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Abstract—This paper studies a two-dimensional risk model
with stochastic returns, where the two kinds of claim sizes
constitute a sequence of independent and identically distributed
random vectors following a two-dimensional FGM distribution.
When the two marginal distributions of the claim-size have
dominated-varying tails, it gives an asymptotic formula for the
tail probability of discounted total claims. The conclusion shows
the dependence between two kinds of claims has an effect on the
asymptotic behavior of the tail of discounted total claims.
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l. INTRODUCTION

In this paper, we consider a nonstandard renewal risk
model with stochastic return, in which an insurance company
simultaneously operates two different kinds of businesses. For
any t >0, the two lines of surplus processes of the insurance
company are denoted by

M (t)

t

u,(t)= xeR® 4 C1LeR1(t)fR1(s)ds _ Z Xiqu(t)le(f,) ’
i=1

N(t)

— yaRe® L R ()R, (5) Ry (0-Ry (1))

U, () = xe™® +c, [ e 0ds - )y g™ O,
=l

respectively. The above surplus processes satisfy the
following assumptions: the claim sizes {(X,Y),(X,,Y,),i>1}

form a sequence of independent, identically distributed and
nonnegative random vectors with generic vector (X,Y) whose

marginal distributions are written by F and G, (x, y) denote the
initial capital vector, and (c,,c,) is the premium vector in a
unit time. The price process of the investment portfolios for
the two kinds of insurance businesses are described as
geometric Lévy processes {e*® t>0} and {e%" t>0},
respectively, where {R (t), t>0} and {R,(t), t>0} are two
independent Lévy processes. {M(t), t>0}and {N(t), t>0}
represent the arrival processes with renewal functions £ (t)
and 4, (t), respectively. We suppose that {(X,Y), (X,,Y,),i>1},
{R.(1), t=0}, {R,(t), t=0}, {M(t), t=0}and {N(t), t=0}
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are mutually independent. Further, we can easily prove that
A=Y Pz, <t)and 4,(t) = D P(y; <t).
i=1 i

Throughout this paper, we suppose that (X,Y) follows a
two-dimensional Sarmanov distribution of the following form:

P(X edx,Y edy) = (1+0)F(du)G(dv), @
where g e (-1,1]is a real number.

We suppose that the two Lévy processes {R,(t), t>0} and
{R,(t), t>0}are right continuous with left limits. Assume that
ER,() >0and ER,(1) >0, so that both R (t)and R,(t)tend to
infinity as t—o . The Laplace exponents for the Lévy
processes{R, (t), t>0}and {R,(t), t>O0}are defined as

¢,(2)=logEe ™®,220,i=12.
If 4.(z) finite, then forany t >0, Ee ™ " =™ <o,

see Proposition 3.14 of [1] for details.

In the recent years, the one-dimensional renewal risk model
with stochastic return has been widely studied. We refer the
reader to [2] and [3]. In addition, few articles considered a
two-dimensional risk model with stochastic returns. For
instance,[4] considered a two-dimensional nonstandard
renewal risk model with two correlated classes of insurance
businesses and risk investments , when the correlation comes
from a common shock, the claim sizes of the same kind
business are pairwise quasi-asymptotically independent, but
different kinds of claim sizes are independent, the authors
gave a uniformly asymptotic formula.

In the present paper, we study a two-dimensional
nonstandard renewal risk model, where the claim sizes of
different kinds of insurance businesses form a sequence of
independent, identically distributed and random vectors, and
the dependence structure between different insurance
businesses is depicted by a FGM distribution. When the
marginal distributions belong to the intersection of the
dominated variation class and the class of long-tailed
distribution, we obtain an asymptotic formula of the tail
probability of discounted total claims.
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Il.  PRELIMINARIES AND MAIN RESULTS

The paper is related to heavy-tailed distributions, so we
first introduce important subclasses of heavy-tailed
distributions. We can refer the reader to [5]. Let X be a

random variable with distribution F . We assume that F(x) >0
forall x>0.

A distribution F is said to belong to the class of the long-
tailed distributions L, if for any u >0,

F(x+u)
R

=1

We call a distribution F to belong to the dominated
variation class D, if for any v > 0, the relation

lim F(vx) 1
< F (9

For any distribution F on [0, ), denote
logF™(y)
logy

They are called the upper and lower Matuszewska indices,
respectively. if F € D, then o< J <] <o,

_lim!09F-(9) and 3- — _|im
y—n |Ogy y—o

Hereafter, all limit relation for min{x, y) — o unless stated
otherwise. For two positive functionsa(x,y)and b(x, y), write

a(x,y) ~b(x,y), if
a(x,y) _
min(x,y)—>w b(X, y)
Now we present the main result of this paper.

Theorem 1 Consider the above renewal risk model. Let
{(X,Y), (X,.Y,),i>1} is a sequence of independent, identically

distributed random vectors following a common two-
dimensional FGM distribution of the form (1). Suppose that
the distributions of X andY satisfy FeD~Land GeDnL.
If the Laplace exponents ¢(5,)<0, i=12,for some g >J!

and B,>J¢, then for any fixed T >0 satisfy 2,(T)>0 and
4,(T)>0, if 6e[-1,0], then

M (T) Ru(r:) N(T) Ry (1)
R “Ry(n;
P EXie > X, EYJe >y
i=1 j=1

- [ [ P(xe™ > xplve ™ > yliz, (u)d2,(v) +

HLT J'OT p(Xele(u) N X))(Ye—Rz(v) S y)dP(ri <uydP(7, <v).

1. SOME LEMMAS

Before proving the conclusion, we give some necessary
lemmas.

The following lemma is from [6].
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Lemma 3.1If F € L, then there exists a positive function
I(x) satisfying 0<I(x) <coand I(x)/x — 0Osuch that

lim F(x+|(x))

X—>00 F(X)

The following lemma is due to Proposition 2.2.1 of [5] and
Lemma 3.5 of [7].

Lemma 3.2For a distribution F on [0,00), the following
inequalities hold:

(1) IfFeD,thenforany o <J_ and g<J;, there are

Positive numbers C and D, ,i =1,2,such that

F(y)>C( J forall Xx=2y=D,
F(x) y

and
FO) <C ( )ﬂfor all x2y=D,
F(x) y
(2) IfFeD,then
xPF(X) = 0, 8S X —> o0,
The lemma below is due to Wang and Tang [8].

Lemma 3.3Let X and ¢ be two independent random
variables, where X is distributed by FeDnL and ¢ is

nonnegative and non-degenerate at 0 random variables
satisfying E&P <o for some p> J;. Then the distribution of

&X belongs to the class D~ Land

0<liminf —=—*~ P(X>x) < Iims
X—>0 ( > X) X—>

P(EX>x) x)
P(X > x)

The lemma below is due to [9].

Lemma 3.4Let {X, 1<i<n} be a sequence of independent

random variables with common distribution Fe DAL ,
{& 1<i<n}is a sequence of nonnegative and non-degenerate

at 0 random variables satisfying E&P < oo for some p>J; and
independent of {X, 1<i<n}. Then

PEX >%&X;>Y)
PEX >0

min(x,y)—w
holds forall 1<i= j<n .

The following lemma plays an important in proving the
main result.

Lemma 3.5Let F and G follow a FGM distribution (1).
Suppose that the distributions of X andY satisfy Fe D~ L and
GeDnL. If the Laplace exponents 4 (5)<0, i=12, for

some 3 >J;and B, >J¢, then it holds that
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P(Xe ®® > x, Ye™®M > y)
~(L+0)P(Xe ™™ > x)P(Ye ™" > y).
Proof. By (1), we have
P(X >XY >y)=0+0)P(X >x)P(Y > )
Choose some0 < ¢ <1. We can see that
P(Xe ™" > x,Ye ™) > y)

e—Rz(v) > yl—s)

R2 )

=P(Xe ™M > x,Ye () 5 y e Rl <y
=P(Xe W > x Yo R 5y o W) 5y > yre)
=P(Xe R > x Yo R 5y g Rl 5 x1¢ g Rl 5 i)
Rov) ¢ y&e)

@

=P(Xe M > x,Ye ) 5 y e R <y o

= 1%, Y)+ 1L, (6 y) + 15X y) + 1,(X,Y)
For I,(x,y), by (1), we
1,(x,y) < P(Xe ™ > x)P(e ™ > y*),

For some p> J;and sufficiently small and positive ¢, by
Markov inequality, we have

P(e Ry (v) > y) Ee PR (v) e‘/¢2(p)
g gy
G(y) G(y)  y"IG(y)
According to Lemma3.3, we arrive at
1,(x,y) =0() P(Xe ™™ > x)P(Ye " > y).(3)

0,88y — oo.

Similarly as above,
I, (x,y)=0@) P(Xe " > x)P(Ye " > y), k=23.(4)
Finally, we discuss I, (x,y) - By (1), (3) and (4), we have

L,(%y)~ 1+6)x

[0 (o2 p{v> L ple conleno can)

2

~ 1+ 6)P(Xe ™Y > x)P(Ye ) > y) (5)

Substituting (3), (4), (5) into (2), we prove Lemma 3.5.
Lemma 3.6Let {(X,Y),(X,,),i>1} is a sequence of
independent, identically distributed random vectors following

a common two-dimensional FGM distribution of the form (1).
Suppose that the distributions of X andY satisfy Fe D~ L and

GeDnNL, then for any fixed m>1and n>1, it holds
uniformly forall 0<s <Tand 0<t, <T,
P(ine%" >x, Y Ye 0> yJ
i=1 j=1
=Y S P(Xe ™™ > x,Ye T > y), (6)
i=1 j=1
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Proof. With loss of generality, we assume that m>n.
Denote

(X, e ™5 x—h,(x)) E, :LmJ(YJe%(tj)> y—hz(Y))-

i=1

Where p(X,e " > x—h, (x)) ~ P(X;e *® > x),and

'CE

I
N

E =

P(Yie ™ > y—h,(y)) ~ P(Yje ™ > y).

Intersect the event

P(ZXie‘Rl‘s" >% Ve > yJ
i1 =

with EE, . E; and ES , respectively, and denote the
corresponding probabilities by J, (x,y), J,(x,y)and J,(x,y).

For J, (x,y), we can see that

‘]l(xv y)

m n

<Y S P(Xe ™) > x-hy(x),Ye ) >y —h,(y))

i1 j21

m n

=3 Y P(Xe ™) > x)P(Ye W > y)

i=1 =1, j=i

+(1+0) P(Xe ™ > x)P(ve ) > y)

i=1

m

~3 3 P(Xe ™™ > x,Ye W 5y,

i1 j=1

(7
Next we deal with J, (x, y).

J, (%)

ZZ S P(Xe ™ > x/n,Y,e ™ > 1(y)/n,Y, e > y/n)

i=1 k=1 j=1,j=k

+3 Y P(Xe "W > x/n Y e

i=1 j=1,j=i

>1(y)/n,Y,e "™ > y/n)

> P(X,e " > x/nY,e™

k=1,k=i
=3, (% Y) + 35 (X y) + 355(X, ).

For J,,(x,y), by Lemma 3.3 and Lemma 3.4, we have

- W >1(y)/nY,e ™ > y/n)

Ma

’[‘

Ja(%Y) <Y P(X,e ™) > x/n)

i=1

> P(Ye ™ >

=Ly

xy I(y)/n,Y,e ™% > y/n)

k

N

=o()> > P(Xe ) > x,ye ™ > y),
i1 j4

Following the above proof with a modification, we have
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Jo = 0(1)ZZP(XE_R1(S‘) > x,Ye ) 5 y), k=23.

i1 1
,= o(l)izn: P(Xe ™™ > x,Ye ) 5 ). (@)
i1 4
In the same way,
Jy= 0(1)izn: P(Xe ™™ > x,Ye ) 5 ). (9)
i1 j1

By (7), (8) and (9) , we arrive at the asymptotic upper bound
of (6). Then we discuss the asymptotic low bound of (6).

(ZX e Rl 5 x ZY e s y]

i=1

[U(X e ) 5 x), U(Y e W y)]

j=1
>Zm:zn: P(X.e ™R 5 x Y e ™ s y)-
- n 1 n 1 i ! j y
i=1 j=

{NgE

i Zn:P(Xe R S XY, >y Y e >y)_

k=1 j=1,j#k

’L
i

P(Xie’Rl(s" > %, X&) >y y,e 0 s Y) (10)

#

M:

>3

i=1 j=1 k=1,

=~

Similarly as in J,, (x,y),we can get that the second and third

terms on the right-hand side of (10) is asymptotically
negligible compared with the first one. We complete the proof.

IV. PROOF OF THE MAIN RESULT

Proof. For some fixed positive integer M , it holds that

M) N(T) R
Pl Y Xe ™ 5%, Yy e ™ >y

i-1 =

:iiP[ZXe'WBXZYeRZ("’ >Y,M(T)=m,N(T)= nj

m=1 n=1 =1
M M M 0 0 M 0 0
SO INDIP ISP
=1 n=l1 m=ln=M+1 m=M+ln=1 m=M+Ln=M+1
P[ZX e‘R”">xZYe ) 5y M(T)=m,N(T) = n]
=K, (x,y;T)+ Kz(x, YT+ K (X, y:T)+ K, (%, y;T).
We first consider K, (x,y;T).By Lemma 3.6, it follows
Ki(xy;T)

n

SIS R(Xe 0 5 Y, 5 y M) = m,N(E) =n)

m=1n=1 i=l j=1
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- [ [ Plxe ™ > xplre ) > yliz, )z, () +

T T
o[ [/ P(xe™® > xp(fe ™ > y (s, <u)dP(n, <),
Next we handle K, (x,y;T).By Lemma 3.2,
K2(X! y:T)

—inf Ry (u) —inf_R,(v)
<S@+[O)P| Xe =7 > x xP(Ye > YJ

EMMNT) " 1 yeryemy

As M — coand min(x, y) = oo,

K,(x,y;T) = 0(1)J'0T LT P(Xe’Rl(“’ > X)D(Ye’Rz(” > y)dﬂ,l(u)d/l2 (v).

Similarly as above, for i=3,4,
K (% y;T)= 0(1)'[0T _LT P(Xe’Rl‘“) > X)D(Ye’Rz(V’ > y)d/il(u)d/l2 (v).

V. CONCLUSION

We consider a nonstandard two-dimensional renewal risk
model and aim to study the tail probability of discounted total
claims. By using the method of randomly weighted sums, we
derived the tail behavior of discounted total claims. The result
shows the dependence between two kinds of claims has an
effect on the tail probability of discounted total claims.
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