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Abstract. In order to construct a large number of diverse and innovative fractal graphics, an arbitrary
nonlinear transformation of V(x,y) is introduced into the classical iterated function systems to change
the construction form of nonlinear iterated function systems (NIFS). The deterministic algorithm and
random iteration algorithm are used to draw the fractal graphics. The summarization of relevant
transformation rules are obtained according to the generation of NIFS attractors. The experimental
results show that the combination of nonlinear transformation and affine transformation enriches the
transformation types of iterated function systems, and a simple and effective approach is provided for
the drawing of NIFS fractal graphics.
1.

Introduction

In 1985, M.F. Barnsley presented a theory of iterated function systems (IFS) [1]. IFS is an
important fractal theory and is an important method to generated fractal graphics. IFS has important
theoretical significance and has practical application value in the fields of natural landscape
simulation and image compression. The traditional IFS has some limitations to construct fractal
graphics. The NIFS modeling, however, is extremely flexible and expressive, and the constructed
fractal graphics using NIFS are more natural and abundant.
The method of constructing NIFS by mapping χ←a0 χ2 +a1 χ+a2 with polynomial in the real
number range is proposed in [2]. But it has not been used for the drawing of fractal graphics. The
Fractal Flame algorithm proposed in [3], the algorithm is applied to the fractal software Apophysis,
used to the generation of the fractal graphics of colorful and varied. The bilinear transformation is
used for quadrangle on the basis of compression transform in [4]. The method provides a new idea
for the drawing of the fractal graphics. Under the plural transform perspectives, the literature [5]
discusses the definition of linear plural transform Z=aZ+ti , the iteration convergence theorems of
plural transform, and the properties of fractal graphics, and a new patterning method has been
proposed. Based on the linear complex mapping, a type of nonlinear complex mapping families
are studied in [6] to form the condition of an iterated function systems, and the
relationship of the initial point selection and the generated attractor is discussed. Combine the linear
affine transformation and square root function, the literature [7] provides the method of drawing
fractal graphics when the initiator is regular polygons or circles. The representation form based on
polynomial transformation in [8] is applied to draw the fractal graphics, increasing the diversity of
fractal attractors. However, the transformation involved is limited to quadratic transformation.
The construction method based on IFS fractal curve is proposed in [9]. By choosing the appropriate
parameters for a given family of contraction maps, and combining the method of constructing a
regular polygon by a linear iterated function and the method of constructing a curve based on a
complex planar nonlinear iterated functionz⟵√
, the construction method extends the mapping
of IFS and NIFS construction fractal graphics to the plural form. The Literature [10] constructs NIFS
using two single parameter complex polynomials and proposes the method of establishing a set of
parameters for iteration mapping, to construct fractal graphics on the plane. In the literature [11, 12],
π
the method of constructing nonlinear IFS by non-analytic complex mapping f z =ei2 z̅n +c is studied.
And, the novel structural fractal mountains and the fractal graphics with Dn+1 、Zn+1 symmetrical
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characteristics are generated. The method of constructing nonlinear IFS by the negative integer-power
complex mapping family f z =
is also studied.
In view of the shortcoming of drawing fractal graphics with traditional IFS, in this paper, we
research the NIFS attractor structure model according to the construction model of the fractal flame
algorithm in [3], and the related experiments simulations and analysis are carried out. The specific
methods are as follows: Based on fractal flame model and the proposed model, this paper introduces
the nonlinear transformation (mainly in some classical IFS). By using the combination of affine
transformation, and the combination of nonlinear transformation, nonlinear transformation and affine
transformation respectively, we compare the generations of NIFS attractors and summarize the
experimental rules. The proposed method enriches the theoretical model of NIFS and provides more
possibilities. The proposed method is a more powerful method for NIFS modeling control.
2.

Basic Theory

2.1 Iterated Function Systems
Let X denotes a complete metric space with distance function d and Wn being a mapping from X
into itself.
Definition 1: A iterated function systems is consisted of a compact metric space (X,d), a finite set
of compression maps Wn :X⟶X and the corresponding compression factors of
  max{ n ; n  1,2,  , N } .
Theorem 1: Let {X;Wn ,n=1,2,⋯,N} be iterated function systems (IFS), with compression factor
‘ α ’ . Then the transformation Wn :X⟶X is defined as W B = ⋃N Wn B ,∀B∈H(X) . It is a
n=1
compression mapping on the compact metric space (H X ,h(d)) with compression factor ‘α’, that is
h(W ( A), W ( B ))  h( A, B ), A, B  H ( X ) .
Then there exists a fixed point set P  H ( X ) called the attractor of the IFS, such as
N

W n ( B), B  H ( X ).
P  W ( P)   Wn ( P) and P  lim
n 
n 1

N

The form of transformation P  W ( P)   Wn ( P) is:
n 1

 x   an bn   x  en 
Wn    
      , that is Wn ( x, y )  (an x  bn y  en , cn x  d n y  f n ) ,
 y   cn d n   y   f n 

Where an 、bn 、cn 、dn 、en 、f are the coefficients of affine transformation.
n
Select a symmetrical regular quadrilateral with an edge length of 1 as the initiator, and observe the
generation processes of the finite iteration and the sierpinski triangle attractor, as shown in Figure 1.
Table 1. The IFS code of sierpinski triangular
Wn

an

bn

cn

dn

en

fn

p

W1

0.5

0

0

0.5

-0.5

-0.5

0.33

W2

0.5

0

0

0.5

0.5

-0.5

0.33

W3

0.5

0

0

0.5

0

0.366

0.34

(a)The first iteration

(b)The second iteration

(c)The fifth iteration

(d)attractor

Figure 1. The generation process of sierpinski triangle attractors
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2.2 The Fractal Flame
The fractal flame algorithm mentioned in [3], was created by Scott Draves in 1992. Different from
the traditional iterated function systems, the fractal flame algorithm defines a series of nonlinear
transformationVj . The core idea of the algorithm is random iteration algorithm. To randomly select
points
P,
in
each
iteration,
the
algorithm
randomly
select
transformation
Vi x,y =Vj (ai x+bi y+ci , di x+ei y+fi ) to get the next point of P according to the probability. The form
of transformation is:
Fi x,y =
j

vij Vj (ai x+bi y+ci ,di x+ei y+fi ) ;i、j=0,1,2,⋯,N

Where the parameters vij are the weightings of the nonlinear transformationVj , and the sum of the
weighting coefficients is 1. ai 、bi 、ci 、di 、ei 、f are the coefficients of the affine transformations.
i

3.

NIFS Attractors

This section mainly introduces a construction model of NIFS, several nonlinear transformation,
NIFS generation algorithm, and gives the examples to illustrate the generation process of NIFS
attractors.
3.1 The Construction Method of NIFS
The transformation of fractal flame is obtained by adding affine transformation based on the
nonlinear transformation. In this paper, The method of constructing NIFS is the opposite to the
method of constructing fractal flame algorithm, that is, affine transformation is added on the basis of
the nonlinear transformation. Then, We obtained the following modeling methods:
s x,y ,t x,y =

wi Vi x,y
i

Wi x,y =(ai s+bi t+ci ,di s+ei t+fi );i=0,1,2,⋯,N
Where the parameters wi are the weightings of the nonlinear transform Vi x,y . The sum of the
weighting coefficients is 1, and ai 、bi 、ci 、di 、ei 、f are the coefficients of affine transformations.
i
3.2 Nonlinear Transformations
We selects several primitives’ transformation of fractal flame in literature [3], in this paper, as
shown in Fig.2:

(a)Initial

(b)swirl

(c)sinh

(d)juliaN

Figure 2. Nonlinear transformation
The analytic expression is:
Vswirl ( x, y)  ( x sin(r 2 )  y cos(r 2 ), x cos(r 2 )  y sin(r 2 ));
Vsinh ( x, y )  (sinh( x)  cos( y ), cosh( x)  sin( y ));
p1  juliaN.power, p2  juliaN.dist;
p3  trunc(| p1 |  );
t  (  2 p3 ) / p1 ;
p

2

VjuliaN ( x, y )  r p1  (cos t ,sin t );

Where r  x 2  y 2 ,   arctan( y / x) , p1 p2 is real number, in this paper the parameter of p1 is 5, p2
is 1,  is a random variable uniformally distributed on the interval of [0,1].
We mainly consider the following two aspects:
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The first, although the synthesis transformation is still a nonlinear transformation, but due to the
type of nonlinear transformation is too numerous, there is no uniform way of setting parameters and
control methods. However, selecting some nonlinear transformation that the parameters are fixed, the
form of nonlinear transformation is controlled by affine transformation. It can not only extend the
expressive ability of the nonlinear transformation, but also simpler and easier to control.
The second, affine transformation are used to synthesize nonlinear transformation, rather than the
conversed construction. That is because the style of nonlinear transformation has a foreseeable
relationship with the corresponding style after affine transformation, and the constructed NIFS
attractors are relative much intuitionist.
3.3 NIFS Attractors Generation Algorithm
Although the method proposed in this paper is different from the fractal flame algorithm, but we
still approximate the NIFS attractors using random iteration algorithms.
The implementation of the algorithm is described below:
Choose any one of the initial points P(x0 ,y ) , according to the mapping sequence and the
0
corresponding probability distribution. Random selection transform and plots a new coordinate point.
According to this rule, a new coordinate point is continuously generated, until it reaches the maximum
number of iterations, gradually approaching NIFS attractors.
1:function initial point P(x0,y0);
2: while(iterations_max>0)
3: {
4:
select transformation Wi from {Wi, i = 1,2,…,n} randomly;
5:
(newx, newy) = Wi(x0,y0);
6:
x0=newx;
7:
y0=newy;
8:
setpixel(newx,newy);
9:
iterations_max−−;
10: } end while
11:end function
3.4 Finite Times Iteration and NIFS Attractors Gereration
Using the method proposed in this paper, we add swirl transformation to sierpinski triangle, and
the iteration process NIFS attractors is shown in Figure 3.

(a)The first iteration

(b)The second iteration

(c)The fifth iteration

(d)attractor

Figure 3. The generation process of NIFS attractors
4.

Nifs Attractors Generation Effect and Comparison

In this section, we select the above swirl, sinh, and juliaN transformation. A nonlinear iterated
function system is constructed on the classical IFS. Using random random iteration algorithm to
approximate NIFS attractors, and observe the effect of fractal graphics generated, as shown in Figure
4.
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(a-1) Collage schematic

(a-2) attractor

(a-3) Collage schematic

(a-4) attractor

(b-1) Collage schematic

(b-2) attractor

(b-3) Collage schematic

(b-4) attractor

(c-1) Collage schematic
(c-2) attractor
(c-3) Collage schematic
(c-4) attractor
Figure 4. Fractal graphics generated by the fractal flame method and the suggested method

By comparing the above NIFS attractor’s renderings, we can see that the classic sierpinski triangle
chosen above has a symmetrical structure. Respectively, using fractal flame method and the method
of this paper, the structure of their NIFS attractors has some association. That is, the latter is similar
in structure with the former, and the number of similar structures is related to the number of affine
transformation. Based on this, using the transformation method proposed by this paper on the classical
IFS ( Zn 、Dn symmetry, symmetry about the origin, axisymmetry), more fractal graphics with
symmetrical structure can be constructed.
The fractal graphics with Zn 、Dn symmetrical structure and its effect picture of adding
transformation. Their IFS codes of affine transformation are shown in Table 2 and Table 3. The IFS
attractors of D4 、Z5 symmetrical structure and the effect diagram of adding transformation are shown
in Figure 5.
Table 2. The IFS code of D4 Symmetrical
Wn

an

bn

cn

dn

en

fn

p

W1

-0.25

-0.30

0.30

-0.34

0.50

0.50

0.125

W2

-0.30

0.34

-0.25

-0.30

-0.50

0.50

0.125

W3

0.25

0.30

-0.30

0.34

-0.50

-0.50

0.125

W4

0.30

-0.34

0.25

0.30

0.50

-0.50

0.125

W5

-0.25

-0.30

-0.30

0.34

0.50

-0.50

0.125

W6

0.30

-0.34

-0.25

-0.30

0.50

0.50

0.125

W7

0.25

0.30

0.30

-0.34

-0.50

0.50

0.125

W8

-0.30

0.34

0.25

0.30

-0.50

-0.50

0.125
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Table 3. The IFS code of Z5 Symmetrical
Wn

an

bn

cn

dn

en

fn

p

W1

0.5000

0

0

0.500

0.5000

0

0.20

W2

0.1545

-0.4755

0.4755

0.1545

0.1545

0.4755

0.20

W3

-0.4045

-0.2939

0.2939

-0.4045

-0.4045

0.2939

0.20

W4

-0.4045

0.2939

-0.2939

-0.4045

-0.4045

-0.2939

0.20

W5

0.1545

0.4755

-0.4755

0.1545

0.1545

-0.4755

0.20

D4 Collage schematic

(a)attractor

Z5 Collage schematic

(b)attractor

Fg 1(swirl)

Fg 2(swirl)

Fg 3(sinh)

Fg 4(sinh)

Fg 5(julia)

Fg 6(julia)

Fg 7(swirl)

Fg 8(swirl)

Fg 9(sinh)

Fg 10(sinh)

Fg 11(julia)

Fg 12(julia)

Figure 5. Fractal graphics with symmetrical structure
Where, The fractal graphics Fg 1(Fg 7), Fg 3(Fg 9) and Fg 5 are obtained by using fractal flame.
The fractal graphics Fg 2(Fg 8), Fg 4(Fg 10) and Fg 6(Fg 12) are obtained by using the method of
this paper. By comparing the above effects diagram, we can draw the following conclusions: for a
symmetrical IFS, a large number of fractal graphics with symmetric features and novel structures can
be constructed by using the combination of nonlinear transformation and affine transformation; The
NIFS attractors constructed in this paper is related to the value n, such as, For Fg 2, Fg 4 and Fg 6, it
is shown there have four similar structures. In fact, there have eight similar structures, that is because
the IFS with D4 symmetric has eight affine transformation with similar structure. For Fg 8, Fg 10 and
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Fg 12, they all have five similar structures, because the Z5 symmetric IFS has five affine
transformations of similar structure, and overlap occurs between the structures.
In the following part, this paper selects a more general (asymmetric) IFS to add nonlinear
transformation, the IFS codes of affine transformation is shown in Table 4, the generation effect of
NIFS attractors is shown in Figure 6.
Table 4 the IFS code of orchid
Wn

an

bn

cn

dn

en

fn

p

W1

0.5

0.25

0.25

-0.5

0

0

0.5

W2

0.75

-0.25

0.25

0.75

0.75

0

0.5

(a) Collage schematic

(b)attractor

(c)fractal flame

(d)the suggested method

Figure 6. Asymmetric IFS add nonlinear transformation
Where, the picture c and d of Figure 6 are obtained by adding swirl transformation with fractal
flame algorithm and the method of this paper respectively. By comparing the Figure 6, we can find
that it can generate strange attractor with the suggested method. And by using affine transformation,
the attractors generated by the two methods can be converted to each other.
5.

Conclusion and Prospect

In this paper, we put forward a method of constructing NIFS based on classical IFS and nonlinear
transformation. Different from the fractal flame algorithm, it uses affine transformations based on
nonlinear transformations. So it ensures that the type of transformation constructed has a central
character. And then, using random iteration algorithm to draw NIFS attractor, nonlinear
transformation are added to the IFS with symmetrical characteristics and asymmetric characteristics.
By experiments and comparisons, further explore the relationship between them. The experimental
results indicate that the method can be applied to the drawing of fractal graphics. It can not only form
a variety of fractal graphics with novel shapes, but also provides a new perspective for the study of
NIFS architecture, and it greatly extends the expression ability of transformation. In the future work,
the rendering method of NIFS, the law of nonlinear transformation and the NIFS architecture were
worth further studying.
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