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Abstract: According to wave function expansion method and image method, the anti-plane steady
state response of a plane SH-wave scattered by a semi-cylindrical canyon in a quarter space is
anayzed, and the specific form of displacement field and stress field of the elastic wave are
obtained. According to the convergence of wave function series, the near field solution is analyzed,
and the far field solution of scattering wave by cylindrical canyon is obtained through asymptotic
behavior of Hankel function and Graf addition formula. The results show that the wave number,
incidence angle and the distance between canyon and vertical boundary greatly affect the stationary
solution of SH wave scattering.

I ntroduction

The scattering of elastic waves by loca site conditions has been concerned by mathematical
physics and mechanics scientists, the researchers have made lots of achievements [1-4]. In recent
years, Liu D. K. and others [5,6] studied the far field solution of plane SH-wave by interface
circular hole, and the scattering of SH-waves by heave and cavity in half space. Liang J. W. and
others [7,8] studied the scattering of plane SH waves by a circular-arc layered canyon in a half
space and wedge-shaped space. Chen T. Y. [9] studied the dynamic response of upright incidence of
SH-waves at semi-cylindrical interface with a circular lining structure. Qi H. and others [10-15]
studied the anti-plane cylindrical scattering of steady SH-waves by cavity, inclusion, crack and
heave in half-space and quarter space; the dynamic stress concentration factor and surface
displacement amplitude are calculated. However, most of these results are limited to the near field
problems, few studied on the far field of the scattering wave. In this paper, according to the wave
function expansion method and image method, the anti-plane response of plane SH-wave by
semi-cylindrical canyon in quarter field is analyzed; it not only solved the dynamic stress
concentration factor of near field, but also analyzed the far field displacement mode. In this way,
the analysis method and results of this paper have certain value in theoretical research and
engineering application.

Description and Analysis

SH-wave is the smplest elastic wave, its vibration vector and propagation vector are
perpendicular to each other. As a two-dimensional problem, the displacement and the material
coordinate are decoupled, and satisfy the scalar wave equation (1). In the equation, x and p are the
shear modulus and mass density of the elastic medium, Dis a two-dimensiona Laplace operator.
Dea with Eq. (1) by separation of variables, omitting the time harmonic functionexp(- iwt), the
Helmholtz equation (2) was established.

nmbw=r w (D)
r
Dw+k*w=0,k =w_|— 2)
m
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The elastodynamic boundary value in this paper is shown in Fig. 1. There are two stress-free
planes in the propagation plane of SH-wave in the quarter space, the horizontal boundary is
planeB, , and the vertical is planeB, . There is a semi- cylindrical canyon which radiusis R in the
horizontal boundary planeB,, , the center point is O, and the direct distance between O and vertical
boundary planeB, isd; the boundary of the semi- cylindrical canyonB, is a stress-free cylindrical
surface. Build a plane rectangular coordinate system(O,X,Yy), let the center point O of semi-
cylindrical canyon as origin, norma vector direction of vertical boundary plane B, as positive
direction of axis x , normal vector direction of horizontal boundary plane B, as positive direction
of axisy. and out-plane direction as positive direction of axis z. Thus, the anti plane displacement w
isafunction of x and y in the direction of axis z. Set steady plane SH-wave, the expression of the
anti plane displacementw'is Eq. (3). W'(x,y) is the displacement field which the time harmonic
function exp(-iwt) is omitted, as shown in Eq. (4). w is the time amplitude of vibration vector of
SH-wave, that is anti plane amplitude. a is the angle between propagation vector and axis x, it
means incident angle.

Material M U
paramters r
W, 1
By By
Plane SH Wave \ a

Fig. 1 Model description Fig. 2 Extended canyon
W =W (X, y) exp(- iwt). ©)
W' (X, y) =W exp[ik(xcosa +ysina)]. (%)

Considering the stress free condition on the horizontal boundary,let planeB,, as the symmetry
plane, an equivalent boundary value problem is established. As shown in Fig. 2. The semi-circular
boundary B, is extended as a circle, and the quarter space is extended as a half space. As aresult, the
semi-cylindrical canyon in the quarter space is extended as a cylindrical canyon in a vertical half
space. Similarly, the incident wave w' is extended tow' +w?, the displacement field w’(x,y) is
defined as equation (5)

W’ (X, ) =W exp[ik(xcosa - ysina)] (5)

In this paper, the time harmonic function exp(-iwt) was omitted. Thus, as an equivalent
problem, the pan-setting equation of displacement w is governing equation (2), the determining
solution is the stress free condition of the vertica boundary plane B, and the cylindrical
boundary B, .

Definite solution problem
Form of displacement field.

Introducing complex variable z and conjugate complex variablez, according to equation (6),
polar coordinate system (O, r,q)is defined. Combining the wave function expansion and the mirror
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image method, the displacement field equation (7) of the cylindrical scattering wavew; is obtained.
In the equation, A is the undetermined wave function coefficient, z'=z+2d, D and D' are
intermediate variables defined by Eq. (8), H " isthefirst kind of the Hanke! function of n order.

iz:x+iy:reiq

| _ ‘ (6)
fZ=x-iy=re"
w(@= 3 A[D@+D(@) ™
D(z) H‘l)(k|z|)g| |
e (8

T

D(z) (- )H(l)(k|z|)g| |
o

According to the stress equation of inclined plane, the radial stress component t° and the
circumferential stress component t;, of the scattering wave by the cylindrical canyon are obtained,
shown as Eg. (9). In the formula, all the intermediate variables are defined by Eq. (10) - (13);
Dg =q-q', q'=agz'aretheargument principa valueof z'.

];t;(z) -4 Als@+5@)]
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13)

1 H, () = H2 K[ )+ H2 (k]

In addition to the scattering wave of the cylinder, the extended incident wave w'+w’ is
reflected by the vertical boundary planeB,, and produce the reflected wave W +w’, the
displacement fields are given by Eq. (14),x'and y'are rea part and imaginary part respectively.
Similarly, according to the inclined plane stress equation, the Eq. (15) is obtained. t?and t; are
the radial and circumferential stress component respectively. In the formula, al of the intermediate
variables are defined by Eq. (16) - (19)
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W (X', y') =W exp[ik(- x'cosa +y'sina)]
(14)
FWP(x',y) =W exp[ik(- x'cosa - y'sina)]
t3(29=R(29+R(z)
(15)
tr(2)=R (2 +R'(2)
} P (2) =P.(2)cosq + P,(z)sinq
i (16)
fR(2=-PB(2)sing + R (z)cosq
} B (2) = P(2) cosq + P, (z)sing
i a7)
iR (z)=-B.(z)sing +P,(z) cosq
1 P(2) =ikmcosa W' (x, y) + W’ (X, Y)
| (18)
[P (2) =ikmsina g (x, y) - W (X, y)H
1 P.(2) =-ikmcosa gw'(x',y") + W (X', y )}
| (19)

l:' P,.(z) =ikmsina gw} (x',y") - W (X', )

Satisfied Boundary conditions.

The displacement field of the cylindrical scattering wave w, is symmetric about the vertical
boundary planeB,, the stress field obviously satisfies the free condition in planeB, . The reflected
wave W +Wis generated by incident wave w' +w’ based on the stress free conditions in the
planeB, , their stressfield is zero on the vertical boundary of the half space. Thus, thereis only one
boundary condition is not satisfied, that is the stress free condition in the cylindrical surface B. of
the extended canyon, it is called the definite solution condition of scattering wave. By substituting
Eg. (9) and (15), the control equation of scattering wave (20) is obtained. |4=R, t?(z)and
S(2+S'(z) arefunctionsof q.

This is a functional equation about the argumentq . In order to solve the infinite number of
undetermined wave function coefficients A,, through the Fourier expansion of Eg. (20), the series
equation (21) is obtained. F and F" are the Fourier coefficients defined by Eq. (22). The
equivaent linear algebraic equation (23) are obtained by the orthogonality of the harmonic function

exp(ing)
tf;(z)+§ A[S(2+S '(2)] =0 (20)
a F. +§1 A@l F”aexp(lrm) 0 (21)

LF, =t 2(2)exp(- im)da
i (22)

{ Fo = Q "[S(2+S ()] exp(- immy)dg
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i F, +a AF'=0 (23)
|
!
Pt a AFL =0

Steady solution
Convergence and near field solution.

According to the linear algebraic equations (23), truncates wave function series (7), and the
expressions for the cylindrical scattering wave w,can be obtained. It is necessary to consider the
convergence of this expression to represent the displacement field of the scattering wave. On the
canyon which is extended as a cylinder, according to the asymptotic behavior of the first kind of
Hankel function at zero, Eq. (24), evaluates the convergence of series (7), Btand B are constants
that depend on order n. Set argument - =kR, as order n increase, the modulus of the Hankel
function increases rapidly with the negative power exponent of the argument. As the Fourier
coefficients F_of the incident and reflected waves are constant, the undetermined coefficient A,
decreases rapidly with positive power exponent of the argument. In this way, the convergence of the
wave function series (7) is proved, when the radius R is constant, the smaller value k is, the better
the convergence could be.

|
HO() %93 Blge é +i BZae 6" (24)
2g
When the incident wave frequency is not too high, the scattering of the cylindrical canyon can

aways be expressed by the sum of wave function series. In order to describe the scattering effects
intuitively, according to Eq. (25), introduce the dynamic stress concentration factor t_,* on the

edge of the circular canyon. It can be used to characterize the total wave field near the cylinder, i.e.,
the near field solution. Because of the existence of horizontal boundary B, and vertical

boundary B, , if the scattering effect is not considered, t,,* will be no more than 4.

e+t o)
az = Wkm '

(25)

Asymptotic and far field solutions.

Once the scattering wave of the cylinder is formed, it will spread outward. In order to
guantitatively study the propagation of scattering wave, introduce the asymptotic behavior of the
first kind of Hankel function at the infinity point, Eq. (26); the displacement field of scattering wave
w,isexpressed as Eq. (27). Here, F(q) isthefar field displacement mode of scattered wave w,, in
accordance with the Graf addition formula (28), Eq. (29) is defined. The convergence of the series
(28) which is given by the Graf addition formula depends on the parameter 2kd , and when it is
given, the finite terms of series (7) and (28) can be used to ensure that the series (29) has sufficient
accuracy.

The far field displacement model F(q) of the scattering wave w, represents the
directionality of cylindrical waves propagating from the center of the canyon to the point of infinity.
The directionality of the cylindrical scattering wave is a combination of the near field scattering
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effect and the asymptotic behavior of the displacement wave at infinity, and thisis called far field

solution.

HO () %95 / expeae 1+2n % (26)

w,(2) %92 %@ / expe|a;f«\<r-— F(q) (27)

+¥ mzé—(mm)
D'(z)=(-1)"H" (k|2 Déﬂ_ a (- 1)””“Hﬁ?m<k|z|>Jm<2kd)§H¢ (29)
g =¥ 2
+¥ ina- W nm i(n+m)(g+2

F@=8 AT +4 & (1) A, @ae 29)

Conclusions

According to wave function expansion method and mirror image method, the anti plane
scattering of steady state SH-plane wave by semi cylindrical canyon in a quarter space is studied.
The dynamic stress concentration factor which represent the near field solution and the
displacement mode which represent the far field solution are obtained. The result shows:(1) The
value and distribution of the dynamic stress concentration caused by scattering wave of the canyon
depend on the standing wave which formed by plane waves in the quarter space. (2) The far field
displacement mode of the scattering wave by the canyon depends on the product of its distance
from the vertica boundary and the wave number of the incident wave, and aso related to the
incidence angle. These conclusions have certain value in stress analysis and material inspection.
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