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Abstract

Generalized fuzzy graphs are perfect to represent any system like networks, images, scheduling, etc.
compared to fuzzy graphs. This study introduces the concept of a generalized fuzzy neighbourhood of
a vertex and generalized fuzzy graphs. Also, an associated graph, called minimal graphs of competition
graphs are defined. These graphs will represent some practical competitions existing in the world. Some
important results regarding the stated graphs are proved. Some area of applications in real life system is
focused.
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1. Introduction

Nowadays, graphs do not represent all the systems
properly due to the uncertainty or haziness of the pa-
rameters of systems. For example, a social network
may be represented as a graph where vertices repre-
sent an account (person, institution, etc.) and edges
represent the relation between the accounts. If the
relations among accounts are measured as good or
bad according to the frequency of contacts among
the accounts, fuzziness can be added for such rep-
resentation. This and many other problems lead
to define fuzzy graphs. The first definition of a
fuzzy graph was by Kaufmann 14 in 1973. But, it
was Rosenfeld 28 who considered fuzzy relations on
fuzzy sets and developed the theory of fuzzy graphs
in 1975. Using this concept of a fuzzy graph, Koczy
16 used fuzzy graphs in the evaluation and optimiza-

tion of networks. For further details of fuzzy graphs,
readers may look in 9,17,18,19,27.

There are several types of fuzzy graphs avail-
able in the literature. Intuitionistic fuzzy graph 20,
interval-valued fuzzy graphs 1, and bipolar fuzzy
graphs 2 are some of them. In all these fuzzy graphs,
there is a common property that edge membership
value is less than to the minimum of its end vertex
membership values. Suppose, a social network is
to be represented as fuzzy graphs. Here, all social
units are taken as fuzzy nodes. The membership val-
ues of the vertices may depend on several parame-
ters. Suppose, the membership values are measured
according to the sources of knowledge. The rela-
tion between the units is represented by fuzzy edges.
The membership value is measured according to the
transfer of knowledge. But, transfer of knowledge
may be greater than one of the social actors/units
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as more knowledgeable person informs less knowl-
edgeable person. But, this concept cannot be rep-
resented in fuzzy graphs as edge membership value
should be less than membership values of the end
vertices. Thus, all images/networks cannot be repre-
sented by fuzzy graphs or any other types of fuzzy
graphs. This study removes the restriction on edges.

In 1968, Cohen 11 introduced the notion of com-
petition graphs in connection with a problem in ecol-
ogy. Let

−→
D = (V,

−→
E ) be a digraph, which corre-

sponds to a food web. A vertex x∈V (
−→
D ) represents

a species in the food web and an arc
−−→
(x,s) ∈ −→E (

−→
D )

means that x preys on the species s. If two species
x and y have a common prey s, they will compete
for the prey s. Based on this analogy, Cohen defined
a graph which represents the relations of competi-
tion among the species in the food web. The com-
petition graph C(

−→
D ) of a digraph

−→
D = (V,

−→
E ) is an

undirected graph G=(V,E) which has the same ver-
tex set V and has an edge between two distinct ver-
tices x,y ∈ V if there exists a vertex s ∈ V and arcs−−→
(x,s),

−−→
(y,s) ∈ −→E (

−→
D ).

The representation of competition by competi-
tion graphs does not show the characteristics prop-
erly. Samanta and Pal 23 represented the com-
petitions in a more realistic way. Also, they 22

showed that fuzzy graphs can be used in compe-
tition in ecosystems. The theory of competition
graphs is further used in intuitionistic neutrosophic
environment3, bipolar fuzzy graphs 26, and others 15,
4. Further, some works 5,6,7,8,7,8,13,21 on the topic in-
creased the literature. But there was a restriction on
edges. The membership value of edge which repre-
sents the strength of the relationship between preys
and predator may be larger than its own member-
ship values. More clearly, for example, a man whose
strength is lower than a tiger can trap the tiger. This
theory is developed by Sarkar and Samanta26,24.
Hence, generalized fuzzy graphs are more appropri-
ate for the representation. In this study, generalized
fuzzy competition graphs and related terms are de-
fined.

After the introductory section, Problem defini-
tion is given in Section 2. After that, some basic no-
tions are discussed in Section 3. In that section, gen-
eralized fuzzy graphs of type 1 and type 2 (GFG1,

GFG2) are described with suitable examples. After
that, in Section 4.1, the neighbourhood of vertices
in GFG is defined. Generalized fuzzy competition
graphs (GFCGs) are introduced in Section 4.2. A
real-life application is represented through GFCG in
Section 5. In Section 6, some benefits of this study
are pointed. At last, a conclusion is drawn in Section
7.

2. Problem definition

Edge restriction of fuzzy graphs is generalized. The
relation between membership values of vertices and
edges are established. Also, this study focuses on
a generalization of competition graphs. The com-
petition graphs represent any kind of competitions
in any system. But the aim of this study is to show
the competition in the proper way including uncer-
tainty and haziness. Besides, minimal graphs are in-
troduced. These graphs are important to character-
ize the generalized competition graphs. At last, the
graphs are applied to show the competitions among
countries on the economy.

3. Preliminaries

A fuzzy set A on a set X is characterized by a map-
ping m : X → [0,1], which is called the membership
function. A fuzzy set is denoted by A = (X ,m). The
height of A is h(A) = max{m(x) | x ∈ X}.

A fuzzy graph ξ = (V,σ ,µ) is a non-empty set
V together with a pair of functions σ : V → [0,1]
and µ : V ×V → [0,1] such that for all x,y ∈ V ,
µ(x,y) 6 σ(x)∧σ(y), where σ(x) and µ(x,y) rep-
resent the membership values of the vertex x and of
the edge (x,y) in ξ respectively. A loop at a vertex
x in a fuzzy graph is represented by µ(x,x) 6= 0. An
edge is non-trivial if µ(x,y) 6= 0.

The underlying crisp graph of ξ = (σ ,µ) is
denoted by G∗ = (V,E), where V (G∗) = {u ∈ V :
σ(u)> 0} and E(G∗) = {(u,v) ∈V ×V : µ(u,v)>
0}.

Now, generalized fuzzy graphs are defined. The
membership values of vertices of graphs depend on
membership values of the adjacent edges. The mem-
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bership values of isolated vertices are taken as 0.
The membership function is defined from a non-
empty set to a closed interval [0,1]. Thus, any lin-
guistic term can be defined by membership values.
Sometimes, vertex membership values are consid-
ered first and depending on vertex membership val-
ues, the edge membership values are assumed. For
example, social networks, where social actors and its
stability are considered first. Depending on stabil-
ity, vertex membership values are determined. After
that, a relation among the actors is considered. The
membership values may be taken from the parame-
ter ‘relationship’. Again, in some problems, edges
are considered first and depending on edge member-
ship values the vertex membership values are con-
sidered. For example, capacities of pipelines can be
taken as edge membership values and depend on the
capacities, vertex membership values are decided.

Here, two types of relations are considered. In
the following, a generalized fuzzy graph of the first
kind is defined. Here, vertex membership values are
considered first. Then, depending on vertex mem-
bership values, edge membership values are consid-
ered.

Definition 1. 24 Let V be a non-empty set.
Two functions are considered as follows. ρ : V →
[0,1] and ω : V × V → [0,1]. Also, let A =
{(ρ(x),ρ(y))|ω(x,y) > 0}. The triad (V,ρ,ω) is
said to be generalized fuzzy graph of first kind
(GFG1) if there exists a function φ : A→ (0,1] such
that ω(x,y) = φ((ρ(x),ρ(y))) where x,y ∈ V . Here
ρ(x),x ∈ V is the membership value of the vertex x
and ω(x,y),x,y ∈ V is the membership value of the
edge (x,y).

Now, generalized fuzzy graphs of second kind
is defined. Here, the membership values of edges
are considered first. Then, depending on edge mem-
bership values, vertex membership values of vertices
are assigned.

Definition 2. 24 Let V be a non-empty set. Two
functions are considered as follows. ρ : V → [0,1]
and ω : V ×V → [0,1]. Also, let B be the range
set of ω . The triad (V,ρ,ω) is said to be general-
ized fuzzy graph of second kind (GFG2) if there ex-
ists a function ψ : B→ (0,1] such that for all x ∈V ,
ρ(x) = ψ(ω(ex)) where ex = (x,y) such that y ∈ V .

Here, ρ(x),x ∈ V is the membership values of the
vertex x and ω(x,y) is the generalized membership
value of the edge (x,y).

Note 1 In GFG2, the co-domain set of ψ excludes
the number 0, as the membership values of vertices
are always positive.

3.1. Generalized fuzzy directed graphs (GFDGs)

The generalized directed fuzzy graph of first kind
(GDFG1) is defined below.

Definition 3. Let V be a non-empty set. Two func-
tions are considered as follows. ρ : V → [0,1] and
ω :
−→
E → [0,1], where

−→
E be a set of ordered ele-

ments of V ×V . A = {(ρ(x),ρ(y))|ω
−−→
(x,y) > 0}.

The triad (V,ρ,ω) is said to be generalized di-
rected fuzzy graph of first kind (GDFG1) if there
exists a function φ : A→ (0,1] such that ω

−−→
(x,y) =

φ((ρ(x),ρ(y))) where x,y ∈ V . Here, ρ(x),x ∈ V
are membership value of the vertex x and ω

−−→
(x,y) is

the membership value of directed edge
−−→
(x,y).

Example 1. Let the vertex set be V = {x,y,z, t}
and edge set be {

−−→
(x,y),

−−→
(x,z),

−−→
(t,x),

−−→
(y, t)}. Also, let

ρ(x) = 0.2, ρ(y) = 0.9, ρ(z) = 0.3, ρ(t) = 0.8. Let
φ(m,n) = m∧ n. Here, A = {(0.2,0.9),(0.2,1.3),
(0.8,0.2),(0.9,0.8)}. Then ω

−−→
(x,y) = 0.2∧ 0.9 =

0.2, ω
−−→
(x,z) = 0.2, ω

−−→
(t,x) = 0.2, ω

−−→
(t,y) = 0.8. The

corresponding generalized fuzzy graph is shown in
Fig.1.

y

y

y

y

x(0.2)

y(0.9) z(0.3)

t(0.8)

0.2
0.20.8

0.2

? R

�

�

Fig. 1. A generalized directed fuzzy graph of first kind
(GDFG1)

Degree of a vertex x in GDFG1 is the pair
(d+(x),d−(x)) where d+(x), out degree of x, is the
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sum of the generalized membership values of out-
going edges and d−, in degree of x, is the sum
of the generalized membership values of incoming
edges. Thus, d+(x) = ∑y∈V ω

−−→
(x,y) and d−(x) =

∑y∈V ω
−−→
(y,x). In the Fig. 1, the degree of x is

(0.2+0.2,0.2)=(0.4,0.2). The degree of the vertices
y,z, t are (0.8,0.2), (0,0.2), (0.2,0.8) respectively.

Note 2 In GDFG1, out degree or in degree of a ver-
tex may be 0. But, when both are 0 then the vertex is
called null vertex.

Generalized directed fuzzy graph of second kind
(GDFG2) is introduced below.

Definition 4. Let V be a non-empty set. Two func-
tions are considered as follows. ρ : V → [0,1] and
Let ω :

−→
E → [0,1], where

−→
E be a set of ordered el-

ements of V ×V . Also, let B be the range set of ω .
The triad (V,ρ,ω) is said to be generalized directed
fuzzy graph of second kind (GDFG2) if there ex-
ists a function ψ : B→ (0,1] such that for all x ∈V ,
ρ(x) = ψ(ω(ex)) where ex =

−−→
(x,y) or ex =

−−→
(y,x)

such that y ∈V .

From the definition it is clear that, if a vertex has
no incoming edge but has outgoing edges, its gen-
eralized membership value is 0. Let us discuss this
situation with an example.

Example 2. Here, V = {a,b,c,d,e}.
The edge membership values are given as
(
−−−→
(b,a),0.5), (

−−−→
(d,a),0.4), (

−−→
(b,c),0.6),(

−−−→
(c,d),0.5),

(
−−→
(e,c),0.8),(

−−→
(a,e),0.7), (

−−−→
(d,e),0.2). Here, ψ(x) =

max{ω
−−→
(y,x)}, y∈V . Now, the generalized member-

ship value of the vertex a is ρ(a)= 0.5+0.4= 0.9 as
there are only two directed edges

−−−→
(b,a),

−−−→
(d,a). Simi-

larly, other vertices have the weights as b(0),c(1.4),
d(0.5),e(0.9). Thus, the graph of Fig. 2 is GDFG2.

x
x

x

x x7

R
�

I
j

�

-

0.5

0.6

0.4

0.5

0.7

0.2

0.8

a(0.5)

b(0)

c(0.8)

d(0.5)
e(0.7)

Fig. 2. A generalized directed fuzzy graph of second kind
(GDFG2)

Degree of a vertex x in GDFG2 (similarly de-
fined) is the pair (d+(x),d−(x)) where d+(x), out
degree of x, is the sum of the generalized member-
ship values of outgoing edges and d−, in degree of
x, is the sum of the generalized membership values
of incoming edges. Thus, d+(x) = ∑y∈V ω

−−→
(x,y) and

d−(x) = ∑y∈V ω
−−→
(y,x).

Note 3 In GDFG2, in-degree or out-degree of a ver-
tex may be zero. If both of them are zero, the vertex
is said to null vertex.

3.2. Isomorphism in GFGs

The definition of homomorphism is given first.

Definition 5. Let ξ1 = (V1,ρ1,ω1) and
ξ2 = (V2,ρ2,ω2) be two GFG1 (or GFG2).
Also let, h : V1 → V2, θ1 : A1 → [0,1] and
θ2 : A1 → [0,1] be the functions where A1 =
{ρ2(x)|x ∈ V2} and A2 = {(ρ2(x),ρ2(y))|x,y ∈
V2, (x,y) is an edge in ξ2} such that ρ1(x) =
θ1(ρ2(h(x))) and ω1(x,y) = θ2(ω2(h(x),h(y))).
Then, the function h is said to be homomorphism
between two generalized fuzzy graphs.

If two systems are equal in vertex and edge mem-
bership values, then they are called isomorphic.

Definition 6. Let ξ1 = (V1,ρ1,ω1) and ξ2 =
(V2,ρ2,ω2) be two homomorphic GFG1s (or
GFG2s). Also let, h : V1→V2, be a bijective homo-
morphism and θ1 and θ2 are both identity mappings.
Then, the function h is said to be isomorphism be-
tween two generalized fuzzy graphs.

Example 3. Let us consider a GFG1, ξ1 =
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(V2,ρ1,ω1) where V1 = {a(0.6), b(0.5), c(0.7),
d(0.8)} and edge set {((a,b),0.5), ((b,c),0.5),
((c,d),0.7), ((d,a),0.8)} which is shown in
Fig. 3(a). Also, let another GFG1, ξ2 =
(V2,ρ2,ω2) V2 = {a′(0.6), b′(0.5), c′(0.7),
d′(0.8)} and edge set {((a′,b′),0.5),((b′,c′),0.5),
((c′,d′),0.7),((d′,a′),0.8)}. Also, let h : V1 → V2
such that h(a) = a′, h(b) = b′, h(c) = c′, h(d) = d′.
θ1(x) = x and θ2(y) = y. Then, by routine cal-
culation, it is observed that the graphs are weak
isomorphic.

v

v
v

v

a(0.6)

b(0.5)

c(0.7)

d(0.8)

0.5

0.5

0.7

0.8

(a): GFG1, ξ1

v

v v

va′(0.6)

b′(0.5) c′(0.7)

d′(0.8)

0.5

0.5

0.7

0.8

(b): A homomorphic GFG1, ξ2

Fig. 3. Isomorphism between two generalized fuzzy graphs

4. Generalized fuzzy competition graphs

Neighbourhood of vertices is a related term to define
GFCG.

4.1. Neighbourhood of a vertex in GFG

In GFG, neighbourhood of a vertex is the set
of adjacent vertices. Let x be a vertex of
a GFG, ξ and x is adjacent to the vertices
y1,y2, . . . ,yk. Then, the neighbourhood of x is the
set {(y1,ω(x,y1)),(y2,ω(x,y2)), . . . ,(yk,ω(x,yk))}.
A vertex y is said to be strong neighbour of x if
ω(x,y) > 0.5. In GFDG,

−→
ξ , a vertex y is said

to be out-neighbourhood of a vertex x if there ex-
ists an edge

−−→
(x,y) and the membership value of the

out neighbourhood is ω
−−→
(x,y). Conversely, x is said

to be an in-neighbourhood of y and the member-
ship value of in-neighbourhood is ω

−−→
(y,x). A ver-

tex z is strong out/in-neighbourhood if ω
−−→
(x,y) >

0.5(ω
−−→
(y,x)> 0.5).

In Fig. 1, neighbourhood of x is
{(y,0.9),(z,0.5),(t,0.8)}. In the same figure, the
out-neighbourhood of x is the set {(y,0.2),(z,0.2)}
and in-neighbourhood of x is (t,0.2).

The neighbours may be indirect also. Suppose,
there is a directed path from x to xm of length m
as x→ x1 → x2 → . . .→ xm−1 → xm. Then, xm is
said to be m-step out neighbourhood of x. Let N+

m (x)
be the set of m-step out neighbourhood of x. Thus,
xm ∈ N+

m (x). The membership value of xm in N+
m (x)

is ω
−−−→
(x,x1)×ω

−−−−→
(x1,x2)× . . .ω

−−−−−−→
(xm−1,xm). In Fig. 4,

a directed graph is shown. Here z2 is a 3-step out
neighbourhood of x. So z2 is an indirect neighbour-
hood of x. The membership value of z2 ∈ N+

3 (x) is
0.9×0.7×0.8 = 0.504. The concept of neighbour-
hood is generalized here. The direct or indirect (i.e.
m-step) neighbourhoods are not mentioned in this
case. If a vertex is both direct and indirect neigh-
bourhood of another vertex, in generalized concept,
indirect path may be taken, only if its membership
value is greater than as direct neighbourhood. If a
vertex x is a m1,m2, . . . ,mk steps out neighbourhood
of another vertex y, then the maximum membership
value will be taken. The following example clari-
fies the issue. In Fig. 2, e is the 1-step and 2-step out
neighbourhood of d. Thus, e with membership value
0.2 belongs to N+

1 (d) and e with membership value
0.4×0.7 = 0.28 belongs to N+

2 (d). Thus, member-
ship value of e as a neighbourhood of d is taken as
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0.28. This concept is used through out the paper, if
no of steps are not mentioned.

w w

w w

w w
w

?

N

R

?

�

�

w
w

~ 	

s =

z2(0.2)

y1(0.7)

0.8

0.9

0.6

0.5
x2(0.7)

x1(0.4)

0.4

z(0.5)

0.7 0.7

y2(0.9)

x(0.9) y(0.8)

z1(0.8)

0.4

0.6

0.7

Fig. 4. Indirect neighbourhoods

4.2. Generalized fuzzy competition graphs

Definition 7. Let ξ = (V,ρ,ω) be a GFDG. Now,
the generalized competition graph of ξ is a GFG,
C(ξ ) = (V,ρ ′,ω ′) where ρ ′ = ρ . Also, ω ′(x′,y′) =
h(N+

m (x)∧N+
n (y)) where x′,y′ ∈C(ξ ) are the corre-

sponding vertices of x,y ∈ ξ and m,n are integers.

Example 4. Let us consider a competition among
Tiger(T ),Lion(L),Dog(D),Bear(B) for Food(F)
(see Fig. 5). Here, the predators and prey
are assumed as vertices, i.e. V = {T,L,D,B,F}.
The membership values of the vertices are taken
as their strengths for snatching the food. Sup-
pose ρ(T ) = 1,ρ(L) = 0.9,ρ(D) = 0.6,ρ(B) =
0.7,ρ(F) = 0.35. Also, the demands of the par-
ticular food for the predators are taken as edge
membership values. Empirically, ω

−−−→
(T,F) = 0.95,

ω
−−−→
(L,F) = 0.85, ω

−−−→
(D,F) = 0.45, ω

−−−→
(B,F) = 0.35

are taken. Thus, h(N+(T ) ∩ N+(L)) = 0.85,
h(N+(T )∩N+(D)) = 0.45, h(N+(T )∩N+(B)) =
0.35, h(N+(D) ∩ N+(L)) = 0.45, h(N+(B) ∩
N+(L)) = 0.35, h(N+(B) ∩ N+(D)) = 0.35. The
corresponding GFCG is shown in Fig. 6.

Fig. 5. Competition among predators.

w

w ww

w

L(0.9)

T(1)

D(0.6)

B(0.7)

0.85

0.45 0.35

0.35

0.35

0.45

Fig. 6. GFCG of Fig. 5

GFCG represents any competition with much ef-
fective way. Any GFG may be considered as GFCG
of some GFDG. This GFDG may not be unique. The
following theorems clarify the statement.

Theorem 1. Let ξ be a GFG. There exists a GFDG,
−→
ϕ such that C(−→ϕ ) = ξ .
Proof. Let ξ = (V,ρ,ω) be a GFG and (x,y) be an
edge of the graph. Now, a GFDG,−→ϕ = (V,ρ ′,ω ′) is
to be constructed such that C(−→ϕ ) = ξ . Let x′ and y′

be the corresponding vertices in −→ϕ of x and y with
ρ(x) = ρ ′(x′), ρ(y) = ρ ′(y′). Also, there is at least
one common generalized out neighbourhood, say, z′

of x′ and y′ such that ω(x,y) = h(N+
m (x′)∩N+

n (y′)),
m,n are integers. This formation can be done empir-
ically. Similarly, for all the vertices and edges of ξ ,
vertices can be formed as common out neighbour-
hoods in −→ϕ . Thus, C(−→ϕ ) = ξ . �
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There may be more than one GFDGs which satis-
fies Theorem 1. An example is given below. In Fig.
7(a), a GFG is shown. In Fig. 7(b) and Fig. 7(c),
GFDGs are shown whose GFCG is the same graph
of Fig. 7(a). By routine calculation, this is easy
to understand. So there are infinitely many GFDGs
whose competition graph is ξ .

x x

x
(a): A fuzzy graph, ξ

c(0.7)

0.7a(0.6) b(0.9)

0.4

x x

x
�w

-

�
o

(c): A fuzzy directed graph, −→ϕ2

a2(0.6) b2(0.9)

c2(0.7)

0.7 0.9
0.4

0.5

0.5

x x

x
�w

-

�

(b): A fuzzy directed graph, −→ϕ1

c1(0.7)

0.4

0.6

a1(0.6) b1(0.9)

0.7
0.8

Fig. 7. GFDGs in (b), (c) and their GFCG in (a)

Among the GFDGs whose competition graph is
a given GFG, some types of graphs have minimum
number of edges. These graphs are called minimal
graphs which are defined below.

Definition 8. Let ξ be a GFG. Minimal graph,−→ϕ of
ξ is a GFDG, such that C(−→ϕ ) = ξ and −→ϕ has min-
imum number of edges, i.e. if there exists a GFDG

−→
ϕ ′ other than −→ϕ such that C(

−→
ϕ ′) = ξ , then number

of edges in
−→
ϕ ′ is greater than or equal to the number

of edges in −→ϕ .

Example 5. In Fig. 7(b), the number of edges of
the graph, −→ϕ1 is 4. And all other graphs, −→ϕ with the
condition that C(−→ϕ ) = ξ has 4 or more edges. Thus,
minimal GFDG of ξ is −→ϕ .

Minimal graphs of any GFG are not unique. In-
finitely many GFDGs can be constructed with dif-
ferent edge membership values. But all the mini-
mal graphs have same number of edges. The under-
line crisp graphs of the minimal graphs of a GFG
are isomorphic. Thus, there exists one-one map-
pings between vertices and edges between the mini-
mal graphs.

Theorem 2. Let (x,y) be an edge in a GFG,
ξ = (V,ρ,ω). Also, let −→ϕ1 = (V,ρ1,ω1) be a mini-
mal graph of ξ . Now, there exists a vertices x1,y1,z1

in −→ϕ1 such that ω(x,y) = ω1
−−−−→
(x1,z1) or ω(x,y) =

ω1
−−−−→
(y1,z1).

Proof. Let (x,y) be an edge in a GFG, ξ = (V,ρ,ω)
and −→ϕ1 = (V,ρ1,ω1) be a minimal graph of ξ . Min-
imal graphs are drawn in such a way that there ex-
ists common out neighbourhood, say z1, of x1 and
y1 where x1,y1 are the corresponding vertices of x,y
respectively. Thus, there are two directed edges−−−−→
(x1,z1) and

−−−−→
(y1,z1). N+(x1) = {(z1,ω1

−−−−→
(x1,z1))}

and N+(y1) = {(z1,ω1
−−−−→
(y1,z1))}. Also, ω(x,y) =

h(N+(x1)∩N+(y1)). Thus, ω(x,y) = ω1
−−−−→
(x1,z1) or

ω(x,y) = ω1
−−−−→
(y1,z1). �

Theorem 3. Isomorphic GFDGs are minimal
graphs of some GFGs, but minimal graphs are not
necessarily isomorphic.
Proof. The isomorphic graphs have equal number
of edges. The membership values of correspond-
ing vertices and edges of the isomorphic graphs
are equal. Thus, if one GFDG is minimal graph
of some GFGs, then all other isomorphic graphs
are minimal. But, the converse may not be true.
If (x,y) is an edge in a GFG, ξ = (V,ρ,ω) and
−→
ϕ1 = (V,ρ1,ω1) is a minimal graph of ξ . Now, there
exists vertices x1,y1,z1 in −→ϕ1 which are correspond-
ing to x,y,z in ξ such that ω(x,y) = ω1

−−−−→
(x1,z1) or
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ω(x,y) = ω1
−−−−→
(y1,z1) i.e

−−−−→
(x1,z1) or

−−−−→
(y1,z1) have the

same membership value as (x,y). Without loss of
generality, let us assume that ω(x,y) = ω1

−−−−→
(x1,z1).

Also, let −→ϕ2 = (V,ρ2,ω2) be another minimal graph
of ξ and x2,y2,z2 are the vertices such that the
edge

−−−−→
(x2,z2) of −→ϕ2 is corresponding to

−−−−→
(x1,z1) of

−→
ϕ1. Now, ω1

−−−−→
(x1,z1)∧ ω1

−−−−→
(y1,z1) = ω2

−−−−→
(x2,z2)∧

ω2
−−−−→
(y2,z2). This does not imply that ω1

−−−−→
(x1,z1) =

ω2
−−−−→
(x2,z2). Hence, minimal graphs are not neces-

sarily isomorphic. �
The characterization of minimal graphs such as

the number of possible edges are discussed below.

Theorem 4. Let ξ be a given connected GFG whose
underlying graph is a cycle with m edges. The num-
ber of edges in minimal graphs of ξ is equal to 2m
where m> 3.
Proof. Let ξ be a given connected GFG whose
underlying graph is a cycle with m edges. Let
x1,x2, . . . ,xm be the vertices of ξ . Also, let
y1,y2, . . . ,ym be the corresponding vertices in a min-
imal graph −→ϕ . For every edge (x,y) in ξ , there will
be only one common out neighbourhood of y1 and y2
in−→ϕ , say y3. Also, y3 is not common out neighbour-
hood of any other vertices in−→ϕ . Similarly, y2,y3 has
only one common out neighbourhood, say y4 and so
on (see Fig. 8). Thus for m edges in ξ , there exists
2m edges in −→ϕ . �

Theorem 5. Let ξ be a given connected GFG whose
underlying graph is a complete graph with n ver-
tices. The number of edges in minimal graphs of ξ

is equal to 2n where n> 3.
Proof. Let ξ be a given connected GFG whose un-
derlying graph is a complete graph of n vertices. Ev-
ery vertices of ξ are connected with each others. Let
x,y be two adjacent vertices in ξ and x1 and y1 be
the corresponding vertices in the minimal graph −→ϕ .
Now, if a GFDG, say −→ϕ1, is considered in such a
way that every vertices of −→ϕ other than x1 has only
out neighbourhood as x1 (see Fig. 9). Then, the
GFDG has n−1 edges. Similarly, if y1 is considered
in place of x1 in another GFDG, −→ϕ2, the number of
edge will be same i.e. n− 1. Now, consider a di-
rected graph −→ϕ3 which has only two edges namely−−−−→
(x1,z1) and

−−−−→
(y1,z1). In general, membership values

of vertices and edges are taken as per needs of the
proof. Now, consider the graph −→ϕ1∪ −→ϕ2∪ −→ϕ3. It is
easy to observe that −→ϕ = −→ϕ1∪ −→ϕ2∪ −→ϕ3. Thus the
number of edges in −→ϕ is (n−1)+(n−1)+2 = 2n.
�
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(a): A generalized fuzzy graph ξ .
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(b): A minimal graph of ξ

Fig. 8. A GFG with m edges and its minimal graph with 2m
edges

It is an important task to calculate the number of
edges in a minimal graph of a given graph. It is easy
to prove that the number of edges of a minimal graph
is less than or equal to 2m if the given graph has m
edges.
Note 4 Let ξ be a given connected GFG with m
edges. The number of edges in minimal graphs of
ξ is less than or equal to 2m where m> 4.
Let ξ be a connected GFG with m edges where
m > 4. If underline graph of ξ is a cycle, then the
number of edges in minimal graph is twice the num-
ber of edge in ξ . Again, underline graph of ξ is
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complete graph, then number of edge is twice the
number of vertices. For n > 4, the number of edges
of such GFG is greater than its number of vertices.
This concludes the result.
Note 5 Let ξ be a given connected GFG with m
edges where m 6 3. The number of edges in mini-
mal graphs of ξ is equal to 2m.

u
u
u u

u
u

u

x

y

(a): A GFG, ξ .
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u u

u
u

u

*

-

q

R U
?
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(c): A fuzzy subgraph, −→ϕ2

u
u
u u

u
u

u
O

I

x1

y1

z

(d): A fuzzy subgraph, −→ϕ3

(b): A fuzzy subgraph, −→ϕ1

Fig. 9. A GFG (whose underling graph is complete) with n
vertices and its minimal graph with 2n edges.

5. Real life problem by GFCG

Competition is arising in every aspect of life. Here
an example of real life competition among the coun-
tries for economic growth is given. The countries
{France(F), India(I), USA(U), Russia(R), China(C),

Germany(G)} are considered here. In Fig. 10, the
competition is shown. The graphical representation
of the competition is shown in Fig. 11 (a). Now, the
competition among the countries is shown in Fig.
11 (b). Suppose the competition between U and
C is to be calculated. In Fig. 11 (a), U has direct
edge to E(economy) with membership value 0.8 and
has indirect edge (2-step) 0.8× 0.5 = 0.4. So out
neighbourhood of U is E with membership value
0.8. Now, C has direct edge to E with membership
value 0.65 and indirect edge with membership value
0.9×0.8 = 0.72. Thus out neighbourhood of C is E
with membership value 0.72. As indirect out neigh-
bourhood of C is strong, so its membership is con-
sidered. Hence, there is a competition between U
and C. The membership value of the edge between
U and C in corresponding competition graph is 0.72
according to the Definition 7. And all other edges
in corresponding competition graph is shown in Fig.
11 (b).

Fig. 10. Competition for economy among some countries

6. Insights for this study

• Edge restrictions on fuzzy graphs are removed
• The relations between vertex and edge member-

ship values are established.
• The concept of neighbourhood is modified and

more generalized.
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• Competition graphs are generalized.
• Minimal graphs are introduced. Some competi-

tions are almost same. These competitions are
represented by minimal graphs.

• An example is shown in Example 4 to show prey-
predators competition in forest.

• Some theorems are proved regarding minimal
graphs. These theorems are helpful to build al-
gorithms to find the number of vertex and edges
in a minimal graphs of any large competitions.

• An example is shown in Section 5 to show the
competition on economy among different coun-
tries.

t t t

t t t
u

U(0.9)

R(0.8) G(0.6)

(b): Generalized fuzzy competition graphs

I(0.65)

C(0.9)

F(0.75)

t t t

t t t
us

- �

?

+?

3
6
Y

-

F(0.75) I(0.65) U(0.9)

R(0.8)C(0.9) G(0.6)

0.5
0.6 0.8

0.80.2

0.65

0.9

0.8
0.5

0.7

(a): Generalized fuzzy directed graphs

Fig. 11. Generalized fuzzy competition graphs

7. Conclusions

This study described some major properties of gen-
eralized fuzzy directed graphs. The concepts of
neighbourhood of vertices were generalized for

those graphs. Indirect neighbourhood may get pref-
erence over direct neighbourhood if the product
of membership values of edges in indirect path is
greater than membership value of direct edge. Af-
ter that, concept of competition graphs was general-
ized. This study also introduced another important
graph namely minimal graphs and their properties.
The concept of minimal graph depended on number
of edges. But, the concept can be extended depend-
ing on membership values of edges also. These rep-
resentations are helpful to understand the real life
competitions. In near future, the important prop-
erties and related algorithms will be established.
Also, multi-label competitions must be represented
by some graphs. This paper will be backbone for
that.
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