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Abstract—In this article, a delayed reaction-diffusion
predator-prey model with stage structure is investigated. The
global stability of the coexistence states is discussed by the
linearization method and the method of upper and lower
solutions. Sufficient conditions of the global attractivity of
nonnegative constant equilibrium of the system are obtained. Our
results show that the free diffusion of the delayed reaction-
diffusion system has no influence on the populations. Finally,
numerical simulations are carried out to illustrate the main
results.
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l. INTRODUCTION

Recently many authors who are interesting in studying the
dynamic behavior of the predator-prey system . In [1] used a
Markovian switching process to model the telephone noise in
the environment, and proposed a stochastic regime-switching
predator—prey model with harvesting and distributed delays.
Three species model consisting of prey were considered [2],
intermediate predator that predates upon prey and top predator
with intraguild predation. In this paper, we consider the system
(1.1) with diffusion terms and the harvesting effort:

% — DAY, = U, (x, t)(a—bu, (x, 1)) — 24200,

1+cuy (x, t)

2 _D,Au, = & U, (X, t — 7) — dyu, (X, t)

ot

— Eu,(x, t) —d,uZ(x, 1), xeQ,t>0, (11
B =22-0,xedQt>0,
U, (x, 0) = @, (X, 0), u, (X, 1) = @, (X, 1), xeQ, te[-7,0]
For convenience, we set:
Uy (x,0)u, (x,1)
F (u,u,)=u,(x t)(a-bu,(x,t)) -——————=—"=, (1.2
1 (U, U, ) =y (X, 1)( (X, 1)) 1+ ou (x ) (1.2)
F,(u,,,u,) =ye“"u,(x,t —7)
(1.3)

= (d; + E)u, (x,1) —d,uz (x,1),

then we can rewritten the system (1.2) as the following form:

% DAY, = F(u,U,), xe Q, t>0

ot

% _D,Au, = F,(U,,,U,), xeQ,t>0

ot

M0, xed, t>0,

on — on T

u, (X, 0) = @, (X, 0), U, (X, t) = @, (X, 1), xeQ,te[-r,0]

(1.4)

The system is detailed introduced in [3]. In [3], the
boundedness, existence and uniqueness of the model is
investigated; The existence and uniqueness of the global
solution of the system are proved; The local and global stability
of the constant equilibria are discussed by the linearization
method and the method of upper and lower solutions,
respectively. In this paper, the global stability of the
coexistence states is discussed by the linearization method and
the method of upper and lower solutions; Sufficient conditions
of the global attractivity of nonnegative constant equilibria of
the system are obtained.

The remaining parts of the paper are organized as follows.
In next section, we prove the asymptotical stability of the
coexistence states of the system (1.1). In section 3, we analyze
the global stability of the constant equilibrium and obtain the
sufficient conditions of global attractivity. Finally, we give the
summary, numerical simulations and the main results of this
work.

Il.  ASYMPTOTICAL STABILITY OF THE COEXISTENCE
STATES

In this section, we assume that the system (1.4) has a pair of
coexistence states 0,(x,t) , U,(x,t) . Then G, (xt), 0,(xt),
satisfies the following system:

— DAY, =y, (a—bu,) - £4E, x e Q
- D,Au, = ye™u, —du, —Eu, - 2d4u22 XeQ (1)
oy _ O
L="220,xe0Q
We shall have the following theorem:
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Theorem 2.1. If ad, > f(ye™ —d, —E), then every pair
of coexistence states of the system (2.1) is linearly stable as
D,,D, —»0.

Proof. Let (u,(x),u,(x)) be a pair of coexistence states of

the system (2.1). Firstly, we introduce the following eigenvalue
problem:

DAg+g(f +u,f, ) +yu f, =14 xeQ,
DAy +y(9+U,9,) =y, XeQ,

2=2£=0,xe0Q

an on

2.2)

Since the system (2.1) is a mixed quasi-monotone system
(e, f, <0,g, >20), by the Krein-Rutman Theorem in [4], we
know that the eigenvalue problem (2.6) in [3] has a principal
eigenvalue, denote by A4, , and it corresponding
eigenfunction ¢(x), (x) can be chosen such that

#(X) <0,r(x) >0,xeQ (2.3)

It is well known that the linear stability of every pair of
coexistence states of the system (2.1) is determined by the sign
of 4. Therefore, we will show that 4, <0. To do this, we

argue by contradiction. Suppose that there exists some
sequence (D, , D, ) —=%(0,0) such that A4, >0 . Let
w(X,) =max,_, w(x), using Lemma 2.3 in [5] and (2.2)-(2.3),
we get

maxer V/(X)(_g (ul (Xo)1 uz (Xo ))

) 2.4)
—Uz(xo)guZ (Ul(XO), u, (Xo)) +}‘1) < d4V/ (Xo)
and
max, o, (—4(x)) |- f (U, (x,), U, (%))
25
—ul(xi)fuz<u1<x1),u2(xl»+ﬂi|s—%)”&1()" (29)

We claim that 4, is bounded if D,, D, are sufficiently small.
In fact, suppose A ;— +» as D,,D, — 0 then, by (2.4) and
(2.5), we have

2
maxy(x) sw—m, asD,D, >0,  (26)

and

Advances in Intelligent Systems Research, volume 143

_ By (%)u, (%)

1+cu,(x)

rrx1%x(—¢(x)) < —0,asD,,D, >0, (2.7)

which contradict to the assumption ¢ <0,y >0 . Therefore,
A is bounded. Define the linear operator L: X — Y given by

L(¢j:(—D1A¢ ]
4 -D,Ay
X={[$]e[cz(ﬂ)]z 2 =2 =0,0n GQ},

Since 4, is bounded, so we can assume that A ,— A as
D,,D, - 0.

where Y = [C(Q)]2 and

It is well known that L+11:X —Y is invertible and
(L+A1)™" is compact if 2 >0 [6]. By the straight forward
calculation, we have

(L=A+ADu,u)>0 forallu=0 (2.8)

u, f

1'u,
0 g+ug,

denotes the usual L’ -inner product.

f+uf

where A:( j u=(¢(x),w(x) and (,-)

From (2.8), it follows that L—A+A1 is invertible. We
check that

(L=A+2D) P =(L+AD) T+ (L-A+ DAL+ (2.9)

which implies that (L— A+ A1)™ is compact. Next, we show

that (L—A+A1)™" is positive. In fact, we can

take(g eY xY withw, &> 0and @+ &* =0, such that

rin(GH{)

which leads to

(2.10)

(L—A+Z|){¢Jzo (2.12)
174

If ad, > gB(ye " —-d,—E) , by the strong maximum
principle, we have

$>0,p>0as¢>+y’ =0 (2.12)
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Combining (2.11) and (2.12) get (L—A+A1)"is positive.
Therefore, (L—A+.1)"has a positive principle eigenvalue,
denoted by A , i.e., there exists functions ¢,i7 >0 such that

(L-A+Z|)‘1(";~]=A[Q (2.13)
7 7
which is equivalent to
(L—A)[Q=(1—I)I m (2.14)
v) A 7

Letting D,,D, — 0and comparing (2.14) with (2.12), we
have —Z:%—Z , which contradicts to the fact A>0 .
Therefore, 4, <0 as D,,D, — 0. This completes the proof of
Theorem 2.1.

I1l.  GLOBAL STABILITY OF THE CONSTANT EQUILIBRIUM

Denote K, (u,,u,)=u,f(u,u,) , K, (u,u,)=u,g(u,u,) .
For the mixed quasi-monotone system (1.1), we give the
definition of ordered upper and lower solutions.

Definition 3.1 We let
(0,,0,),(0,,0,) e C(Qx[0, T NC*(Qx[0,T]) is a pair of
upper and lower solutions to the system (1.1) if

% pag, > ad, (x,t) — bu(x,t) - 226D (1)

ot 1+ch(x,t)

ANy b Ad, < ad (x,) - ba(x, 1) - 2 D (D
ot 1+ch,(x,t)

.
%— D,AG, > y&~0, (x,t— ) - (d, + E)0, (x,t) —d,d2(x,t),

a;tz -D,AG, <ye "0, (x,t—7) - (d, + E)d, (x,t) —d,i3(x,t),

on~ " on'an
0,(x,0) < ¢, (x,t) <0, (x,0), x € Q,t €[-7,0],
0, (x,0) < @, (x,t) <0,(x,0),x e Q.

0<M Mo N a0 tso,
n

(CRY)

Moreover, a pair of upper and lower solutions
(4,,d,),(0,,d,) is called ordered ifd, <d,,d, <, inQx[0,T].
Suppose that (€,€) is a pair of ordered upper and lower
solutions to the system (1.4), where
¢, =(€,,¢,)" and €=(¢,,¢,)" . We remark that k, (0,0, ) and
k, (0,,0,) with respect to (0, are continuous and mixed

%<Q‘LI(ZZO ) in
ou, ou,

quasi-monotone  (i.e., IxY
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where T ={seR":¢ <s<¢| , 2" ={seR":(,<s<C,} .
Thus, k (u,,u,) andk,(u,,u,) are Lipschitz continuous, i.e.,
for all (u,u,),(u;,u}) eExx", there exists G, >0(i=12)
such that

|k1(u1'u2) - k1(u1,' u£)| < Gl(|ul _u1'| +|U2 —U£|) (3-2)

|k2 (ul’ uz) - kz (ulr, u£)| < Gz (|U1 _u1’| +|U2 —U;|) (3-3)

Before using the method of upper and lower solutions in [7],
we need to introduce two sequences of constant

vectors {E(m)} _ {El(m)’ez(m)}w , {C(m)} _ {&(rn)’(iz(m)}so

m=1 m=1

which

satisfies

(m-1)
1 A,

=m) _ =(m-1) = (m-1) = (m-1) <

Clm _Clm + Clm (a—bclm - —(m-1 )v
G, 1+cg™?

a1 _ _ ge, ™
™ =¢"+=c"(a-be " L2
b 2 2 b (m-1)
G, 1+cc

_ — (m 1 _ e - — (-
Cz(m) :CZ(m 1) +G_C2(m 1) (}/e ot —d3 _E_d4cz(m 1)),
1

— 1 — _ -
Cz(m) :cz(m 1) +G_c_2(m 1)(}/6 or _d3_E_d4C_2(m 1)),

- - 1

t® ¢, c” =6, m=12,-- (3.4)

where (€,,€,) is a pair of ordered upper and lower solutions to
the system (1.4). By the mixed quasi-monotone property of the

system (4.1), we can prove that the following Lemma holds:
Lemma 3.1. The sequences {E(m)}::1 ,{g(m)}: given by
(3.4) satisfy

60 < g(m) < 9(m+1) < E(m+1) < E(m) < Co' m :1, 2,... (3.5)

Lemma 3.2. Suppose that (&,,¢,) is a pair of ordered upper
and lower solutions to the system (l.1)and c,C satisfy
lim, ,, c™ =c,lim,,, t™ =¢, then the system (1.1) has a
unique pair of solutions satisfying

c<u(x,t)<T ast— o (3.8)

for any initial functions ¢ <¢,(x,t)<¢ in Qx[-7;,0]

where 7, = 7,7, =0 and i =1,2 . Moreover, ifc=C=c, then
there holds

lim

u(x,t)=c (3.9)

t—o
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where u(x,t) = (u,(x,t),u,(x,t)) and c=(c,,c,)" .
Lemma 3.3. Suppose that (u,(x,t),u,(x,t)) is a pair of

global solutions to the system (1.1) and if ¢, (x,0)=0in Q
and @, (x,t) #0in Qx[-r,0] then there exists t" > 0 such that

U, (%,8) >0 InQx[t",+%0), (u(xt)=0inQx[0,+)) (3.10)

and

(U, (X, 1), U, (%, 1)) —> (o,%) ast>o.  (3.10)

4

Theorem  3.1. If ad,>p(e " -d,—E) and

ye " >d, +E , then for any initial functions ¢, (x,0) > 0(z 0)

in Qand ¢, (x,t) >0(z0)in Qx[-z,0]the system (1.2) has a
unique pair of global solutions such that

(U (1), U, (%, 1) = (€], €;) @ t—> o0 (3.12)
* — -b)? —B(rve " —d,— * 0T _q _
Where Cl _ ac b+J(ac b) +4bc(:‘12dk;,c B(re d;—E))/d, ,Cz — 7€ d4d3 E .

Proof. Let W, (x,t) be the solution of the scalar boundary-
value problem

agz —D,AW, = ye W, (x,t—7)

—(d, + E)W, (x,t) —d W2 (x,1),x e Q,t >0,

W, =0,xe0Q,t >0,
on
W, (x,t) =@,(x,1)20,xeQ,te[-7,0].  (3.13)
Applying Lemma 2.1 in [3], we have
U, (X,t) SW, (X, 1), (X,t) € Qx[0,+00) (3.14)
By Lemma 3.1 and Lemma 3.3, it follows that
W, (x,t) > 5t o0 (3.15)

Hence, for any &>0, there always exists t~ >0 as
t >t such that

U, (X, ) SW, (x,t) S F iy (3.16)
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Let W, (x,t) be the solution of the scalar boundary-value
problem
%— D,AW, <W, (x,t)(a—bW,(x,t)
_Blre —d,—E+d,s) (3.17)

ac
d,(1+—
{140

)(X,1) eﬁx[t“,m)

In fact, a—bW, (x,t) > O,W,(x,t) = ¢, (x,t ) >0, xe Q.

By the quasi-monotone property of k, (u, u,) , we obtain

U, (X, 1) SW, (x,1), (%, 1) e Qx| 17, +20) (3.18)

Now we consider the scalar boundary-value problem

aVl’l _D,AW, =W, (x, t)(a—bW, (x,t)

B —d,~E+d,z)

ac
d, 1+
%)

), (X, 1) eﬁx[tﬁ,ﬁo),

%:o, (x,1) eaﬁx[t**,+oo),

W, (x,t) = @, (x,t7) > 0,x e Q. (3.19)

By [8], we have

%)—g(ye”’”—da—E+d4g) as t
sufficiently large. Therefore, for the above given &, there
existst, > 0 satisfying

W, (x,t) —>aTd4(1+

ad ac, p, _
U (x,t) < —2(1+—) - (ye " —-d
L (X, 1) b ( b ) b (r 3 (3.20)
—E+d,¢),(x,t) eQx|ty, +0)
Let
. ad, ac, B, _ -
=Sy Per 4 —E+d,e) 6 =4,
Cl b b b 3 4 1 1 (321)
o :%—m‘, ¢, =6,,

where g,6, and &, are sufficiently small positive constants. By
ad, > f(ye™”" —d, —E) and ye™ >d, +E, applying Lemma
3.1 in [9] and Lemma 2.1 in [3], for t sufficiently large, we
obtain that
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¢ <u,(xt) <E,E <u,(xt) <E,,
_ad, ac, B, _ _ pC, .
C=—"1+—)-=(ye" —d,-E+d a—bc - <0,
1 b( b) b(}/ 3 &)= 1 1+cg
=i fien i tfe ¢ <0,

So, it is not difficult to prove that ¢ =6, and ¢, =9,
satisfy (3.1). Hence, (€,,¢€,),(€,,C,) are a pair of coupled upper
and lower solutions of the system (1.4).

By Lemma 3.2, we obtain that ¢ and T satisfy (3.7).
Since ad, > f(ye** —-d,—E) and ye " >d,+E , and the
following equations have unique positive solutions:

c,(a—bhc, -

ﬂc —T
1+C201):O,02(;/e -d,-E+d,c,)=0 (3.22)

Therefore,

* *

€, =C =¢,C, =C, =C,. (3-23)

So limu, (x,t) = c, limu, (x,t) = c,. This completes the
proof of Theorem 3.1.

Observing by Theorems 3.1, 3.2 in [3] and Theorems 2.1,
3.1, we get some results as follows:

32, If ad,>p(e” -d,—E)
ye™* >d,+E , then the positive equilibrium E,(C;,C;) is
globally asymptotically stable as D,, D, are sufficiently small.

Theorem and

Theorem 33. If ad,>pg(ye“ -d,—E) and

7™ >d, +E then the positive equilibrium E,(c;,C,) is
globally asymptotically stable.

V.

In this work, a delayed reaction-diffusion predator-prey
model with stage structure and continuous harvesting for
predator is discussed. By using the linearization method and the
method of upper and lower solutions, the global stability of the
coexistence states of the system is investigated. Sufficient
conditions of the global attractivity of nonnegative constant
equilibria of the system are obtained. By Theorem 2.1 and 3.1,
one can see that every pair of coexistence states of the system

SUMMARY
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(21) is linearly stable as D, D,—>0 and
ad, > f(ye™ —d, —E) By 3.2, if
ad, > f(ye™" —d, —E) and ye™ >d, +E, then the positive

Theorem

equilibrium E,(C;,C,) is globally asymptotically stable as
D,, D, are sufficiently small. By Theorem 3.3, one can see
that the positive equilibrium E,(c;,C,) is globally
asymptotically stable if the following conditions holds:
ad, > p(ye —-d,;—E) and pe " >d,+E Finally,
numerical simulations are carried out to illustrate the main

results. Our results show that the free diffusion of the delayed
reaction-diffusion system has no influence on the populations.

In the following, we give some examples to illustrate our
main results on the global convergence of positive solutions of

system (1.1). We always take Q=[0, r]. In system (1.1), let
D,=2, D,=0.5, a=2, b=4.5, c=2, #=4, y=0.5, Q=0.5,7 =1,

d,=01d,=2E=01 . In this example, we take
D,=2, D,=0.5, and they are small. Then it is easy to show
that system (1.2) has a unique positive
equilibrium E, (0.3808, 0.1262) Clearly,
ad, > f(ye™" —d, —E). By Theorem 3.1, one can see that the
positive solution (u, (x,t),u,(x,t)) of system (1.1) converges to
the positive equilibrium E, (0.3808, 0.1262) (see Figure. 1).
In system (1.1), let D,=0. 001, D,=0.002, a=2, b=4. 5, c=2,

p=4,7=0.5,0=017=1d,=01d,=2,E=01. In this
example, we take D,=0.001, D,=0.002, and they are very
small. Then it is easy to show that system (1.1) has a unique
positive  equilibrium E,(0.3808, 0.1262).  Clearly,
ad, > f(ye™" —d, —E). By Theorem 2.1 and 3.2, one can see
that the positive solution (u,(x,t),u,(x,t)) of system (1.1)
converges to the positive equilibrium E,(0.3808, 0.1262).
(see Figure. 2). In system (1.2, let
D,=10, D,=30, a=2, b=4. 5, c=2,
p=4,7=0.5,0=0.1,7=1d,=0.1d,=2,E=01. In this
example, we take D,=10, D,=30, and they are bigger. Then it
is easy to show that system (1.1) has a unique positive
equilibrium E, (0.3808, 0.1262). Clearly,
ad, > f(ye™" —d, —E). By Theorem 3.3, one can see that the
positive solution (u, (x,t),u, (x,t)) of system (1.1) converges to
the positive equilibrium E, (0.3808, 0.1262) (see Figure. 3).
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ul fx, th Max: 0,141

ullx, 1)

Min: 0,041

Max: 0,163

0.16

0.15

0. 14

0.13

Min: 0.0630

FIGURE I. THE TEMPORAL SOLUTION FOUND BY NUMERICAL INTEGRATION OF SYSTEM (1.2) WITH
D,=2, D,=05, a=2, b=4. 5, c=2, =4, y=0.5, Q=0.1, =1, d,=0.1,d, =2, E=0.1.

ullx, th Max: 0. 441

Win: 0.311

ulix, 1)

./ .

Q

Man: 00650

FIGURE Il. THE TEMPORAL SOLUTION FOUND BY NUMERICAL INTEGRATION OF SYSTEM (1.2) WITH
D,=0. 001, D,=0.002, a=2, b=4. 5, c=2, =4, =0.5, Q=0.1, r =1, d, =0.1,d, =2, E=0.1.

ulix, t) Max: 0. 141
o4

Min: 0,341

ulix, )

Max: 0.183

Mini 00830

FIGURE IIl. THE TEMPORAL SOLUTION FOUND BY NUMERICAL INTEGRATION OF SYSTEM (1.2) WITH
D,=10, D,=30, a=2, b=4. 5, c=2, p=4, y=0.5, Q=0.1, r=1,d; =0.1,d, =2, E=0.1.
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