

=E{V)}.
The inequality (2.1) is based on Lemma 2.1, and inequality (2.2) is due to Jensen’s inequality. [J
Lemma 2.3. The inequality (Y 1 Ox, NE(U, ) < E(V, ") holds uniformly in (o2 ,02,...,00).
Proof. See [7]. J

Lemma 2.4. The probability P{|figp|, — 1| < |fgp|g — 1]} is
1/m (E{arctan(U,Uq_l )} +E{arctan(U,Uq_] + ZV,Vq_l)}).

Proof. Without loss of generality, it is clear 4 may be assumed to be 0. As p = g+ r, we need to
compute the probability P{|fcpp| < [Acpql}-
By applying the fact that:

N + TN
(X552 Boplg+ (X7 1557 Bepr

Zq+r -2 ’
i=1 x,

.uGD\p =

the probability P{|d¢p,| < [Agp),|} can be written as:

P{|fiGp|p| < |fGplql}
= P{(.aGD\p)z < (.aGD\q)z}
P{( (Z?:l si_,-z)ﬂGD|q (Z?+qr+1 SJE_I-Z):[LGDV

)2 < (.aGD\q)z}

T s
q q+r qtr
:P{((Z SE, )Agp), + Z .LLGD|r ’< ((st_,»z)ﬁGD\q)z}
i=1 i=g+1 i=1
Zq -2
=2P{figp|,(1 +2ﬁ) < fgp)r < Beplgs Boplg > 0}
i=q+1°X;
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—P{ ( ( ?162574) 2( ?15)2,2) s ( ?1%% HYz )
- +r — +r —2N\ _ +r —
(Z? q+1 xzz Xt4) (Z? q+1 Xzz) ! (Z? q+1 )521 x14)1/2

< (( .UGD\ >/< .uGD|q >>
B <z"+’ o2 )Py ) ) T\ L s L )

i q+1 i=q+1 Sk,
1/2 -2
(XL, oiss )2 (El 557) ! }
= yat o 2\
(X qr+1 PURE)Y :Iqr-&-l S5 )
Acplr
r _a\1/2 q+r 72 1
_ —1 -1 (Z’EH;H'] 3] ’(,4) (Zl z1+l X ) . |
=P —(U,Uq +2VrVq ) < fona <U/, . (2.3)
(XL ois ;,4)1/( Lisit) l
Note that conditionally given s;. 2fori=1,...,p, the ratio
.U'GD\r
(X 0ds ;,4)|/2(Z?+qr+l :,2)
.U'GD\q

(XL ots 54)1/2( L) I

follows a Cauchy distribution.
Therefore, the probability in Eq.(2.3), can be denoted as

y="v(03,05,...,07)
"} — Efarctan(—-U,U, " —2V,V, 1)})

= 1/n (E{arctan(U,U,
=1/ (E{arctan(U,U, ')} + E{arctan(U,U, ' +2V,V, ")}).
O
3. When is combining preferable ? A Necessary Condition
Theorem 3.1. P{|{gp|, — 1| < |Agpg — K|} > 1/2 holds uniformly in (u,02 (o 32, o f) only if
P p q q
E<( Z ijzyiz)fl/z( Z c7;2?21/1') E (chzylz)l/z(z ijzyi)il <
i=q+1 i=q+1 i=1 i=1
P q
ES( Y oY) PhES (Y 0¥ 7120,
i=q+1 i=1
which is equivalent to stating:
(3.1

2E{UE{U;"} > E{V,E(V,),

. . )
holds uniformly in (62,02, .. 0% ).

Proof. According to Lemma 2.4, the probability P{|{sp|, — 1| < |Agpj; — K|} can be denoted as:

2
’y ’Y( x17 xz7 7GXP)

= 1/ (E{arctan(U,U, ')} + E{arctan(U,U, ' +2V,V, ")}). (3.2)
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The expectations are taken with respect to the independent random variables ¥;’s.

Let 6)52 = Gf_lzr,-, fori=1,2,...,q; and 6)52 = zel T, fori=qg+1,9+2,...,q+r. Here 7;’s are
in the range of [0,0), except 7; = 1. * So U, = GX_IIU;, Vg=0xV,, U= leU and V, = GX_IIV,*,
where

q q q
U; = (ZTI,Yiz)fl/z(Z 7Y)), Vq* — (ZTiYiz)il/z,

q+r

2 —1/2 2 —1 2
=( ) wy’) 2( Z 7Y, Z Y2~V
i=q+1 i=q+1 i=q+1

The probability in equation (3.2) will be
Y= Y( xlaflvflw'-yfp)
=1/n (E{arctan(c3 U:‘(U;)fl)}
+E{arctan(o;, Uy (U;) ™" +20;, 7V (V).
The dominated converge theorem implies that:

1(63) = 1/a(E{arctan0} + E {arctance}) = 1/2 as o, — 0.

Next, we will show that y > 1/2 unlformly in (67,0%,... )?21))’ only if 2E{Ur}E{Uq_1} >
E{V,}E{V,”'} holds uniformly in (c7, ze, ’sz,,)-

The derivative of y with respect to Gfl, is given by

862
—20; 4V (V) Tk U us)!
1+ 62 Ux( U*) +20; 2V (V) 1) L+0d U2 (U;) 2
., U (U)ot —2v; ()
of (1402 U2(U;)2) +4V(V) ! (ahUs(Us) T+ V(v )
E . 3.3
* {1+G4U*2 (% } -3)
To check whether the inequality:
B3V U 20 G4
is a necessary condition, we assume that inequality (3.4) is not true for some (1,...,7,). Then we

notice that

d 1 .y —
a(y%Y‘Gfl—O_l/ﬂE{_zvq(v) 1+Ur(Uq) 1)}<07

which leads to y being non-decreasing and contradicts that y > 1/2 for o . in a small region near 0.

In inequality (3.4), we are going to prove, 2E{U,}E{U,;1} > E{V,}E{V, "'}, it will follow that U,’s and V" !’s are

proportional to 62
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It is easy to verify that inequality (3.4) is equivalent to inequality (3.1). O

4. When is combining preferable ? Several Sufficient Conditions

Theorem 4.1. If

E 2 +E G >0 (4.1)
oL Ur(Up) 1+ V(v ! 1+otU2(U;) 2 — 7 '

then P{|fGp), — 1| < |fip|g — 1|} > 1/2 holds uniformly in (u, 03,03, .. ,G)%p).

Proof. Continue from equation (3.3) in Theorem 3.1, we obtain the following:

86-

1+G4U*2( 2) +4vE (V) (e Ur (Up) ! +V,*(Vq*)—1)}

X1 °r

{ ( ;)71 4_2V*(V*)71

)"
1+G4 U*Z U* }
_2Vr*(V(1*)_1
) 4 (V) (o U )4V (V) )
)

1+G4 U*z(U

)~
1+ G;‘IU,*Z Uy)2 }
(

o p A\ K Us(U)
T AV T (e U U T V()Y I+l U2(U;)2
72 1 U* U* —1
=E 4 77 % * *)—1 +E :( *qZ) *\—=2 [ °
le Ur U +Vr (Vq ) 1 + G)E] Ur (Uq)
Hence if
—2-! Uruz)!
E 4 yrs(r7x\—1 (/%) —1 +E 4( *(12) *)—2 207
Gil Ur (Uq) +Vr (Vq ) 1 + G)E] Ur (Uq)
2 my > 0, which leads to y(c? ', T2,...,Tp) being non-decreasing in 0-2 for any of (12,...,7)).

The domlnated converge theorem 1mphes that y( )1/ 71,'(E {arctan0} + E{arctanc}) = 1/2 as
62 — 0. For any other finite (1, ..., Tp) and 62, we have y(c? e T,...,Tp) 2 Y(0,7,...,7,) =1/2.
At the boundary where one or some 7;’s go to oo, we have ¥(67,%,...,T,) =1 or 1/2>1/2. Hence

¥ > 1/2 holds uniformly in (63, 03,,...,03).
O

Based on Theorem 4.1, we derive several sufﬁcient conditions in the sequel for P{| Acpp— 1| <

|Gplg — 1|} > 1/2 to hold uniformly in (1,62 ,02 . .. ,GXZF)_
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Corollary 4.2.
E(Uy)

- minizl,..-vq(cfaz) r

is a suﬁ‘icient condition for P{|Qgp|p — K| < |Ogplq — K|} = 1/2 to hold uniformly in
(”7 X1 x227 76,%,)-

Proof. 1t is easy to state that

E (U
2EWEW; ) > — Y gy
is equivalent to
E(U;
ZE(U) (U* 1) ( q) E(Vr*il).

mini—;_ (%)

From Theorem 4.1, we only need to show the validity of inequality (4.1).
At the left side of inequality (4.1), we have the following inequality for the second term:

E{ U; (U)h) }>E{ U;(Uy) ") } w2
1+ofU2(U) 2| — 1+c§l(z?j;+lr,)(mm,~:1 (7)1

7777

This is because of U*? < Z?j 7 and (U, )72 < (minj—1,_4(7;))"! following by Lemma 2.1.
We also have:

<1+o;‘](qfr,)( minq )E{{G Urun)t+vivy) Tt

i=q+1

S0 )\ [ ok (R )2
§<1+’__””_> E{< T <U;*>-1<U;‘>+VJ<%*>‘1} (4.3)

The inequality (4.3) follows from Jensen’s inequality:
(14a)E(aA+B)"' <(14+a) 'E(aA~ ' +B7),

q+r
%)y i q“f)U*(U*)—l,andB:Vr*(vg)—l.

mini=y, . 4(%) "’ ():?Z’H ) rNTd
From Lemma 2.3, we know

where a =

gtr
(Y mEU)<EWV.
i=q+1
From Lemma 2.2 and the fact that mmUi* > Uy~ I we note
g (i)
E(U})
— U SEUTYHY > EW.
min—y__4(7) — Uy ) 2 E(V)

298



ATLANTIS .. S
PRESS Journal of Statistical Theory and Applications, Vol. 17, No. 2 (June 2018) 291-306

So we have the following :

min;—y,__4(7) "4

E(U7)

maX{.E(Uq*)( %r T,-)E(U,*l),E(V;)E(V,*I)}

Then at the left side of inequality (4.1), we have the following inequality for the first term:
Eaw\
E{{G;‘IU;‘(U vy (A - }< <1+w>
( g h 1
—_— (U~ VIE(V'™
max — (Tl l;rlfz E(VOEWV)

§<1+ xl( Cgn T )>1 E (Uj) E(WV:

Combining the above and inequality (4.2), we have

dog T | UK U T +VE(V) ! 1+0f U2 (U;)~2

* +r -1
2{—21E(Uq)E(Vr*l)—i—E{Ur*(U;)l}} (1_,_““(?‘1'*'1)) )

mini—p,_4(7) min;—; __,(7)

If
E (U;)

) Il DR S P

EV; Y+E{U;(U)'} >0,
then

WM/Z 0.

X1

Therefore a sufficient condition for P{|Qp|, — 1| < |fAgp|g — M|} > 1/2 to hold uniformly in
(w,0%,02,...,07 ) is:

Another corollary is given in the following:

Corollary 4.3.
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2E(U)E(U,) > E(Vy E(V,).

is a suﬁicient condition for P{|Qgp|, — 1| < |fgply — K|} = 1/2 to hold uniformly in
(,U, X0 Xz’ 76,%,)'

Proof. We need to validate inequality (4.1) in Theorem 4.1. On the left side of inequality (4.1), we
have the following inequality for the second term:

E U:(U;)_l) >E Ul 4.4)
1+l U2(U;)2 | — ! ti+op (Z:H_qurl )] .
It is because of the facts U2 < Z;’iqr 4 Tiand Uy 2 < Z _, T following from lemma 2.1.
We also have:
7 4 “ -1 1 -1
(L m+og( Y, w)E{{ofUs( +VIV) T
i=1 i=q+1

q q+r q+r q
<(Y mton( ) m)lE{o%( )y m2<U:>1<U;>+<Zn>2v;<v,*>1} (4.5)
i=1

i=q+1 i=q+1 i=1

q+r q
gmax{( Y Ti)E(U;*)’lE(U;),(; ri)E(v;)E(V,*)l}

i=q+1

The inequality (4.5) is from Jensen’s inequality.
So at the left side of inequality (4.1), we have the following inequality for the first term:

E{{cu; W)+ v:‘(v;)l}l}séwc;(,qflm)l
= =g+

max{(qir’r,-)E( EWU)) Zr, )1}. (4.6)

i=q+1
From Lemma 2.3 we have:

qtr

(Y wEU)<EW.
i=q+1

The upper bound of E(U;) and (Y, %)E(V,;) is /¥, 7. This is due to Lemma 2.1 and

Lemma 2.2, respectively.
Another upper bound for (Y, ©,)E(V;) is E(V, ~1). Since

_ (EL wEU; NEWY)) _ EV; HEW)
= E(U;7") T EWU;Th

<EWV, ™),
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then we have

max{( qi T)E(U; Zr, } N Zr, E(V;h 4.7)
i=q+1

+r
max{< y r,->E<Ui>1E<U;>,<in>E<v;>E<v,*>1} <

i=q+1
max{E(V; "), E(U))}E(V; ") =E(V; HEWV;}™"). (4.8)

or

Combining inequalities (4.4), (4.6) and (4.7), we have the following:

0 ay>E 2 +E VAU )
go2 "= o Uy (Ux) M + Vi (V) ™! 1+l U2(U;)2

X1

[4 gtr
2{ Z’L’,E V" H+E(U, } Z’C,—i—(ixl Y ),
i=1 i=q+1

while combining inequalities (4.4), (4.6) and (4.8), we obtain

9 my>E 2 +E UU))
do}, r= o U (Up)1 4+ Vr(vy)~! 1+0f U2(U;) 2

q+r

>{=27'"E(v; " "YE(V;"H)+E(U Zf,+0xl Y )l
i=g+1
So if
q
LY REVT)HE(UNEWU;) >0,
i=1
or
—2'E(V; Y E(V;" Y +E (U)E(U,) >0,
then
d
90277 =0

X1
Hence it is equivalent to saying that a sufficient condition for P{|fgp|, — 1| < |Agplg — K|} > 1/2

to hold uniformly in (1,062,062, .. ,Gizp) is:

2E(U,)E(Uy) > /zq‘,o)ng(V;l
i=1

or
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5. Sample Size Discussion

In this section we will discuss the sample size requirement to ensure the sufficient condition pro-
vided in Corollary 4.3:

2E(U,)E(Uy) 2 E(V, DE(V, ),

‘Which is the same as:

q q q+r qtr
ZE{(ZG,-Y,-)(ZG,-, } { Y oev)( Y oy?) z}
i=1 i=1 i=q+1 i=g+1
1 1
q 2 qtr 2
2E<Z e,-Yf) E( ) ein) :
i=1 i=q+1

0, = 652, i=1,2,...,p. We specified the following theorem:

Theorem 5.1. Let Yi,...,Y, be independent random variables such that Y; ~ ’"’ for i =
1,2,...,p,and let p=qg+r. Then forany 6; >0 (i=1,2,...,p),
q q | q+r qtr |
2£{ (Y 6Y)() 6Y2) (Y ev)( Y ex?)
i=1 i= i=q+1 i=g+1

1
1 1
2

q qtr 2
>E|Y 6y’ | E 0,Y? (5.1)
i=1 i=q+1

el 1
i m—4)+2(Y mp) 7 2
J=1
foralli=1,2,...,q, and
I q+r ! b
i =) +2( Y mp) 27
Jj=q+1

foralli=q+1,9+2,....q+r=p.
Proof. Define:

fori=1,2,...,q; and define:

q+r
g(Y, Z 0,Y7)" ;
j=q+1

fori=qg+1,9q+2,....q+r=p
From [7] and [2], we know the following fori =1,2,...,q

miE(g1(Y;)) = (m; —2)E (Yig1 (¥;)) — 2E(¥¢', (¥;)),
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and similarly fori =g+ 1,9+2,...,q+r = p, we have:

miE(g2(Y;)) = (m; —2)E(Yiga(Y;)) — 2E (Y7 g/ (17)).

i -e{(E ot} -ae st onp ).
j=1

q+r q+r
g (Y oy (Y o))
J=q+1 j=q+1
For g;(Y;), we have that:

E{Yi(Zq‘, 9jY,-2)5}
=1

=m;E(g1(Y:))
=(m; —2)E(Yig1(Y;)) —2E(Y7¢'1(Y;))

=(m; —4)E {Y2 Zeyz }—1—26E{Y4 Zeﬂ }
j=1
Based on the above, we see the following
{gomgon )
Y o {Yi(i GJ'YJ'Z)_é}
i=1

j=1
:E{(

2F {(Zm;lefn“xf o) } (5.2)

i=1 i=1

Then,

and

N‘v)

I\J\—

m; ! (m; —4)91'1/,-2)(2[1: 6;Y2) } +

i=1

™=
& =

From Cauchy-Schwarz inequality, we can tell:

q
Zm*ezy“ Zml 'Y e (5.3)
i=1

i=1

Applying (5.3) into (5.2), we have the following:
q
Z Z 677"

{!i< o) ar] o)
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Similarly for g>(Y;), we have that:

q+r q+r .
E<(Y av)( ) or):
i=q+1 q+i=1
q+r . q+r | 5 q+r .
ES| Y | mt(mi—4)+2( ), m)~H 67| (), 6Y7) 2.
i=g+1 Jj=q+1 i=qg+1
Thus, inequality (5.1) is true if there exists 1 < b < 2, such that
1 < .
my (mi—4) +2( m)) " = (54)
=1
foralli=1,2,...,q,and
| q+r . b
m(mi—=4)+2( ), my) "' =3 (5.5)
J=q+1
foralli=g+1,9+2,...,q+r=p. O

Remark 1
Observe that inequality (5.4) and inequality (5.5) are respectively equivalent to:

1 2 4 4
(1 - *) Mynin | Mmin — 1 + ( mj) Mypin — 1 >0 (56)
b 1—1 L -1
b Jj=1,j#min b

b 2 o 4
(1 - 5) Munin | Mimin — lib + ( Z mj) Mypin — 1727 > 0. (57)
—2 J=q+1,j#min )

In order to have solutions for inequalities (5.6) and (5.7), we need 1 < b < 2.

and

Remark 2
One symmetric solution is to let b = /2. Check the Condition (5.6),

4
(1) When g = 1, Condition (5.6) holds if m; > 5 5 ~17.
(2) When g = 2, Condition (5.6) holds if one of the following holds:

(@) My = 11, and the other 11 <m; jpin < 17
(b) My, = 12, and the other 12 < m; j4pin < 37
(¢) Myin = 13, and the other 13 < m; jp;, < 122
(d) m; > 14fori=1,2.
(3) When g = 3, Condition (5.6) holds if one of the following holds:

(a) myy;, = 12, and 2‘3:1 m;j j+min < 37. So either all are equal to 12 or some m; = 13 and
the other two are each equal to 12.
(b) Myin =13, and Y3, m; j-tyin < 122
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(¢) mi>14foralli=1,2,3.
(4) When g = 4, Condition (5.6) holds if one of the following holds:

(@) Myin =13, and Yj_; m; jozmin < 122
(b) m; > 14 foralli=1,2,3,4.

(5) When g = 5, Condition (5.6) holds if one of the following holds:

(@) my;, = 13, and Z;:] M jtmin <122
(b) m; > 14 foralli=1,2,3,4,5.

(6) When g = 6, Condition (5.6) holds if one of the following holds:

(a) myin = 13, and Z?:l M. i£min <122
(b) m; > 14 foralli —1,2.3.4.5.6,

(7) When g =7, Condition (5.6) holds if one of the following holds:
@) Myin =13, and ¥]_y mj jrmin < 122

(b) m; > 14 foralli=1,2,3,4,5,6,7.
(8) When g = 8, Condition (5.6) holds if one of the following holds:

(@) Miyin = 13, and X3 m; jtmin < 122
(b) m; > 14 foralli=1,2,3,4,5,6,7,8.

(9) When g =9, Condition (5.6) holds if one of the following holds:

(@) myin = 13, and Z?:] M jtmin <122
(b) m; > 14 foralli—1,2.3,4,5,6,7.8,9.

(10) When g > 10, Condition (5.6) holds if m; > 14 foralli =1,2,...,q.

Similar discussion can be found for condition (5.7).

6. Conclusion

In this paper we compared the p-source based GDE with its g-sub-source based competitors under
Pitman closeness criterion. We established a necessary condition and several sufficient conditions
for the p-source based GDE to be Pitman closer than its g-sub-source based GDE. We further dis-
cussed the sample size requirement corresponding to each source, and we found that one sufficient
conditionis n; > 15fori=1,2,...,p.

This sample size requirement is relatively close to the requirement based on mean square errors.
Hence in our point of view, the p-source-based GDE dominates any other g-sub-source based GDE
not only in terms of mean square error loss function but also in the sense of Pitman closeness

criterion of probability coverage, when the sample size of each source is moderately large enough.
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