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Abstract—Polar coding is a code construction method that can
achieve the capacity of symmetric binary-input discrete
memoryless channels (B-DMC). Polar codes in standard form are
non-systematic polar codes (NSPCs). The codes are susceptible to
error propagation under successive cancellation (SC) decoding
while systematic polar codes (SPCs) are more robust against error
propagation. SPCs may be considered as a generalization of
NSPCs. Here, we demonstrate the performance advantages of
SPCs over NSPCs under SC decoding.
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I.  INTRODUCTION

Polar coding is a code construction method that can achieve
the symmetric capacity (W) of binary-input discrete
memoryless channels [1], and polar codes in standard form are
NSPCs. The codes originally introduced in [1] are a class of
non-systematic linear block codes. Any linear code can be
turned into a systematic code. Hence, NSPCs can also be
encoded systematically. However, it is unclear if this can be
done while retaining the low-complexity nature of polar coding
[2]. It is also not clear if polar codes encoded systematically
have advantages over those encoded non-systematically in terms
of performance. The encoding methods of NSPCs and SPCs are
introduced. The encoding method of SPCs preserves the
low-complexity nature while guaranteeing the same frame error
rate (FER) [2]. The method is also applicable to turbo-style
receiver designs and Reed-Muller codes. Simulation results
show that SPCs have better performance of bit error rate (BER)
than NSPCs while they have same FER performance.

Il. NON-SYSTEMATIC POLAR CODES

Let code length N=2", n=1,2,...., and information block
length K,then code rate R=K/N. Givena B-DCM W : v — y» ,
where ¥ ={0,1} and 7 denote the input and output alphabets
respectively and its transition probability is denoted by

W(y|x).We write uij to denote the vector (U;,U,,;, "+, uj) . N
subchannels W\": y = y" x "1 1<i< N are got by

performing channel combining and splitting operations on N
independent uses of W and

i i 1
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When the code length N is sufficiently large, the fraction
of clean channels turns to be close to the symmetric capacity
I (W) and others are completely unreliable. In fact, polar
codes of dimension K are constructed by assigning K
information bits on the K most reliable subchannels W (" .
Information bits set | is the set of those channels, i.e.,
iel,|l|=K . The frozen bits set is denoted by the
complementary set of l,i.e., 1°The reliability of W,S) can be

estimated by using Bhattaharyya parameter [1] for binary
erasure channel (BEC). While the reliability can also be
computed by density evolution or Gaussian approximation
method for other channels [3] [4]. For a given N, polar codes
are encoded in the same manner, namely

X' =u'G, )

where u/' which contains information bits U, and frozen

bits U . denotes the source block, and XlN is the code block.
Gn is the generator matrix of order N, defined as

G, =B,F,°®" 3)

Where Bn is a Dbit-reversal permutation  matrix,

1 0
F, = L J , and &@n is the n-th Kronecker power.

Since the information bits are assigned to the side of source
block U, not the side of code block XlN , polar codes with
this scheme are NSPCs [5].

As mentioned in [1], SC decoder is considered to
generate its decision GlN by computing

N u;, iel€
u, = { Al-l (4)
hi(le,ul ), iel
in  the order i from 1 +to N, where

h:y" =y — y,iel are decision functions defined
as
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I1l. SYSTEMATIC POLAR CODES
After splitting the source word into two parts
U=(U,,u,)for some Ac{l,...,N}, aclass of codes are

defined using (2). U, =(u.:i € A) consists of information

bits that are free to change in each round of transmission while
the frozen bits are made known to the decoder. (2) is revised as

X=U,G,+u,G, (6)
where Gaand G ,c are the submatrices of G consisting of rows

with indices in A and Ac, respectively. This mapping represents
a non-systematic encoder U, > X=U,G,+C where

A . -
c= uAcGAC is a fixed vector.

In order to consider various possible systematic encoders for
the code, as specified by a non-systematic encoder as in (6), let

us split the codeword into two parts X = (Xg +X;.) . B is an
arbitrary subset of {1,...,N}. (6) is revised as

Xg :uAGAB+uAcGACB 7)

XB° = uAGABC + UA°GACB° (8)

Where Gasg represents the submatrix of G consisting of the

array of elements (G;;),ie A, jeB . For systematic

encoding, xs plays the role ua played in non-systematic
encoding as the data carrier, while U ,. is fixed as before. As
mentioned in [2], for a given non-systematic encoder with

parameter (AU Ac), a systematic encoder with parameter

(B,u Ac) exists if equations (7) and (8) establish a one-to-one

correspondence between the sets of possible values of ua and xeg.
Similarly, when A and B have the same number of elements and
Gae is an invertible matrix, polar codes with parameter

(Au Ac) can be turned into systematic polar codes with

parameter (B,UAC) [2]. In this case, after computing

-1
UA = (XB _UACGACB)(GAB) (9)
and then inserting ua into (8) , a systematic encoder with
parameter can implement the mapping Xg F> X = (Xg, Xge

IV. PERFORMANCE ANALYSIS

In this part, sufficient evidence is provided to conclude that
SPCs are better than NSPCs. Simulations reported here were
conducted using polar codes with different code lengths and
code rates over an additive white Gaussian noise (AWGN)
channel. We employed the same SC decoder [1] for both SPCs
and NSPCs. The modulation was binary phase shift keying
(BPSK). For non-systematic encoding, the decoder stopped after

producing an estimate |, of u and, as output; for NSPCs,
BER and FER statistics were compiled by computing ua and
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u . - For systematic encoding, the decoder computed an
estimate x = y G, ofx and putout §, .
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FIGURE I. FER OF SPCS AND NSPCS WITH DIFFERENT CODE
RATES,CODE LENGTH N=256
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FIGURE Il. FER OF SPCS AND NSPCS WITH DIFFERENT CODE
LENGTHS,CODE RATE R=1/2

Fig. 1 gives FER performance of SPCs and NSPCs with
various code rates. Through observing Fig.1, it is found that
SPCs and NSPCs have the same performance of FER.
However, Fig.1 does not provide sufficient evidence to
conclude that they have the same FER performance. To that
end, we consider polar codes with different code lengths as
given in Fig.2. The simulation results show again that
performance of FER of SPCs and NSPCs are coincident. Fig.
3 shows the simulation results of BER of SPCs and NSPCs.
The performance improvement of SPCs is especially
pronounced at low Eu/N, values.
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FIGURE Ill. BER OF SPCS AND NSPCS WITH CODE LENGTH
N=256,CODE RATE R=1/2
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FIGURE IV. BER OF SPCS AND NSPCS WITH CODE LENGTH
N=243,CODE RATE R=1/2

The simulation results of BER performance of SPCs and
NSPCs based on 3X 3 kernel matrix [6] are also given in Fig. 4.
The results also indicates that SPCs have better BER
performance compared with NSPCs. Here, the list size of
successive cancellation list decoder is set to 32. It is surprising,

however, that any decoding errors in |, would be amplified in

the re-encoding step )A(: G G, - Paradoxically, the simulation

results show that this is not the case. This issue is a subject for
further study.

V. CONCLUSION

SPCs are more robust against error propagation than NSPCs
since the information bits in systematic encoding are directly
observed through the channel. The simulation results
demonstrate that SPCs have advantage over NSPCs in BER
performance while they have the same FER performance.
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