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Abstract — Construction of a mathematical model is carried 

out and the adaptive tracking supply control system is considered 
on the basis of a local quadratic criterion. A system of restrictions 
is proposed that allows to avoid both excess and insufficient 
volume of goods in the warehouse. The results of numerical 
simulation are presented. 
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I.   INTRODUCTION 
The use of informational technology can improve the 

efficiency of any economic system, primarily through the 
ability to collect, process, store and analyze information, as 
well as make managerial decisions. There is an increasing 
need to use automatic control systems for a well-timed 
reaction to changes in the market situation, while control 
algorithms developed for technical systems can be 
successfully used for managing economic processes. The main 
difficulty lies in the construction of adequate mathematical 
models. 

There have been significant changes in the sphere of 
commodity circulation due to the fact that new methods and 
technologies for the supply of goods that are based on the 
concept of logistics have begun to be used in recent years [1]. 
Logistics supply is one of the main logistics subsystems and 
studies the process of the movement of raw materials, 
materials, components from the procurement market to the 
warehouses of the enterprise. At the same time, it is necessary 
to forecast the demand and form the logistics schemes in such 
a way as to reduce the physical and intermediary costs.  

At present, dynamic marketing tasks are becoming 
increasingly important, in which economic processes are 
described by differential or difference equations. This allows 
us to use the theory of control in the state space to solve many 
problems with computers use. In particular servo element 
systems are used for the synthesis of control actions based on 
the method of analytical design of optimal controllers when 
optimizing the mathematical expectation of various 
functionals. At the same time, due to the absence of a piece of 
information, it becomes necessary to use estimates of the state 
and model parameters. 

Various methods for solving supply control problems are 
discussed in [2-6]. In this paper, we propose using supply-
control algorithms based on a local quadratic criterion in order 

to maintain the desired volume of goods in the trading 
company's warehouse. 

II.       MATHEMATICAL MODEL CONSTRUCTION  
We propose a mathematical model for supply 

management in a trading company that purchases, stores and 
sells goods. 

Let )(tU  − the volume of the delivered goods in purchase 
prices per unit of time, )(),(),( tYtvtz  − the volumes of the 
goods in sales prices at the warehouse of the trading 
company, the consumer and the potential demand for the 
supplied goods. Equations for the dynamics of goods volume 
in the warehouse, the consumer and income can be written in 
the form [7]: 
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where 54321 ,,,, kkkkk  − coefficients that characterize the 
spoilage of goods during storage; consumption rate; trade 
margins; rate of sales; charge for goods storage. The income 
consists of the difference from the volume of the goods that 
was sold at the selling price, delivered at the purchase price 
and storage costs. Equation )())()((4 tztvtYk   sets the volume 
of the goods that was sold per time unit. 

Let’s write equation (1) in the form of a system of ordinary 
differential stochastic equations of the form: 

00 )(),()()()()()()( xtxtqtFtutBtxtAtx  , (2) 

where the state vector  ))(),(),(()( twtvtztx  characterizes 
the volume of goods in the warehouse, the consumer and 
income; control )()( tUtu   specifies the scope of supply. 
Linearization of the system (1) is carried out by Taylor 
method with relating to the functions )(tz , )(),( tt yv  , which 
describe the estimated values of the goods in the warehouse, 
the consumer and potential demand. While the matrices of the 
dynamic properties )(tA  and influence of control actions 

)(tB  in (2) have the following form: 
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Vector 1)( lRtq   describes the effect of random factors 
that we will specify by a vector of Gaussian random variables 
with characteristics: 
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matrix )(tF , determining the influence of random factors in 
the model, is specified specifically for the problem that is 
being solved, )(  t  – delta-function of Dirac. 

For supply management with use of information 
technology, for (2) a discrete model is built 

0)0(),()()()()()()1( xxkqkFkukBkxkAkx  , (5) 

where )()(),()(),()( 3 kkk tFtkFtBtkBtAtIkA  , 

kk ttt  1  − sampling interval, 3I  unit matrix of the third 
order, )(kq  – a sequence of Gaussian random variables with 
characteristics: 
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where k  corresponds to the time moment 
Nktkttk ,0,0  , jk ,  – Kronecker’s  symbol. 

III.            MANAGEMENT ALGORITHMS 
Supply management in real conditions is carried out using 

information that is often incomplete and contains errors. Let’s 
assume that the mathematical model of the information system 
has the form: 

),()()( krkHxky   (7) 

where )3(,)(  lRky l  – vector, that has some information, 
3 lRH  – matrix, it consists of zeros and ones whose zero 

columns indicate the lack of information, lRkr )(  – vector, 
defining the errors of the information system, which are 
described by a sequence of Gaussian random variables with 
characteristics: 

    jk
T RjrkrMkrM  )()(,0)( . 

In addition, it is necessary to take into account the 
presence in the model of variables in time of unknown 
parameters that form a vector RNRt )( . In this regard, for 

the formation of control actions, let’s construct estimates of 
the state vectors and parameters )(ˆ),(ˆ kkx   at discrete instants 

of time from the current information )(ky . It is assumed 
here that the a priori distributions of the vectors of the initial 
conditions 0x  and )0(  are Gaussian: 
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where PP ,x – covariance matrices of errors of initial 
conditions. To construct the estimates, let’s use Kalman's 
discrete parallel filters, the algorithms of which are given in 
[8]. 

The recurrent algorithm for state estimate has the 
following form: 
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In (8) )/1(ˆ kkx  – extrapolated estimate of state vector 
)1( kx , )/1( kkPx  – prediction of dispersion )(kPx  one 

step forward,  )(kK  – matrix of the filter gain. 

The recurrent algorithm for parameters estimation of the 
model has the following form 
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In (9) )(kL  – matrix of filter amplification, matrix 
RNR  3)(  and vector 3)( Rf   are obtained by presenting 

the system (5) in the form: 
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To form the scope of supply, let’s use a servo element 
system that allows us to track a part of the components of the 
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vector of a given state. Such problems for technical systems 
were considered in [9, 10, 11].  

Let matrix 3 pRS  rank )3( pp  consists of zeros and 
ones whose zero columns indicate those components of the 
state vector that are not tracked in the synthesis of control 
actions. Supply management will be implemented on the basis 
of minimizing the mathematical expectation of a local 
quadratic criterion  

 )()())()1(())()1(()( )()()()( kDukukxkSxCkxkSxMkI TS
z

STS
z

S  , (11) 

where ppS RC )(  nonnegative definite weight matrix, 0D  
weight coefficient , pS

z Rkx )()(  tracking vector. 

Then the management that determines the volume of 
supply is defined as follows  
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IV.             FORMATION OF RESTRICTIONS  
The presence of constraints is a characteristic feature of 

economic systems, while there are the constraints for the state 
vector and control. 

 Based on the economic sense, for the first two 
components of the state vector, characterizing the volume of 
goods in the warehouse and the consumer, are constrained by 
the form: 
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Deliveries will be formed when tracking the desired 
volume of goods in the warehouse and in such a way as to 
avoid both the excess and the deficit of the goods in the 
warehouse, which leads to losses. In the first case, damage to 
the goods may occur, and in the second case, losses may arise 
due to the lack of goods in the presence of demand. In this 
case   )()(,001,1 )( kzkxSp z

S
z   – desired volume of 

goods in stock [8].   

Let’s assume that the goods are delivered only in whole 
packages, the delivery time is constant, equal to tj  and the 
payment for the goods is carried out in fact, i.е. at the time of 
receipt of the goods. 

Define the estimated rate of sales and an estimate of the 
volume of goods in the warehouse without a new delivery as 
follows: 

)())()(()( 4 kzkkkkp zvyR   , (14) 
 )()(ˆ)(ˆ kjpkzkg R ,  (15) 

where  – the size of the insurance stock, which determines 
the volume of goods to account for random factors. 

The estimated number of days and an estimate of the 
number of days of work on commodity balances are given in 
the form: 
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Then if )(ˆ)( kTkTR  , then the goods are not supplied, i.е. 
it is assumed 0)( ku . If )(ˆ)( kTkTR  , then there is a 
delivery of goods. In this case, it is formed according to (12) 
preliminary delivery )(ku , which is then specified. 

Let )(),( minmax kzkz  – the values specifying the maximum 
and minimum volume of the goods that can be stored in the 
warehouse. These values are determined by the entrepreneur, 
based on the area of the warehouse, the availability of funds 
and the situation on the market. 

The scope of supply is specified with the consistent use of 
two inequalities: 
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Because the goods are delivered in whole packages, this 
must be taken into account when determining the scope of 
supply. Let s  – packing cost of goods. Then the expressions 
are as following 

skkuks
s

kuk )(μ)()(,)()(μ )2(
)2(









   (19) 

determine the number of whole packages in the delivery and 
the remainder. 

  The scope of supply in whole packages will be 
determined as follows: 
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The final delivery volume is determined by taking into 
account the carrying capacity of the vehicles carrying the 
goods and the economic feasibility of the delivery: 
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where maxU  – indicates the maximum delivery, but minU  – on 
the minimum economically justified scope of supply.  

V. RESULTS OF NUMERICAL SIMULATION  
For numerical simulation the work of a trading company 

that specializes in the supply and sale of auto parts were used. 
What is more, the review included a time period, when the 
preparation of cars for the spring-summer season was carried 
out, i.e. the need for spare parts increased. In this connection, 
the values )(),(),( minmax kzkzkz z , which determine the 
maximum, minimum and desired quantities of goods in the 
warehouse of the trading company, are given functions that 
depend on the time. This indicates that the trading company in 
the period of increased demand increases the amount of 
storage space allocated for the storage of a particular product. 
In addition, only the information on the volume of goods in 
the warehouse was used for the formation of supplies and 
unknown parameters in the model were coefficients that set 
the pace of sales and consumption. 

Fig.1 shows the graphs that define )(),(),( minmax kzkzkz z  – 
the maximum, minimum and desired quantities of goods in the 
warehouse at each moment k and the dynamics of the volume 
of goods in the warehouse of the trading company, as well as 
the volumes of supplies.  

 

 

 

 

 

curve 1- )(max kz ; curve 2 - )()4( ku ; curve3 - )(kz ;  

curve 4 - )(kz z ; curve 5 - )(min kz  
 

 Fig. 1. The simulation results 

The above results illustrate the operability and quality of 
the proposed algorithms. 

VI.         CONCLUSION 
In this paper, a mathematical model for supply 

management using the methods of automatic control theory 
was proposed. The volume of deliveries is determined on the 
basis of the modification of the local quadratic criterion while 
tracking part of the components of the state vector. A 
stochastic information system that allows incomplete 
information, and the presence of unknown parameters of the 
model, necessitate the use of state estimates and parameters 
for the construction of which Kalman filters are used. 

Supply management is carried out in order to keep the 
desired amount of goods in the warehouse of the trading 
company, thus it is necessary to avoid both surplus and deficit 

of goods in the warehouse, which leads to losses. To achieve 
this, a system of time and volume constraints is proposed. 

The results of modeling using the data of the work of a 
particular company illustrate the operability and quality of the 
proposed model and control algorithms. 
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