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Abstract—We present the analytical relations and the order
of their introduction in the hyperbolic method algorithm
designed for the generation of the optimal estimates of the radio
sources coordinates and for the evaluation of the potential
accuracy with which they are measured in the time-difference of
arrival system within the Cartesian coordinate system.
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I.

coordinate

INTRODUCTION

At present, great attention is paid to radio sources (RS)
coordinate measuring by the multiposition passive radar
systems [1-4], due to the functional features of such radar
systems described in detail in, for example, [2, 4]. In these
papers, the following methods for the determination of RS
coordinates are considered: elliptic, hyperbolic, triangulation,
and also their combinations. It was shown that if the time of
propagation of radio signal from RS to the each of the
receiving stations of the system cannot be measured and it is
not required to know a priori the form and the emission time of
the received signals, then the hyperbolic method is considered
as more preferable for the determination of the RS coordinates
(including active interference sources). This method is based
on the compiling of nonlinear equations derived from the timedifference of arrival (TDOA) system geometry. However, the
common methods of dealing with that kind of combined
equations do not provide the maximum likelihood estimates of
the RS coordinates [5].
Thus, the purpose of the present paper is to develop the
optimal (maximum likelihood) hyperbolic method algorithm
for the determination of the RS coordinates and for the
evaluation of the potential accuracy with which they are
measured. In this case, hyperbolic method is modified as it
differs from the common one by the links revealed between RS
coordinates and the statistical properties of the random errors
characteristics for the measurement of differences in distances

between RS and each of the receiving stations. These links are
specified through the distribution law of the reciprocal delays
of RS signal propagation to the two neighboring receiving
stations of TDOA system.
II.

TDOA SYSTEM SINGULARITIES AND OPERATING
CONDITIONS

In the design of the proposed algorithm, the following
TDOA system features and operating conditions are taken into
account:
1. As we deal with in-plane RS position determination, the
geometric structure of TDOA system represents an arbitrary
triangle where the receiving stations are placed in vertexes of
triangle and are set in the Cartesian right-handed coordinate
system. Our designations are: x i , y i  – the coordinates of the
i-th receiving station ( i  0, M  1 ), Bim – the distance
between two neighboring receiving stations (base), M – the
number of receiving stations, and x, y  – the current RS
coordinates. Due to the closed geometric structure of TDOA
system, the numeration of the receiving stations can begin with
any receiving station and continue along a structure contour in
a counterclockwise direction. Then, the base designation is
carried out by the two indexes – i and m, where m  i  1 , if
i  0,1,  M  2 , and m  0 , if i  M  1 . In particular, for the
three-position TDOA system considered below there are three
bases with the designations B01 , B12 , B20 . Since the initial
RS signal emission time is unknown, the relative times of
arrival (reciprocal delays)  im of the RS signal to the each of
the two neighboring receiving stations of TDOA system are
measured.
2. The RS coordinates measurement errors obey the normal
law. In addition, the measurements  im are independent for
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each base Bim , while the estimate of the RS coordinates
measurement accuracy is the maximum likelihood one [4].
3. The proposed algorithm operates at the final stage of the
two-phase algorithm, the initial data for which are the mutual
delays  im .
4. In order to obtain the maximum likelihood estimate of
RS coordinates and the correlation matrix of errors of their
measurements, the iterative method [1-4] is applied when at
each n-th step ( n  1,2,  ) of the iterative process the
conditional probability density of coordinates wx, y x n 1 , y n 1 
is formed, provided that at the previous step the coordinates
have possessed the values x n 1 , y n 1 . Iterative process is
terminated when the square of the distance between the points
xn , y n  and xn1 , y n1  does not exceed the agreed threshold
value. And for choosing the initial point of the iterative process
with the coordinates x0 , y 0  the following methods [6] are
applied: the method of TDOA system geometric center, the
method of weighed (concerning received RS signal power)
TDOA system geometric center, and the method of intersection
of asymptotes to hyperbola of all the pairs of TDOA system
bases Bim . The optimal estimate of RS coordinates is made
under the maximum value of the probability density of
coordinates [4, 7], i.e.





max wx n , y n x n1 , y n 1   w xˆ n , yˆ n x n 1 , y n 1 



 im  Di x, y   Dm x, y  c   im 



Here Dl x, y  

By substituting Eqs. (3), (4) into Eq. (2) in order to find the
expression for probability density wx, y x n 1 , y n 1  , we obtain
the complex nonlinear equation. Then, we overcome the
difficulties accompanying its solution by applying the
linearization technique [2, 3]. For this purpose, we introduce
designation im  Di x, y   Dm x, y  and linearize the
function im by expanding it into a Taylor series in the
neighborhood of the point with coordinates x n 1 , y n 1  , being
abridged to the linear expansion terms. Then we have

im x, y   im x n1 , y n 1   Aim x  x n 1   Bim  y  y n 1  
where Aim  im x n 1 , y n 1  x , Bim  im x n 1 , y n 1  y .
We replace the expressions Aim and Bim by the equations
with linear differences according to the Lagrang’s theorem [8]
and get



Aim 

THE PROCEDURE OF THE OPTIMAL ESTIMATE OF RS
COORDINATES

In view of the foregoing features and in order to obtain the
coordinate relations between the known coordinates  X i , Yi  of
the receiving stations of TDOA system and the RS coordinates
x, y  to be estimated, we write down the joint probability
density of the mutual delays measurement errors as

Bim

w 01 , 12 ,  20    w im  
i ,m 



0  ,  ,  0  are the measured and true
Here  im   im   im
im
im
mutual delays, respectively,





0 
w im   exp   im   im




2

xn 1  X i
xn 1  X m

,
Di xn 1 , y n 1  Dm xn 1 , yn 1 

yn 1  Yi
yn 1  Ym


.
Di xn 1 , yn 1  Dm  xn 1 , yn 1 





By substituting Eqs. (3)-(6) into Eq. (2), after rather simple
mathematical manipulations, we obtain the desired probability
distribution law for the coordinates x, y  in the form of
wx, y x n1 , y n 1   C1 exp x, y  2 




, l  i, m is the distance

from the RS with unknown coordinates x, y  to the l-th
receiving station of TDOA system, c is a light speed.


III.

x  X l 2   y  Yl 2





where C1 is the multiplicative constant and



x, y   Ax 2  2 Bxy  Cy 2  2 Dx  2 Ey  F 



In Eq. (8), the designations are
2 2im

 
2 
 im



and  im is the root-mean-square deviation of the mutual

A

2
Aim

 2
i ,m

im



B
i ,m

Aim Bim
 2im

C



2
Bim

 2
i ,m

im



delays measurement.
Further, we express the errors  im through possible RS
coordinates x, y  by the obvious equation

D
i ,m

Aim eim
 2im



E
i ,m

Bim eim
 2im

F



 eim2
i ,m
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2
2 2
eim  im  x n1 Aim  y n1 Bim  c im   im  c  im 

The optimal estimate of the coordinates x, y  by the
maximum likelihood method is determined from Eq. (1). Then
we maximize the expression (7) in a certain way [2, 3, 7] and
obtain the following equations
x, y  x x  xˆn  Axˆ n  Byˆ n  D  0
y  yˆ n

x, y  y x  xˆn  Bxˆ n  Cyˆ n  E  0
y  yˆ n



IV.

BE  CD
AC  B 2

,

yˆ n 

BD  AE
AC  B 2







 A B
 
K 1  
B C

where   AC  B  0 is the determinant of matrix K
2

6. The accuracy of the measurement of the found
coordinates is estimated through Eqs. (10)-(12).


1

.

On the other hand, the matrix K can be written down as [2-4]



  2x
K 
  x  y rxy


 x  y rxy 

 2x 



correlation coefficient of the coordinates estimates,
correspondingly. Thus, having compared how Eqs. (10) and
(11) present the RS coordinates measurement errors, we get

 2x  C  ,

 2y  A  ,

rxy   B AC 

VI.



THE ALGORITHM OPERATION TEST

To confirm the operability both of the introduced technique
and the algorithm synthesized on its basis, the mathematical
simulation is carried out of the operation of the three-position
TDOA system (using MATLAB application package). The
receiving stations of TDOA system are situated in vertexes of
equilateral triangle with the centre at the coordinate origin and
the base length of Bim  10 km. The pass-band of TDOA
system receivers is 20 MHz. The RS signals bandwidth varies
between 20 and 200 kHz, while their power is 10 W.
As a test signal, the chirp signal is used as the simplest
generated one that allows controlling bandwidth of the signals
from various RSs. The mathematical model of the test signal at
the input of m-th receiving station of TDOA system is
produced in the form of
S m t  

I


l 1

where  x ,  y and rxy are roof-mean-square deviations and



4. The conditional probability density function (7) of
coordinates x, y  and its quadratic form (8) are generated.
5. The function (7) is maximized and the optimal RS
coordinates are calculated by the formulas (9).

THE COORDINATE MEASURING ACCURACY
EVALUATION

 C   B 
 ,
K  
 B  A  

1. In rectangular (Cartesian) right-handed coordinate
system the known coordinates of the receiving stations of
TDOA system are set and the unknown RS coordinates are
introduced.

3. In accordance with Eqs. (5) and (6), the functions
Dim x, y  are expanded into Taylor series by the first power
expansion.

From the statistical estimation theory, it is well known that
when RS signal observation time increases or/and RS signal
significantly exceeds the noise level at the receiver output, the
maximum likelihood estimates are asymptotically unbiased,
effective, asymptotically normal and their correlation matrix is
inverse to the information Fisher matrix [4, 7]. In relation to the
estimates (9), it can be easy demonstrated that the correlation
matrix K and the matrix K 1 inverse to it are determined as



THE CALCULATIONS SEQUENCE

2. By applying the relation (4) and the chosen TDOA
system geometry, the differences of distances im are
determined between RS and receiving stations with the base
Bim .



From here we get
xˆ n 

V.

For the introduced algorithm, the path for the determination
of RS coordinates, as well as the calculation of accuracy of
their measurement, may be summarized as follows.



Pcl
f cl
cos 2f cl t   ml  
t  ml 2  
2
T
4Dml
cl




 gauss t 
qm

L

 4Dclml .
P

l 1

Here L is the number of RSs; Pcl , Tcl , f cl , f cl are the power,
duration, carrier frequency and bandwidth of the signal from lth RS, correspondingly, Dml and  ml are the distance and the
signal propagation delay from l-th RS to m-th receiving station;
 gauss t  is the Gaussian random process with zero
mathematical expectation, unit variance and uniform spectral
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density within receiving station pass-band; q m2 is the power
signal-to-noise ratio at the m-th receiving station input.
Some simulation results for various methods of the
reference point x0 , y 0  choice are shown in Table I. The
values provided here are obtained by averaging over 100
measurements of RS coordinates under the fixed duration of
each measurement and under the fixed coordinate and signal
conditions.
TABLE I. THE SIMULATION RESULTS FOR VARIOUS METHODS OF THE
REFERENCE POINT SELECTION

We implement the optimal estimation of RS coordinates
and propose the sequence of their determination, together with
the estimation of the measurement accuracy. The algorithm
structure allows us to carry out, if necessary, interfilter
processing of the signals for their identification relative to radio
sources emitting them. The simulation of the algorithm has
proved its operability for the three-position TDOA system.
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VII. CONCLUSION
We introduce the hyperbolic method algorithm for the
optimal determination of coordinates and the evaluation of the
potential accuracy of their measurement. The determination of
optimal RS coordinates and the estimation of their accuracy are
carried out through the conditional posterior probability density
of coordinates, with the statistical estimation methods and the
Fisher matrix applied. The algorithm realizes the basic
analytical relations in an explicit form that allows developers of
measurement procedures to promptly generate various
preliminary expert estimates at the different measurement
process stages.
As the initial data for the algorithm, the mutual delays of
signals from radiating objects are used, the said signals
propagating to each pair of the receiving positions, the optimal
measurement estimates of which are the maximum likelihood
ones.
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