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Abstract—In this paper, the problem of stabilization for
Markovian jump systems with additive time-varying delays is
considered. First of all, by constructing a new Lyapunov
functional with triple integral terms, using new inequalities,
convex combination technique and combining with other
analytical techniques, the stochastically stability and stabilization
conditions of the Markovian jump systems in terms of linear
matrix inequalities with lower conservatism are obtained. Then,
the controller of the closed-loop system is designed by the
transformation technique of inequalities. Finally, a numerical
example is given to verify the effectiveness of the provided
method and the superiority of the results.
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I. INTRODUCTION

In recent years, a large number of attentions have been
focused on the study of the Markov jump systems (MJSs),
since this family of systems were firstly introduced by
Krasovskii and Lidskii[1]in 1961. Because of their advantage
of modeling many practical dynamic systems, lots of works on
stability analysis, controller synthesis and filter design have
been focused on the study for MJSs [2-8]. Meanwhile, as a
special kind of hybrid systems with finite operation modes
whose structures are subject to random abrupt changes, which
may result from abrupt phenomena such as random failures and
repairs of the components, sudden environmental changes,
changes in interconnections of subsystems, etc. So, the research
about the synthesis problem for MJSs will become more
complex and difficult. In addition, delay systems are frequently
encountered in various practical systems, such as engineering,
biology, economics, neural networks, and network control, [9-
16], however, this class system is instability and performance
deterioration in many cases. Thus, recent past decades have
witnessed extensive research on delay systems in the literature,
including stability analysis, stabilization Hee controller design,
robust filtering analysis, and model reduction or simplification
[17-26].

Especially, the delay systems with additive time-varying
delay component were firstly proposed in [27], which has a
strong application background in remote control and networked
control (see, for instance[18,28,29]and the references therein).
Take a state-feedback networked control, for example. Some
time delays will appear inevitably when signals are transmitted

from one device to another, due to the physical plant, controller,
sensor and actuator are located at different places. Among
those delays, there are two network-induced delays, one from
sensor to controller and the other from controller to actuator.
With the two delays considered, the closed-loop system will
appear with two additive time delays in the state. Unfortunately,
the two delays are generally time-varying with different
properties, because the network transmission conditions is
different. This implies that the systems with additive time-
varying delays are more complicated and challenged. Therefore,
the studies on the stability analysis and controller synthesis for
MJSs with additive time-varying delay components are of
theoretical and practical importance.

Fortunately, several results about Markov jump neural
networks with additive time-varying delay components have
been proposed in the past years. For instance, in [30], the
authors investigated the synchronization of singular Markovian
jumping complex dynamical networks with two additive time-
varying delay components by using the pinning control. In
[31,32], the problem of dissipativity and passivity of
Markovian jump stochastic neural networks involving two
additive time-varying delays was investigated, several
sufficient conditions are derived for verifying the dissipativity
criteria of neural networks. [33] Concerned with the problem of
finite-time boundedness, L2 gain analysis and control of
Markovian jump switched neural networks with additive time-
varying delays. [34] Focused on the problem of delay-
dependent stability and dissipativity analysis of generalized
neural networks with Markovian jump parameters and two
delay components. [35] Mainly concerned on stability problem
of Markovian jump neural networks with mode-dependent two
additive time-varying delays based on quadratic convex
combination approach. Despite these efforts, however, to the
best knowledge of our authors, the stabilization problem for
MJSs with additive time-varying delay components has not
been investigated fully in the literature.

Motivated by the aforementioned concerns, in this paper,
we mainly investigate the stabilization for MJSs with additive
time-varying delays. At first, we provide a novel double
integral inequality, which is less conservative than the same
type inequality found in the literature. Secondly, some new
Lyapunov functionals with triple integral terms are constructed
via considering more information about the two additive time-
varying delays of system, such as x(t—d,(t)) , x(t—d,) , then the
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stochastically stable condition of the Markovian jump systems
in terms of linear matrix inequalities with lower conservatism
is derived by using new inequalities, convex combination
technique and combining with other analytical techniques. At
last but not least, based on the obtained stochastically stable
condition, the controller is designed later. Finally, a numerical
example is given to verify the effectiveness of the proposed
method and the superiority of the results.

Notation: Throughout this paper, R" denotes the n-
dimensional Euclidean space, R™"is the set of all mxn real
matrices. || refers to the Euclidean vector norm. For a real
symmetric matrix X,X >0(X >0) means that X is positive

definite (semi-positive definite). The notation "*" in a block
matrix always represents the symmetric terms. The superscript
"T" stands for the transpose of a matrix or a vector.
diag{---} for a block-diagonal matrix, and sym{M}=M +MT .

The identity and zero matrices of appropriate dimensions are
denoted by I and O, respectively. The following nomenclature
is used to simplify vector and matrix representations:
& =(0--0,1,0--0),(i =1,---21).

II.  PROBLEM FORMULATION AND PRELIMINARIES

Consider the following MJSs with additive time-varying
delays:

{X(t) = A(r)X(®) + B(r)x(t—d ) + C(r)u(t)

_ (1)
Xt,+0) =), VOe[-d,0]

where x(t)eR" is the system state, u(t)eR™is the control
input, ¢(¢) is an initial condition function. The time
delay d(t)=d,(t)+d,(t), where d,(t) and d,(t) represent two

time-varying delays in the state with different physical
characteristics and satisfy:

0<d,(t)<d <w,0<d,(t)<d, <o,

<d, ()< g <0,0<d, (1) < pr, <o, @)
where d,,d, and g,u, are known constants. Naturally, we
denoted =d, +d,, =1, + 1, . A(1,),B(r,),C(r,) are known matrix
functions of the random Markov jumping process. {r,t>0} is
right-continuous Markov process on the probability space
taking values in a finite state space N =(1,2,---,N) with

generator A = (/I,j )l jeN given by

A;A+0(A),
1+ 4;A+0(A),

j#i

Pr{m=jn=i}={ i
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where A > O,IiII(}O(A)/A =0,4; 20, for i=j is the transition
A

rate from mode i at time t to mode j at time t+A ,

N
A :_ijl,j:iﬂ“ﬂ :

For the sake of simplicity, the solution x(t.p(6),r,) with
r, e N is denoted x(t) . It is known from [36] that {x(t),n} isa
Markov process with an initial state {@(#).r,} and its weak

infinitesimal generator, acting on function V (x(t),t,r,) , is
defined in[37]:

LV (x(t),t,r) = Alin(}i{g[\/(x(HA),HA, M) | X()]

-V (x(t),tn)) @)

Before presenting the main results, the following definition
and lemmas are necessary, which will be used in the proof of
our main results.

Definition 1[38]: The system (1) with u(t)=0 is said to be
stochastically stable if the following condition holds:

e[ o o

orjs )

for every initial condition ¢(#)eR" and r,eN .

Lemma 1[39]: For a positive definite matrix Re R™", and a
differentiable function {x(u)|u e[a,b]}, the following inequality

holds:
o[ X (9)Ri(s)ds 2 YTRY, +3Y]RY, + 5YIRY,, ©
where o =(b-a), and
Y, = X(b)~X(@).Y, = x(b)+ X(@) 20" x(s)ds,

Y,=Y,+60" Lb x(s)ds —12¢7* Lb J: x(s)dsd@
Lemma 2[40]: For a positive definite matrix ReR™ ,

matrices N,N,,N, eR*™™ and any differentiable function
{x(u)|u e[a,b]}, the following inequality holds:
[ % ()RK(s)dsdO <77

o <n Qn, Rl

where
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Q=2"¢’NR'N +4"¢’N,R'N] +6"'o*N,R"'N]
+osym{N,IT, + N,IT, + N;IL}, TI, =€ —§,,
I1, =& + 28, - 68,, II, =8 —3€, +24€, — 608,,

n= |:XT (b),c™ I: X' (s)ds,o”” I: I: X" (s)dsdé,

o [ ].X @saude | &=0.000,
g =(0,1,0,0), & =(0,0,1,0), & =(0,0,0,1).

III.  MAIN RESULTS

Our purpose in this chapter is to study the stabilization and
design the controller for MJSs (1).

Theorem 1. The MJSs (1) with u(t)=0 is stochastically
stable if there exist symmetric positive definite matrice P e R™",
W eR™" | Q,R, eR™.(I,=1,2,3,4,561,=1,2,34,5 and any
matrices N, ,M, eR*"™", (I,=1,2,3), X.Y,Z,KeR"”" such that

Ql_Q2>07Q2_Q3>03Q3_Q4>05 (8)
\P]2><]2 N M é.‘I
N -R 0 0 0
20x20 % * _F’éz 0 < >
* * * —FAQ“ ©)

where (1=1,2,3,4) and
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Wooao =€/ Tle e (Q +Q))e — (1 £4)e; (Q —Q,)e,
—(1- )8 (Q, —Q)e, — (1 44)e; (Q —Q, e,
el (Q, +Qo)e; &) (Q. —Qy)e, ~H[\R,H,, -3
H],R,H,, -5H],R,H,; —-H} R.H, —3HL,RH,,
—~SHI,RH,; +sym{¢T X (e, —&,)+< Y (e, —€,)
+(7Z(e,—e,)+ K (e, —&,)} +sym{elPe,
+7" Wb +d,sym{g N, &y +¢NLG L, +EONLG )
+d,SymigTM &+ M o + I MG} +ERey,

N ~
H:Z,/l.,-F’pN =(N/,NJLND),M = (M M7, M),
=

R, = diag{2d;?R,,4d;*R ,6d,°R }.E, =(Z,K),E, =(X,Z),
R, = diag{2d;*R,,4d;*R,,6d;?R,},Z, = (Y,K),E, = (X,Y),
R, =diag{d;'R,,d,'R,},R;, = diag{d;'R,,d;'R},
diag{d;'R,,d,'R,},R,, = diag{d,'R,,d;'R,},
R=(2"d’R +2"d’R, +dR, +d’R, +d]R,).e, = Ae, + Be,,
H, =(e,—¢;),H,, = (e, +e,-2¢,),H,, = (e, —& +66 —12¢,),
H, =(e —¢&)),H, =(g +e&,-2¢,),H,; =(¢ —¢, +66,—12¢),
gz(elaez,""ellaelz)sglo =(89,66,e7,88),§20 z(el’elo’ell’elz)’
G =(8—€),8,, = (& +26, —6€,),5,; = (&, — 36, +24e, —60e;),
$o =(6,—€).¢,5 = (8 +26,—6¢,,),0,, = (& —3¢, +24¢, —60g,,),
n=(e,d,e,,d’e,,de,de,.de,,d’e,).7 = (g —e,,d,(e —&,),
27'd} (e, —2e,),6, —6&,,d, (6, —€,),27'd] (e, —2¢,))).
Proof. Constructing a stochastic Lyapunov functional
candidate as

VxM.LE) = SV, (O.L ),

where

Vi (x(),t,1) = X" ()P (1) XD +7" OW (D),

(10)
t T t=di(t)
VR = [, X ©Qxe)ds+ [ X (9Qux(s)ds

O X @Qxeds [ X 6)Qxs)ds

+[ X (©)Qx(s)ds + [X (5)Qux(s)ds, )
Vot = R s)R (s)dsdodu

! 0] X ©Rx(@dsdody, )
V,(x(),t,5) = I,d ijT (S)R,X(5)dsd 6, a3
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—d, pt
Vet =d, [ [ X ($)Rx(s)dsd@

0 t
+d X' (s)R,x(s)dsd @,
ljfd,.[n(/ > (14)
where P(r,),W,Q, ,R, have been defined in Theorem 1 and
are all positive matrices. Therefore, combining the inequality (8)
can we known thatV (x(t),t,r,) >0 .

and the infinitesimal

Then, for given L=ieN,P =P
operator L of the stochastic process {x(t),r,} along the

evolution of V (x(t),t,r,) are given as

LV, (x(0),1,1) = & [sym{X" ()R X(t) +7" W} + €/ TIe, I&,

(15)
LVZ(X(t)’t’i) < gT [e;r (Ql + QS)el - (1 _ﬂl)e; (Q] - Qz )ez
—(1—,u)e3T (Qz _Qs )es _(l_tul)el (Q3 _Q4)e4
—eg(QﬁQs)es—eJ(QS—Qﬁ)eg]cf, (16)

LV, (x(0).t,) = X" ()2 d2R, +27 d2R, )x(t)
_ L‘::' [ (s)RIX(s)dsdH—J‘idl [[x" 9)8,x(s)dsde, i

4

From Lemma 2, it follows that

LV, (X(t),t,)) < X" (1)(27'd7R, +27'd7R,)X(t) + £ (2d°N,
X Rl'lNlT +4d2'2N2R|'1N2T +6d2'2N3R]'1N3T)§10 +§2T0(2d2'2
xM,R;'M[ +4d;>M,R;'M] +6d;°M,R;'MI)<,
+d,sym{¢ NGy + LG, +CN G
+d,sym{g M, &, +$5ML G, + ML G,

(18)
LV, (x(D),t,i) = X" (t)dR,x(t) - Kd.m X" (S)RyX(s)ds
t-d,(t) . o ,
o X' (S)R3X(S)ds_.'.tfd,(l)fdz X" (8)RyX(s)ds
[T ()R K(s)ds
t-d 3 ’ (19)

Now, we estimate the upper bound of the last four terms on
the right-hand side in inequality (19). For any matrix
X,Y,Z,K eR”™ we can get the following inequalities:

! 4 X ORXSs < T, (ST XRIXTE +2¢7 X (6 —e,)IE,

t-d, (t

[T )R x(5)ds < £, (5 TYRYTE 287 (€, — e,

—d(t)
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_J.::ddl:;_dz X (S)R3 X(S)ds < é:T [(d2 — d2 (t))é/T ZR;]ZT é,

2426 ek, -]
<&, —d )¢ KRIKT S +2¢TK (e, —€)1E

t=dy(t)-d, |
XT

(s)R;x(s)ds

LV, (x(t),t,i) = X" (£)(d;'S, +dS;)x(t)
~d,f )X (98,X(9)ds—, [ X (9)S,X(5)ds, 0

From Lemma 1, it follows that

LV, (X, t,i) <X (t)(d;R, +d7R)X(t) - & {H],R,H,, —3H,R,

le _SHlTs R4H13 _HLRstl _3H;2R5sz _Sst R5H23§}. (21)

So, combining the inequality (16) to (21), it obtain that

5
LV (x,t,1) = D LV, (%, ) < &TWE,
j=1
where
Y=Y, +NR'N" +MR;'MT +d, () XR;' X" +d, (D)YR;"Y”
+(d, —d,(1)ZR;'Z" +(d, —d, (t))KR;'K" +T"RT,
&= (X, x(t—d, (1), x(t—d (), x(t—d,(t)-d,)),
t-d, _, pt=dy pt=d,
x(t—d),d;' Ld x(s)ds,dzzLd jg X(s)dsd o,

a2 [ [ x(s)dsdodu.d [ x(s)ds,

o[ [ x()dsd0.d [ ['[ x(s)dsdodu)’.

By utilizing the Schur complement and the convex
combination technique given in [42], it is known that W <0 is
equivalent to the inequality (9) holds which imply
that LV (x,,t,i) < 0. Therefore, using the Dynkin's formulator can

we gain

el Ix®Pdt|pn} <o,

which means that system (1) is stochastic stable following
Definition 1. The proof is completed.

Remark 1.The Lyapunov functionals we constructed in this
paper consider more information about d,(t),d,(t),d(t) , such
as x(t—d, (), x(t—d, (t)—d, (1)), x(t —d(t)) and x(t —d,),xt —=d) . In
fact, the maximum of the two delays d,(t) and d,(t) may not

be reached at same time, and their property may have sharply
different properties, so we consider the process of the variation
of delay generated in system is from d,(t) to d(t) , then

tod,(t)+d,, and then tod, therefore the first four items in
V, (x(t),t,i) are constructed, and the relation between the upper
bound d, of d (t) and the upper bound d of d(t) is also taken
into account in the last two items ofV,(x(t),t,i). Meanwhile,
the integral items J';d X" (S)Rx(s)ds  in LV, (X(t),t,i) is
decomposed into the form like inequality (19), it is important to
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reduce the conservation of the resulting stochastic stabile
conditions.

Remark 2.1t is noted that the upper bound d of d(t) is
divided into two interval [0,d,] and[d,,d], so we construct the
Lyapunov functional form like V,(x(t),t,i) and V,(x(t),t,i), and

then the less conservative stochastic stable criteria is derived by
utilizing the novel double integral inequality (7) and a single
integral inequality (6) with less conservation. Furthermore, to
increase the cross product item between the augmented vector,
the last item in V,(x(t),t,i) is constructed, which is very useful

to improve the upper bound of delay and reduce the
conservation of the resulting stochastic stable criterions.

The approach of Theorem 1 can be used as a useful tool for
the stabilization problem of system (1) withu(t) = J;x(t) . Now
we are in position to design the controller by convex
optimization method.

Theorem 2. The system (1) with u(t)=Jx(t) is
stochastically stable if there exist symmetric positive definite
matrices P,Q eR™,(l,=1,2,3,4,5,6) , R_eR™, (I =1,2,3,4,5),
W eR™" | and any matrices N, .M, eR"™" (,=123) ,

X,Y,Z,KeR"”™ " and a scalar 1 >0, such that

(jl _(jz >0a(jz _Q% >0763 _64 >0>

(22)
\?ZOXZO fT < 0
* 2P+ A7R) 23)
where
‘?]ZX]Z N M é|
_ * R 0 0
W0 = = s
* xR0
% * * _ﬁ

¥ =€/ Tle, +6] (Q +Qs)e, —(1-44)e; (Q -Q,)e,
—(1- e} (Q, —Q,)e; —(1-z4)e; (Q; —Q, e,
—el (Q, +Q,)e; €] (Q; —Q,)e, ~H|R,H,,
-3H},R,H,, -5H],R,H,, - H},R,H,, -3HL,R,H,,
—SHL,RH,, +sym{¢" X (e, —e,)+¢ 'Y (e, —¢,)
+¢Z(e,—e,)+TK(e, —e;)} +symiel Pe, +77"Wn}
+d,symig N, &, + CONL G, +EONLG L)
+d,sym{g M, &, + ML G, + ML G,

where (I =1,2,3,4), 5,4'10,5“3412,513,520,521,522,523 have been

defined in Theorem 1. And
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ﬁ: ﬂ’lPJaN:(NIT’N;aNI)’M :(MIT’M;’MIL

diag{2d52§1,4d;2|§],6d;2§1},i1 z(zs )séz :(Xaz)»

I

R
R, = diag{2d;’R,,4d;’R,,6d;°R, }.E, = (Y, K),E, = (X.V),
I:7{31 = diag{d;ﬁ},dflﬁ}},ﬁ}z =diag{d,'R,,d;'R;},
R, =diag{d;'R,.d;'R,}. R, =diag{d;'R,.d;'R,},
R=(2"d2R, +2"d?R, +dR, +d2R, +dR,),
H, =(e —&),H, =(&, +& —2¢,),H,, = (e, —e, + 6e, —12e,),
H, =(& —&),Hy = (& +& —2€,),H,; = (& —&, + 68, —12¢,),
=088, 81,8,), 80 = (6,84,87,8), 05 = (€1,€,0,€,1,8;);
G =(8 — &), 5, = (&, +28, —6€,),0,; = (& —3¢ +24e, —60€;),
G =8 =€) 0, = (6 +28,-68,),8,, = (& -3, +24e, —60e,,),
n= (el’dzes’dzze7’d;ES’dleIO’d]Zell’dlzelz)’f] = (aeg _eS’dz(e9 —es),
271d22(99 _2e7)’el _eg7d1(el _eIO)’Zildlz(el _2911))-

T

['=(AR+CL,0,BR,0,---,0)

Furthermore, a desired controller gain matrix is given by

1x20 °

24

Proof. When the controller u(t) = J;x(t) , then the system (1)
is formulated as follows:
(1) = (A +C,3)x(t) + Bx(t-0, (1) 0, (1)
Replaced A with (A +CJ;) and utilizing the Schur

complement in Theorem 1, the inequality (11) can be expressed
as:

(25)

where R, ¥,,,, has been defined in Theorem 1.

Let block diagonal matrices L, =diag{P"',R™",---,P'},L, =
diag{P",P',---,P™"} with 20 and 6 dimensions, respectively.
AndP, =P™',A=PAP . With these notations and (24) in mind,
performing a congruence transformation to (8), (9) and
W eR*™" by P,L,, and L, respectively. Then, one can get

W >0 , inequality (25), and the following inequality by using
Schur complements,
¥
[ 20x20 . ]<0’
* _R!

where ¥,,,,, I and R are defined in Theorem 2. On the hand,
as we all know, for any 2 >0, one can note that

=

(26)

>

B-1

0>|

(AR -
it is easy to see that

-0l
el

)R (2P -R) 20,
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5B-15 -5, 12B
-PRTP<2A"P+41 R' 27)

Therefore, (22)-(23) hold if (25)-(27) hold. The proof is
completed.

Remark 3. It is very important to introduce a positive
scalar 1 to the effectiveness of Theorem 2. Otherwise, it is a

high load for-P, to stabilize the matrices R in (25) following
the technique in [43].

IV. NUMERICAL EXAMPLES

In order to show the reduced conservatism and the
effectiveness of approaches presented in this paper, in this
section, one numerical example is provided.

Example 1. To show the effectiveness of Theorem 2,
consider the dynamical system (1) with N =2 and satisfies

(2 0 (2 0) (1o
A(o —0.9]’ Az(o —9)’ ‘(0 1]
(—1 OJ {—1 OJ (1 0)
= , B,= , C = )
-1 -1 -1 -1 0 1

set 1, =0.1,1,=0.8,d,=1,d,=0.988 and A=1/19 .
Meanwhile, the relevant transition rate matrix A is considered

0.95 0.05
as A=
0.005 0.995

matrices are obtained by computing in the MATLAB as
follows

B

If we

]. According to the Theorem 2, some

1 2

(-1.9804  0.0255 (-1.9035  0.1437
" -3.9108 -3.5470) | -1.0928 -1.8495)

It should be pointed out that the system (1) will not be
stochastic stable with the controller designed by utilizing the
approach in[43], ie., when 2=1 in (27). Therefore, it is clearly
that the approach in [14] for designing controller is more
flexible, and this example shows the effectiveness of our
methods presented in this paper.

V. CONCLUSION

In this paper, we study the problem of stabilization for
MIJSs with additive time-varying delays. Firstly, the
stabilization condition of the systems is given by constructing a
new Lyapunov functional with triple integral terms, using new
inequalities, convex combination technique and combining
with other analytical techniques. Then, the the controller of the
closed-loop system is designed by the transformation technique
of inequalities. Moreover, our future research topic is to obtain
the less stabilization conditions of MJSs with the additive time-
varying delays with fewer decision variables.
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