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Abstract. two kind of complex tracking differentiators are studied and its stability are proved by
constructing Lyapunov function method. And the necessary condition for the input signal is that its
derivative should be bounded. And according to the proof process, the stability and design of this
kind of tracking differential has no better effect than traditional first order filter method to solve the
derivative of a signal.

Introduction

It is very common to use program and computer to solve the derivative of a input signal such as
guidance of a target[1-4], we will need the speed information of target to predict the next position of
target. So how to use computer and numerical simulation to solve the derivative of a input signal is
a very useful question. Many researchers proposed many methods[5-7] to solve this problem, such
as traditional first order filter and second order filter method. A kind of tracking differentiator
method was proposed and widely studied in the past ten years[8-10]. In this paper, we researched
the stability of this kind of tracking differentiator, and we found that, the real effect of this tracking
differentiator will be almost the same as traditional first order filter method although no simulation
were done to compare its real effect of solving derivative of input signals.

Problem Description

A kind of second order tracking differentiator can be described as follows:
2, =V,
n/(n+1)

Vo = =4 L" "z = £ sign(z, - () +2, (1)
2, =-ALsign(z, —v,)
The Main Problem Is To Prove Its Stability.
Stability Analysis
Define a new variable as
&=12,—f(t) 2
Then
& =2,—fT(t)=v,—f(t)
= 4L |2, £ @O sign(z, — £ (©) +2,- £ (1) ®)
= 2oL, " sign(e,) + 2, f (1)
And
2, =~ A, Lsign(A, LYz, — £ ()" sign(z, - f (1)) 4)

= ALA LDz — £ ()" (2, - £ (1)
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Then the whole system can be rewritten as

& == 2L | " sign(e,) + 2, £ (1) )
21 — _/lll_ﬂ,o Ll/(n+1) gl|n/(n+1) 51 (6)
Choose a Lyapunov function as
v=yp.1. M
2 2

Then its derivative can be solved as
V= % 2! +ggf
1(n+1 n/(n+1) ¢ (8)
= -2, g le|+ &2, -6 f (1)
_kﬂlLﬂo Ll/(n+l) |81|n/(n+l) Zlgl
If f(t)is bounded, then there exista k such that
V <= L |gl|n/(ﬂ+1) |51| +|‘91| 9)
Thenif L isbig enough, the system is stable, and &, is converged to zero.

Third Order Tracking Differentiator
There a third order tracking differential can be described as follows

7, =V,
Vo = — ALY |z) — £ ()" sign(z, — T (1) + 2,
=V (10)

v, = -4 L |z, —v0|”_1’n sign(z, —V,) + Z,

z, =—-A,Lsign(z, -v,)
Define a new variable as

&, =2,— (1) (11)

then

gy =2y~ F () =—AL" "V g, " gy v 2, - £ (1) (12)
And

2, ==L |z, —vo|'1/n (z,-V,)+2,

-1/n
— —ﬂll_l/(ml) ﬂo Ll/(n+1) |ZO _ f (t)|n/(n+1) Slgn(Zo _ f (t))‘
(AO Ll/(n+l) |Z0 _ f (t)|n/(n+1) Slgn(ZO _ f (t))) + 22 (13)
-1/n
— _/filLl/(n+l)lO Ll/(n+1) |80|n/(n+1) Slgn(SO) (ﬂ-o Ll/(n+l) |go|n/(n+l) Slgn(é‘o)) + Zz
__ /11 Ll/(n+1) ﬂo Ll/(n+1) 80|—1/(n+1) %Ll/(nﬂ) go|—1/(n+1) £ +1,
Then it can rewritten as
21 _ _ﬂlLl/(ml);iO | (D) |80|fl/(n+1) %Lll(nu) |80|fl/(n+1) £+, (14)

And the last system can be rewritten as
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2, =—A,Lsign(z, -v,)
= 2, Lsign(4 L™ |z, —v """ sign(z, -v,))
n+ n-1/n . .
= —ALLAL Dz —v, [ sign(sign(z, - v,)) (15)
=LAz v [ (2, - v,)
= —ALAL D |z v [ (2L 2, - £ O sign(z, - (1))
1/(n+1)

__ Un+1) |, _, |Pn 1/(n+1) _ -
A LA LD 7, —y |7 2L |z, — £ (1) &
It can also be rewritten as

2, =—-A,Lsign(z, -v,)

f N+ n-1/n .
= —A,Lsign(A, " |z, —v | sign(z, - v,))
= 2, LA LY |7, —v [ sign(sign(z, —,))

16
= LA |7, v [ 2+ A LA |7, v =
_ _22 LﬂlLl/(nu) |Zl _V0|ﬂ*1/n z,+ 22 LﬂlLl/(ml) |Zl _V0|"*1/n ﬁOLll(nJrl) |80|71/(n+l) ;
QLA |7,y [T,
Then the whole system can be rewritten as
&y = —A, LD |go|71/(n+l) g+2,—1(t) (17)
21 _ _ﬂlLll(m-l)AO Ll/(n+1) |€O|—ll(n+1) %Ll/(nu) |€0|—1/(n+1) & +12, (18)

(n-1)/n

7,4+, LﬂlLl/(nJrl) |Zl _V0|n*l/n ﬂOLll(ml) |go|71/(n+l) c (29)

0

2, ==22,LA L |z, - vy
If we choose a Lyapunov function as
1 K K
:§8§+?1212+?2222 (20)

Then there exist k and k, its derivative can be solved as
j 1H(n+1 1U(n+1 1/(n+1 -Un+l) o ¢
V <=4 L2 110 g AL g | gl — (),
1/(n+1) n-1/n 1/(n+1) -1/(n+1)
+ A, LA LD |z —v | ALY g | &0,

Then if f(t) is bounded, the stability of the above tracking differential is proved by Lyapunov
stability theorem.

|—l/(n+1)

(21)

Conclusions

The stability of second order tracking differentiator and third order differentiator are proved by
constructing a Lyapunov function method. And we found that the second order tracking
differentiator is easy to prove its stability, also the input signal should be bounded and its derivative
also should be bounded, then the stability of above tracking differentiator can be guaranteed.
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