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Abstract. In this paper, the finite element analysis of a special form of variable curvature curved
beam element is studied, and equilibrium equations of variable curvature curved beam element
are established in polar coordinates. Based on the principle of energy method, the relationship
between nodes displacement and force is obtained and expressed in the form of matrix. By matrix
integral operation, the variable curvature curved beam element flexibility matrix is obtained and is
expressed in the form of analytic solution. By the element flexibility matrix inversion, the element
stiffness matrix is obtained. The research achievement in this paper provides a new a kind of
method in the research of finite element analysis of variable curvature curved beam. The finite
element calculation of constant curvature curve beam is only a special case of the calculation
method in this paper.

Introduction

Curved girder is widely used in bridge construction because it can adapt to the limit of terrain and
object well, but as the bridge construction is restricted by the topography, landforms, or other
factors, different curvature bridges need to be decorated together and meanwhile variable curvature
curve beam is required as a transition between different curvature beams. And furthermore variable
curvature curve beam can also be used as a transition between curve beam and straight beam. Since
the early 80s in last century, a large number of scholars have made theoretical research and
experimental study on curved girder. And fruitful results have been achieved 8. Based on the
energy variation principle ! and using elastic kernel method, Professor Wu Hongging and other
scholars %% have obtained the curved beam element stiffness matrix which can avoid the
introduction of the shape function and the solution of the differential equation. In this paper, on the
basis of energy method, analytic solution of the special variable curvature curved beam element
stiffness matrix is deduced and the method of putting the load in the middle of unit into the
equivalent nodal load is obtained.

In this paper the following assumptions are made. Firstly, the cross section centroid and shear
centre is coincidence or close to overlap. Secondly, the cross section size of curved beam is much
smaller than the radius of curvature.

Unit flexibility matrix of variable curvature curved beam

As shown in Figure 1, there is a variable curvature curve beam. Beam axis equation in local polar
coordinates can be expressed as

p=pa)

1)

According to the right-hand rule, the floating coordinate system is set up at each point on the axis
shown in Figure 1. Among them, the ¢ axis is located in the tangent direction of the axis, the
axis is located in the radial direction of the axis and ¢ axis is perpendicular to the plane in which
there is the axis of curved beam. The point i and point j is the ends of curved beam element and
point M whose coordinates is &p¢ is any point on the curved beam. Firstly, several concepts are
defined. The Central Angle ¢, is angle of point i radius of curvature extension and point j
radius of curvature extension. Angle ¢ is angle of point M radius of curvature extension and
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point j radius of curvature extension. According to the geometric relationship, Angle ¢ is equal
to the angle of tangent at point m and pointj. The distance between point m and point j
radius of curvature isL,. The distance between point M and point j tangent is L . The distance
between point j and point M radius of curvature isL,. The distance between point j and point
M tangent isL,. The polar angle of point j is ¢ in local coordinate system and the polar angle
of point M is«. The difference between polar angle of point m and polar angle of point j isg.

Y

Fig. 1 Variable curvature curved beam element and coordinate system
The three linear displacements at node i are tangential displacementu,, radial displacementyv,

and horizontal displacementw, . The three angular displacements at node i are torsion angleg, ,
bending angle g, and bending angleg. . Corresponding node forces are axial force n., radial
shearq,, transverse shearq,, torque m,, bending momentm, and bending momentm, . The
displacements and node forces at node j are similar to them at node i. The positive direction of

the displacements and node forces is equal to the positive direction of local coordinate system at the
node.

The angle between polar axis and the curve tangent isy . There is equation can be expressed as

7=arctan@,
o'a)
(2) 1 - . - - ;
According to geometry relationship in Figure 1, the equation can be expressed as
p=0+arctan pla) —arctan—p(gl) .
p'la) p'(6)

(3)

The slope at any point in the curve can be described as

ke p'sina+ pcosa
p'cosa—psina

(4)
According to the distance formula between point and straight line, the formula (5) is established.
o)

sin(a—6,)+p(a)cos(a—06,)-p(6,) .
L=tl/=+ p(6.)

P @)
PO

()

If the pole and the point M are on the same side of the tangent at point j , "+ is taken in the
above formula. If the pole and the point ™ are on the different sides of the tangent at point j , "
is taken in the above formula.

In a similar way,
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(@ 2% sin(a-0,)+ p(a)cos(a—0.)-p(6,)
Loslieg P'6) )
: \/1+ (0
IXO%
(6) - - -
If the pole and point m are on the same side of the tangent at node j and,)-o0," Iis taken

in the above formula. If the pole and point m are on the different sides of the tangent at node j
and »g)-0, "+'is taken in the above formula. If ,9)-0andsin@e-6)=0, "+'is taken in the above
formula. If »(g)-0andsin@z-6)<0, "—"is taken in the above formula. If the pole and point M are on
the same side of the tangent at node j and,(g)<o, "+"is taken in the above formula. If the pole
and point m are on the different sides of the tangent at node j and,)<o, "—"is taken in the

above formula.
-p(6)) ‘;((”))sm(a 6,)+p(6,)c0s(a-6,)-pla) ,

\/1 Py
pla)
(7

If the pole and node j are on the same side of the tangent at pointm, "—is taken in the above
formula. If the pole and node j are on the different sides of the tangent at pointM |, "+ is taken in

the above formula.

p(g)p(a)
L,=tl/=+ p(@)

L=tl/=%

sin(a—0,)+p(6,)cos(a—6,)-p(a) ,

@)
play

(8)
If the pole and node j are on the same side of the radius of curvature at point M and y/)>o0,
—is taken in the above formula. If the pole and node j are on the different sides of the radius of
curvature at point M andp)>0, "+'is taken in the above formula. If y)=0andsin@-6)=0, "-"is
taken in the above formula. If y(@)=0andsin@-g)<o0, "+"is taken in the above formula. If the pole and
node j are on the same side of the radius of curvature at point M and y/)<0, "+"is taken in the
above formula. If the pole and node j are on the different sides of the radius of curvature at point
M and p(«)<0, "-"is taken in the above formula.
Assuming that i end is fixed end of the curved beam element and according to equilibrium

equation, the internal force at any point in the curved beam can be expressed as

N.=-N.c0s6-Q, sind ,
Q,=N,.sind-Q,, cosd

(10)
If the pole and node j are on the same side of the tangent at pointm, "+'is taken in the
formula(10). If the pole and the point m are on the different sides of the tangent at point j , "

is taken in the above formula(10). So,
{M =M, =-Q,.L;—M . cos6-M sing

+Q,.L,—M . cos6—-M sind
M sm€ M, cos&

QL

igz

iQ
+N .

l—l—”

=—Q Li+M, sm¢9 M, cos&

M. =—N,L'-Q,L-M,

(11)
Strain energy in the beam can be expressed as
I( N, cos6-Q,, sm6’)d lj(N‘5Sin9_Q"’Cose)zds+le—f‘ds+lj
EA, 27 GA, 2°GA, 27
+lj(—QJEL4+MjésinH—M,,,cos@)z (=N L-Q,Li-M,)"
2" El, El,

(—Q;.L;—M . cos6-M msina)?ds
Gl.

1
ds+=
2.L
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(12)

According to Castigliano second theorem, the formulas (13-18) are established.

u, = oIl =f(_N‘f cos@—Qi,,sine)(—cose)dSJrJ(NJ:.sinH—Qmcose)sinadSJrJ(—NJsLj—Qi,]L;—M,:)(—L[)ds
© ON,. ” EA, : GA, : El,
:fNK COS ed IQ,,ﬁln&costHlefL1 ds+fQ”L‘Lst+jM“’L1ds+J'N"Sm 9d57J,QwSIn9COSHdS
* EA * EA * El, © El * El, * GA, © GA,
(13)
- orl :J(—NJE cosemesme)(fsma)dsH(Nstmanw 0059)(*C059)ds+j(*NJ;—LFQ.,,Lz*MJ;)(*Lz)ds
oN,, = EA. : GA, : El, ;
H N2 nt n ’ 1 2
:jN”‘"Slngcoseds+jQ“’SIn gds+jN'*’L1L2ds+jQ”L2 ds+jM,:des_IN,£S|necos¢9ds+jchos Hds
: EA. © EA © El, * El, * El, * GA, © GA,
(14)
W, = orl o Q. erI(—QJ:LS—M,g,cosé’—Mj,,sme)(—La)derlj(—Q,;.LL,+ML,,sme—Mm cost?)(—LA)ds
" 0N, TGA. : Gl. 2% El,
:IQKLZ ds+jM“L“COSHdSHM'”L’Smeds+jQ'*L" ds—jM“L"smgdeM"’L"cosgds+j Q. s
* Gl, * Gl, * Gl * El, * El, : ‘GA,
(15)
0, - oIl :J(—QKLa—MKcosH—Mmsme)(—cose)dsﬂ(—Q,éLA+Mstma—M,,,cose)smeds
oM, ~ Gl, : El,
:IQK L, costSHM ;- COS 9ds+J'M l,,smecosedsifQ,c L"Smgds+j M. sin Hds—jM Msm6’cose’dS
© G, * Gl : Gl, © El, ©El, : El,
(16)
0, - oIl :j(—Q‘;Lz—MK cosd—-M l,,S|no9)(—s|n9)dS+J(—QKLA+M];smé’—MMcosé’)(—cosé’)ds
oM, = Gl, : El,
=jQ‘fLasdes+jM“SlngcosgdsﬂM”sm 9ds+jQ15L‘Cosgds—jM'fsmgcosgdsﬂM”cos gds
© Gl, : Gl, : | * El, : El, ° El,
(7)
9‘4 — oIl :I(_NJ:Ll_QmLz_M J[)(_l)dszj N iileS+IQl”L2dS+IM i d4s
oM, = El, * El, * El, “El,
(18)
The above formulas can be written in matrix form.
J-cos2 gcsﬂ"—’ﬂds jsinecosewrj LiL: e
" EA, *El, * EA “El, 0 0 0
+jsin2€[S 7jsin.9cosH[S
“GA, * GA,
i ds+ (Bl in*fye ., (L
, LSIng;OS@ S+-“s 2 s LS:EHAH 5*_..5?(415
" ¢ ¢ 0 0 0
vy, 7Isinecosecs +Icos’ O4s
w | * GA, " GA,
ZK 0 0 IL—BdS+j L. ds+j£ Ichosﬁ s—jL‘Smg s ILzsme s+ L, cosé s
" ‘Gl “El, ‘GA. * G, *El, * G, =
Oy 0 0 LLQGCIOWCS_LL.'ESIiW:S LC?;T 9CS+LSE|Z O4s LsinglcosetS_Lsingfosets
0 0 jL;Siths+j L, 0659ds Isingcos-edsfjsinécosads jsir}2 HCSJrJ'COSZ élds
“ Gl, *El, © Gl * El, “Gl, *El,
jids jids 0 0 0
*El, *El,
(19)
It also can be expressed as
o= fFf'
(20)

If axis equation of curved beam in local polar coordinates can be expressed as

p=aebe(a>0)

(21)

6=p=a-6,

0

ds
=

EZIZ00z2
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(22)
Each element of matrix in integral operation, the results are got.
The radius of curvature at point j can be expressed as

R, =avl+b’e™ .
(23)
So,
f _ Ry |ee»—1, 26 sin26,+b(e™ 005290—1)] R; (evﬂo_l 2e"*sin26, +b(e"* cos26,-1)
“TEA| 20 2(4+b?) |'eal 2p 2(4+b?) .
b
. R? [(eab”ﬂ “D(1+b*)  e» 1 (2-8b*)e**sin26, +(7b—3b*)(e** cos26,-1)  (4b*—2)e**sing,—6b(e** cosd, 1)
CEL(L+b?)?| 6b b 2(4+9b°) ' 1+4b?
fu:IsinacostHJLsz'dS_J-sinacoseds: R, [e™(bsin26,-2c0s26,)+2| R, [e" (bsin26,—2c0s26,)+2
* EA “El, " GA, 2EA.| 4+b? 1 26A | 4+
)
Ry [(1b-3b")e™"sin26, +(8b ~2)(e™* cos20,~1) (2b°~4b)e™ sind, +(5b* ~1)(€* c0s6,~1) , w4
CEL(1+b%)?| 2(4+9b?) ' 1+4b? -
' 2 % _2h2)a2% oj 2b6y .
fel L . R [ e _1=(1 2b?)e** sind, +3b(e** cosé, —1)
“El. . El.(1+b’). b 1+4b?
fzz:JsinZg o, L, ds+j—dcosz'9 o= Riem 1 2e*sin2g, +b(e™ cos26,-1) || R, | e 1, 2e"sin26, +h(e" cos26, -1)
“EA,  “El.  “GA,  EA| 2b 2(4+b) GA| 2b 2(4+b)
L R} |—(e“”ﬂ—1)(1+b2)Lb(eMa_l) (2-8b?)e™* sin26, +(7b—3b*)(e™" cos2d, 1)  6b’e™" sing, +(4b°—-2b)(e™* cosd,—1)
CEl(L+b7)7 | 6b ' 2(4+9b?) ' 1+4b?
] 2 206y o} 2 2b6, _ .
fom| L) oo R: [ 3be™*sing,+(2b>-1)(e** cosd,—1) en
“EI, El (1+b?)] 1+4b*
f33=jL—3ds+jL—‘ds+j ds
‘Gl “El, “GA
R gy R} |—(e°"°—1)(b2+1)+2e'°9°sin290—(b3+3b)(e'”°c05290—1)+eawa_1 (4b2+2)e2”9°sin90+2b(em°cos€0—1)};
bGA. Gl (1+b?)*|. 2b 2(4+b?) 3b 1+4b?
N R} ((e“’“—1)(1+b2)Lb(e“”“—l) 2¢e""sin26, —(b* +3b)(e"" cos26, 1) 2b’e™” sing, —(4b°+2b)(e*" cosh, 1)
"Bl (L+b7)7| 2b 3 2(4+b?) ' 1+4b?
fu:II“COSH sfj L33|n9ds
" Gl, “El,
_ R? ((b2+2)e"”°sin29°fb(e“”°00526)071)Iebvul e sing, +2b(e** cosf,-1) | ,
Gl (1+b%)| 2(4+b?) "2 1+4b?
R? ((b?+2)e””°sin29‘,fb(e"““c0526’071) evs 1 2b*e**sing,—b(e*” cosd, 1)
El,(1+b%)] 2(4+b?) 2b 1+4b?
f35:jL35|n9 5+f L3c036dS
“ Gl, “ El,
_ R? febﬂa_l be®* sin26,+(b*+2)(e"* cos26,-1) 2be*”sing,—(e** cosd,-1) | ,
Gl.(1+b?)| 2 2(4+b?) 1+4b?
. R (ehﬂn -1, be**sin26,+(b* +2)(e" cos26,-1) be™*siné,+2b’(e™* cosd, —1)
ElL @b 2 2(4+b?) 1+4b?

2 in2 [oebe gj bé _ ooy _ 1] i b b gj béy 1.
f44=JC°S 0 5+fsm eds:& 2e"*sin26,+b(e*" cos26, 1)+e 1], R; | et —1 2e°*sin26,+b(e" cos26,-1) :
* Gl ° El, Gl.| 2(4+b?) 2b | El| 2b 2(4+b?)

d

§ :Isinecosﬁdsijsinﬁcoseds: R, [ be"sin26,—2(e" cos26,-1) | R, [be"”“sinZé’ofz(e"“ﬂ00520071) .
kGl ©El, Gl, 2(4+b?) | e 2(4+b%)

f55=j5i”29ds+j°°529ds: R, | g™ —1 2e*sin26,+b(e™ cos26,-1) |, R, | g _1+2e *sin26, +b(e"* cos26,-1) :

“Gl,  *El Gl.| 2b 2(4+b?) JEL 2 2(4+b?)
fang 85 R
RT=TIY-TI
4 [
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Flexibility matrix of variable curvature cantilever curved beam is obtained and it can be
expressed as

f, f, 0 0 0 ©

f, f, 0 0 0 0

({00 f f fo0

B 0 an f44 fAS 0

0 0 fsz f54 fss 0

fel fez 0 0 f53
(24)
Also,
f, =",
(25)

The following gives two different degradations of variable curvature curved beam element.
A) If b=o,it can be expressed as ,-a. Variable curvature curved beam degrades into constant

curvature curved beam. The coefficients of flexibility matrix degrade into the coefficients which are

shown in literature 4
B) Arc length is constant and it can be expressed as

5= a\/:t:bz [eh((/,; +0y) _enm] .

(26)
[) visconstantand a—«,o0-0,
So,
fo>S s f,o0s f,—0, 8 S, § 8 5, ¢ 8 S, ¢ 05 f, 555 f, o505 f 55
EA. 3EI, GA, 2EI, 3El, GA, Gl, El,
faa%L
El.
II) a isconstantand b _secs 6,05
So,
fo>S_ s f,—0s f,—0s f 8 ;S , § , S 5 ¢ 8 S, ¢ 05 f 555 f, 05 f, 55
EA, 3EI, GA, 2El, 3El. GA, Gl, El,
fse_)i
El.

When the radius of curvature is infinite, ¢ degrades into flexibility matrix of cantilever straight
beam element and s is similar to the axis length of straight beam.
Element Stiffness matrix of variable curvature curved beam in local coordinate system
Make «,-f+, the equation can be expressed as

FP =Ko}

(27)

Relevant scholars ®! have proved that the element stiffness matrix of constant curvature curved
beam in local coordinate system can be expressed as

. |HK,HT HK

K :[ K,HT K }

(28)

In a similar way, the element stiffness matrix of variable curvature curved beam in local
coordinate system can also be expressed as the above equation. “H” is the expression of
balance matrix (9-10) at end i which is expressed in the beginning.

ii

Conclusion

In this paper, starting from the basic ideas of structural matrix analysis, the stiffness matrix and
equivalent node loads of space curvature curved beam element are obtained. The calculation
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formulas are expressed in the form of matrix, which can achieve the application in the computer
programming. All coefficients in the paper can be directly referenced.

Because the equivalent node loads of variable curvature curved beam element which are caused
by any space force system are obtained. In this way, the structural calculation of variable curvature
curved beam becomes easy.

The finite element method of constant curvature curved beam which is well known by us is only
a special case when the study result of this paper is with the parameter b-o.Thus its scope of
application will be improved.
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