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Abstract—In this paper, we investigate the problem of robust
L: model reduction for linear parameter-varying (LPV) systems
with parameter-varying delays. It is essential that the design of
reduced-order system guarantees LPV error system to be
asymptotically stable and satisfy peak-to-peak performance
constraint with respect to all bounded peak value input signals.
By using parameter-dependent Lyapunov function (PDLF), the
sufficient conditions for the existence of the peak-to-peak
criterion are established for error system with time delays for the
first time, which realize the decoupling between the system
matrices and PDLF matrices by introducing a slack matrix and
applying Projection lemma. Under the conditions, the reduced-
order system can be obtained in terms of linear matrix inequality
(LMTI) technology. Based on the approximate basis function and
the gridding technique, the design problem of reduced-order
system is cast into convex optimization problem subject to
parameter LMI constraints. Finally, the validity of the proposed
design method is illustrated by a numerical example.

Keywords- robust L1 model reduction; linear parameter-varying
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L INTRODUCTION

Compared with general time-varying systems, linear
parameter-varying (LPV) systems have been assumed that the
trajectory of the parameters is not known a priori although the
bounds on parameter values and the rate of variation of these
parameters are available in advance. In addition, time delays
are often encountered in many dynamic systems, whose
existence has been generally regarded as an important source
of instability and poor performance. Therefore, time delays
have to be taken into account in the design of control laws.
Now, the analysis and synthesis problems for the delay-
dependent systems have been solved [1, 2]. In recent years,
progress has been made in the studies of LPV systems with
delay-dependent case [3, 4].In many fields of engineering,
high-order mathematical models are often used to describe
physical systems. Thus model reduction method was proposed
in order to find a reduced-order system to approximate a high-
order system, while it remains main feature of the original
system. It is an effective way and plays a key role for analysis
and synthesis of control system if high order models can be
replaced by reduced-order systems without incurring too much
error. In recent decades, model reduction has been a popular
research area and has attracted considerable attention. Various
model reduction methods [5-8] have been proposed. It has
been introduced to solve the model reduction problem for

different classes of systems including linear systems [9],
stochastic systems [10] and LPV systems [11].

In this paper, we introduce L; performance constraint
under the LMI into reduced-order system synthesis. Although
the model reduction problem have been studied for time-
delayed LPV systems under the H. criterion in, it seems that
little effort has been made towards solving the delay-
dependent L; model reduction for LPV systems. Thus the
study on L; optimization problems for LPV systems is truly a
significant work.

The goal of the paper is to investigate the problem of
robust L; model reduction for time-delayed LPV systems. We
establish L; performance criterion for time-delayed LPV
systems for the first time which ensures the error system is
asymptotically stable and minimizes the worst case peak-to-
peak gain for all time-varying parameters and delays. On the
basis of the above results, the sufficient conditions for the
existences of reduced-order LPV system are proposed by
using parameter LMI technology. The effectiveness of the
suggested method is illustrated by a numerical example.

II.  THE PROBLEM DESCRIPTION

Consider the following LPV system with time-varying
delays

X(t) = A(p())X(t) + A, (o ()X (t=h(p (1)) + B(o(1)w(t)
y(t) = C(pM)X() + C4 (o)Xt =h(p(1)) + D(p(t))w(t)
X(0) = d(0), VOe[-h,0]

(M

where x(t) e R" is the state vector; y(t) e R® is the measured
output; @m(t)e RY is the disturbance input which belongs to
o(t) e L,[0,00]; The state-space matrices 4, 4,(),, B() C(-)>
C,()»> D() and the delay h()) are assumed to be bounded
continuous functions of a time-varying parameter vector p(t),
satisfying

0<h()<h<ew, 0<h()<h, <1, Vt=0 (2)
the time-varying parameter vector
PO=[p M, p,(1)..o.OF satisties that  p(t)e[p.p] s
measurable in real time and parameter variation

rates p(t)e[z,7;] - For convenience, p and p denote
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respectively the vector of time-varying parameter p(t) and
p,(t) in the latter description.

Here, we are interested in approximating system (1) by a
reduced-order system described by

X(O) = 4, (P)X D+ A ()X (E=N(P) + B (P)o®) 3
yr(t) = Cr(p)xr(t)+ Crd(p)xr(t_ h(p))+ Dr(p)w(t)
X (0) =y (0), V0e[-h,0]

where X, (t) e R¥(k <n) is the state vector; 4 (), 4,, (), B, (),
C.(),C,(),D,()are the unknown parameter matrices of the
reduced-order system.

Considering the systems (1) and (3), we get the following
error system

E(t) = A(p)éM) + Ay (p)E(t—h(p)) + B(p)a(t) @)
e(t) = C(p)é(t) + C,(p)E(t—h(p)) + D(p)m(t)
£O0)={0T (0.7 (@) , Voe[-h0]

where £(t) = [XT t x (t)]T is the state vectors of error system,

et)=y(t) -y, t) is error signal and

(o) {A(p) A(p) B(p)} (5)

0 — 0 _
5 = ,B =
0 Ar(m}A"(p ) { 0 A,d(p)} ) {Br(m

Cp)=[Cp) —C(p)].C.(P=[C;(p) ~Cy(p)]. D(P)=D(p)-D,(p)
Before proceeding further, we recall the following idea and a
lemma, which will be used during the proof of our main
results.

Now, our objective can be stated as follow: find a reduced-
order system of the form given by (3) that guarantees the
following two conditions:

(a) The error system (4) is asymptotically stable; (b) The
error system (4) guarantees a prescribed L; noise attenuation
level y (that is,||Tew ||LI < y) for all nonzero w(t)e L,[0,0)
under zero initial condition, where T, is the operator mapping
input @(t) to output e(t), and define

e(t sup [l e(t) Il,
I = 20 1™ 22 TR
thus || T, Il corresponds to the maximutm peak-to-peak gain
of T, -
conditions is called the robust L; reduced-order system.

The reduced-order system satisfying above two

Lemma 1 Given matrices G , U , V , there exists a
matrix X such that G+UXV' +VX'U" <0, if and only if

N/GN, <0, N GN, <0
hold, where N, and N, are orthogonal complement of
U and V respectively.
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III. DELAY-DEPENDENT L1 PERFORMANCE CRITERION

In this subsection, we will provide the sufficient condition
for the existence of a delay-dependent L; performance
criterion which guarantees the error system to be
asymptotically stable and have a worst case peak-to-peak
performance constraint.

Theorem 1 Consider the error system (4), for arbitrary
measurable p(t), given positive scalars ¢, hand B<(0,1),

this system is asymptotically stable and has a guaranteed L;
noise attenuation level y if there exist a continuously differe-

ntiable matrix 0 < P(p)e R™*™  and  matrices
0<Q1 c R(n+k)x(n+k)’ 0< Q2 c R(n+k)><(n+k) satisfying
@, P(p)As(p) P(p)B(p) 6
s oh (6)
5 —(l—gl(z'i a))Ql 0 <0
* * —al
aQ, —(1-ah)Q, <0 (7
-afP(p) 0 0 CjT (p) .
£ —a(-pP(p) O T(p) (®)
* * ~(y—a)I D' (p)
* * * —yI

Where
®, = A (P)P(p) + P(p)A(p)+ aP(p) + 0, +hQ, + 3 (5, )

i=1 ]

Proof: we choose the following Lyapunov function for the
error system (4)

VO=VEDV,E0  V(6p)=[ [ € ©00c0)dods
V(&)= 0P EO+[, ¢ (90E(s)s

where P (p) is matrix that depends on parameter p(t) and is
real symmetric positive definite; Q >0, @, > 0. By taking the
of V() , we that Define
p(t) = [QET t) £ (t-h(p) @ (t)]T , we may get following

result through some ordinary matrix computations By making
use of (7) and the following inequality

time derivative obtain

[[.€(0)(@.-a0)é(0)daos <h & (s)(Q,-a0,)é(s)ds (9
We obtain that

V() <o (DAp(H)+aa’ (Do(t)—aV (t)
where

@, P(p)Ay(p) P(p)B(p)

s (10)
A=l t -EE e o

op;
-al
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@, has been defined in (6). Since the inequality (6)
guarantees A < 0, we can get the following condition

V(t)<ao' (a(t)-aV (t) (11)

For all g(t) =0 and w(t) = 0, the inequality (11) means Kt)<0.

We can conclude that the error system (4) is asymptotically
stable.

Define U:{XZV(t)Sl} , for the state £(t) of the error
system in (4) with ||a)(t)||Lm <1 and zero initial condition

(namely, ®(9)=0 and y(g) =0 for He[—ﬁ,O] then we may
get V (t)|t:0: 0), we will discuss (12)

T

&) 4]
fO=|St-h(p) | Z|&t-h(p)
o(t) o(t)
where
~afP(p) 0 0 1 I[CT(p)HC‘(p)]T
= o+ —a(1-B)P(p) 0 |+ CIm || Cip)
* * ~r-a)t] 7| DT(p)|| D (p)

According to (8) and Schur complement, we
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-W+WT) P(p)+W'A(p) W' A(p)  WBp W
* -P(p)+Q, 0 0 0 (13)
. © pdade 0 0 <o
=1 Op,
* * * —al 0
* * * * —P(p)

where Q, = Z (7, S_P) +aP(p)+hQ, +0,
=] Pi

Proof: according to the Lemma 1, inequality (13) is
equivalent to the following inequality

oH+U' WV +V'W'U <0 (14)
where
0 P(p) 0 0 0
* _P(p)+Q,, 0 0 0
S oh
m=|* * -1-%(5; =10, © 0
=1 0p;
* * * —al 0
* * * * *P(,D)
U=[-I A(p) A,p) B(p) I|.V=[1 0 0 0 0]

thus the null-space of U and V' are N, and N, , namely

know f (t) < 0, which can further lead to Alp) Ay(p) B(p) I 0 0 00
I 0 0o 0 I 0 0 o0

N,=| o0 1 0 ofl.N =0 T 0 0

e’ (De(t) <[ (VPPN +(r —a)a’ (Da(t) +a(l- )T (t=h(p) P()E(t—h(p))] 0 0 oo o 0 1 0
0 0 o1 0 0 0 I

(12)
Since BET(VP(P)E(H) +(1- HE (t-h(p)P(p)E(t—h(p) <1

Here f is weighting factor. For all "a)(t)"Lm <1, it can be

concluded from (12) that sup

Hw(t)HLmsl

Jecty], < 7 - The proof is

concluded.

IV. THE DECOUPLING L; PERFORMANCE CRITERION
By introducing a slack matrix and applying Lemma 1, we
obtain the following theorem 2, which will play an important
role for designing an admissible L; reduced-order system.
Theorem 2 Consider the error system (4), given scalars
a,heR*, P €(0,1) this system is asymptotically stable and
has a guaranteed L; noise attenuation level y if there exist a
continuously differentiable matrix 0<P(p)eR™ ™ and
matrices 0<Q,Q,WeR™ ™ | satisfying (7), (8) and the
following (13) for all parameter variation trajectories.

By Lemma 1, the inequalities (7), (8) and (13) can
guarantee the error system is asymptotically stable and has a
prescribed L noise attenuation level .

V. ROBUST L; MODEL REDUCTION

In this subsection, based on theorem 2, we present an
approach to solve robust L; model reduction problem for time-
delayed LPV systems. First, we give the following theorem.3.

Theorem 3 Consider time-delayed LPV system (1). For
given scalars ¢,heR* and Se(0,1) , there exists an

admissible L; reduced-order LPV system in the form of (3)
such that the error system (4) is asymptotically stable and has
a guaranteed L, noise attenuation level y , if there exist a
continuously differentiable matrix < P(p),0,,0, € R(mHx(n+k)
and matrices
R eR™, R, eR"* R, eR™ , A (p),A,(p)eR"*

B.(p)eR™™. C,(p)eR™, Cy(p)eR™ . D (p)eR™™,

for all parametric variation trajectories, satisfy the following
the inequalities (15), (16) and (17).
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[-(R,+R]) —(E"R,+R,) Y, Y, R A;(p)
* _(RerRzT) Yzz YZA R;Ad(p)
* * Y}} r34 0
£ * * Y‘44 0
* * * * Y N
* * * * *
* * * * *
* * * * *
* * * * *
EﬁTAfrd(p) T, R/ E'R, 1
A (p) T, R R, (15)
0 0 0 0
0 0 0 0
“«— Y s 0 0 0 <0
Y o6 0 0 0
* -—al 0 0
* * -Pip) -P(p)
* * * -P(p)]
a{lel Q:112:|_(1_aﬁ)|:7:‘11 Q:2|2:|<0 (16)
* 0.2 0.,
~afP(p) -afP(p) 0 0 0 CT(p)
* —apP(p) o o 0 -Cl(p)
* * —a(-PR(p) ~al-pRp) 0 am |,
* * * —a(1-pPp) 0 ~Cu(p)
* * * * ~(y=a)I D'(p)-D/(p)
* * * * * 7;/1
(7
where Y, = R A(p) + P (p), Y, = R, A(p)+ P (p)

Y, =E"4.(p)+P,(p).Y,, = A.(p)+ P(p)
Y, :RTB(p)+ET§ (P), Yy :RTB(/J)H? ()

:_(1_2(7 ))Qlll s6 — T (1_2(7 ))QII
Yoo =—-(1- Z (T ))leza 7|: ok Qene k):'

_ — oP,
YM:*Pz(p)*O‘Pz(P)*Z( i a(p))JrQ]lerthlz

Y, :_Fz(p)‘*aﬁz(p)‘*Z(Ti

Y= -Pp)rabp)+ ) (7,

Moreover, under the above condmons, an admissible L,
reduced-order system is given by

AN ST
op; N -

o, (p))+Q L+ R,

[A,(m Ay (p) B,(p)}_{R; o} [A (P)

_ A4(p) E(p)} (18)
C.(p) Cu(p) D(p)] [0 1| [Cip)

Cy(p) D.(p)

Proof: the method of proof is omitted.
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VI. NUMERICAL EXAMPLE

Consider a time-delay LPV system in (1) with the
following parameter matrices
1 0.5 0 1 0 —1+0.1p,(t) 0.5 0 0.5]
0 -1 2 0 o1 0 0 05 1
Apyo| 05 1L 02 0020200 L 105
10 0 10 -1 05 0 05
05 0 02 0 -1 0 05 0 05
1 0 -1 0 0 -1 1 0 0.5
0.5 0.1p,(1)]
0 0
c (p){o 03 1 1 -1 1} D(p):[l } (o) = 5 05
0 0 10 0 1 0 0.5
0 0
0.5 0 |
“11+00xp () 1 1 1 0 0
1 -10 -2 1 0.3 0
-1 0 -7 1+02xp(t) 0 1
Alp)= 10 e 0 0.5
0 05 0 0 -3 0
1 0o -1 0 0 —10+0.1x p,(t)

where p,(t) =sin(t), p,(t) = |cos(t)|, £,(1), p,(t) €[-1,1] are time-
varying parameters. The time-varying delay is h(p)=02p,(t)

whose maximum value is 0.2. Making use of approximate
basis function and gridding technique, we can transform
infinite parameter LMI (15) and (17) in theorem 3 into finite
parameter LMI. We choose basis function

f(p) =1 f,(p)=p 1), f,(p)=p,1)

So we can get Y (p) =Y, + p, V)Y, + p, (DY,

Table 1 shows the suboptimal L; performance for different
order of the reduced systems when o =0.9, 5 =0.47

TABLE 1. NOISE ATTENUATION LEVEL 4 FOR DIFFERENT ORDER

¥ noise attenuation level  Order Number

2.3390 1
1.5518 2
1.1056 3

We can obtain the following parameter matrices of the
first-order system when y =2.3390 .Suppose the disturbance

input e(t) =[sin02t 0.5c0s03t 1",
the original system (solid line) and the first-order reduced
system (dotted line) are compared in Figure 1 and Figure 2.
The output errors of the first-order reduced system are shown

in Figure 3. From these figures, we can see that the reduced-
order system approximate the original system very well.

the output trajectories of
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VII. CONCLUSIONS

In this paper, the problem of robust L; model reduction for
LPV systems with parameter-varying delays has been studied.
At first, delayed-dependent L; performance -criterion is
established where there exists the coupling between system
matrices and Lyapunov function matrices. By introducing a
slack matrix, we can apply Projection Lemma to the
decoupling between them and construct reduced-order system
for given time-delayed LPV system that guarantees error
system to be asymptotically stable and satisfy L; noise
attenuation level y. Finally, a numerical example is provided

to demonstrate the effectiveness of the proposed design
method.
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FIGURE I FIRST OUTPUT TRAJECTORY FIGURE II SECOND OUTPUT TRAJECTORY  FIGURE III. OUTPUT ERRORS of
FIRST-ORDER SYSTEM
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