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Abstract 
Reliability sensitivity analysis quantifies the effect of input 

random variables on model outputs. An efficient reliability 

sensitivity analysis method is developed herein by combining 

the stochastic perturbation technique and a third-moment 

saddlepoint approximation. The presented method requires 

only the first three moment of the structural response and the 

cumulant generating function of input random variables is not 

strictly required. Numerical examples are illustrated and the 

procedure shows that the method is convenient to be applied 

to parameter sensitivity analysis of structural reliability. 

1 Introduction 
Uncertainty is inherent and unavoidable in almost all 

mechanical systems. As an important tool for quantifying and 

dealing with all kinds of uncertainties, reliability sensitivity 

analysis could provide not only the reliability level, but also 

the impact of the input uncertainties on the system 

performance. Generally, the reliability sensitivity analysis 

methods may be divided into sampling simulation methods[6,8] 

and approximate methods[3,9,10,12]. Approximate methods such 

as the well-known first- and second-order reliability methods 

(FORM/SORM)[7] and moment matching methods[12] are 

often used for the failure probability evaluation. The FORM 

is computationally efficient, but may not be accurate for 

nonlinear limit-state functions due to a nonlinear non-normal 

to normal transformation. In order to ease the computational 

difficulties, moment matching methods are usually employed. 

This type of methods approximates the distribution of the 

system performance by selecting a distribution from a class of 

assumed distributions through fitting the first few moments of 

the response. The sampling simulation methods could provide 

more accurate results, but it is time-consuming for explicit 

limit state function problems, especially when the failure 

probability is smaller than 1e-4.  

As a recently developed approximation method, the third-

moment saddlepoint approximation (TMSA) is used which 

enables the description of a wide range of distribution 

functions based on the first few stochastic moments. The 

uncertainty in the required moments is estimated based on a 

statistical perturbation method[7]. Based on the TMSA, an 

efficient method for reliability sensitivity analysis considering 

uncertain stochastic parameters is presented. Based on 

approximation strategies, this extended analysis requires no 

additional limit state function evaluations, which are very 

efficient for the reliability analysis of complex models with 

the most time consuming part.  

The paper is organized as follows. In Section 2, the statistical 

perturbation of the statistical response is performed. The third 

moment saddlepoint approximation method is discussed in 

section 3. In section 4, the reliability sensitivity approach is 

developed with the matrix differential technology. Two 

illustrative examples are used to demonstrate and examine the 

presented methods in Section 5. Conclusions are given in 

Section 6. 

 

2 Analysis of statistical response 
A limit state function is usually defined by the performance or 

the failure mode of a structure in the classical reliability 

problem, which entails the evaluation of the multiple integral 
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where Pf is the probability of failure, , 1,2, ,i i nX denotes n 

dependent random variables with joint density  f
X

X , and 

 G X  is a limit state function that is formulated such that 

  0G X  implies failure. Since  G X  is usually a 

nonlinear function of random variables, it is usually a difficult 

task to find an analytical expression to the multidimensional 

integration. Due to the difficulty and complexity of the 

analytical integration of equation (1), the moment-based 

approaches are often selected as an alternative.  

Herein, the statistical perturbation method is adopted to 

estimate the first few moment of the statistical response. 

According to the perturbation theory, the vector of random 

variable X and the limit state function G(X) could be 

expanded as 

d p X X X                                 (2) 

     d pG G G X X X                     (3) 

where  is a small parameter. The subscript d and p represents 

the certain part and the random part of the random parameters, 

respectively. The random parameters have a zero mean value. 

The value of the random part should be smaller than the value 

of the certain part. Both sides of equations (2) and (3) are 

evaluated with respect to the mean of random variables as  

     d p dE E E   X X X X X           (4) 
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Similarly, according to the Kronecker algebra, both sides of 

equations (2) and (3) are evaluated about the variance, the 

third moment of the random variables as 
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where the Kronecker power is P[k]= PP …P, and the 

symbol  represents Kronecker product which is defined as 

(A)pq(B)st=[aijB]psqt. Var(X) and C3(X) is the variance 

matrix and the third central moments matrix of X, 

respectively. 

By expanding the limit state function Gp(X) to the first-order 

Taylor series of vector-valued functions and matrix-valued 

functions at a point E(X)=Xd, which is on the failure surface 

Gp(Xd)=0, the expression of Gp(X) is given as 
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Substituting equation (10) into equations (8) and (9), we 

obtain 
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where 2

G  and G  are the variance and the third central 

moments of G(X) respectively.  

3 Moment-based estimation of failure 
probability 
According to the moment matching method, the failure 

probability of a structure could be calculated by using the 

statistical moments of limit-state function Z=G(X) and fitting 

the moments with some empirical distribution[11]. In order to 

incorporate these moments in a flexible distribution function, 

the third-moment saddlepoint approximation (TMSA) is 

adopted in the presented paper. According to TMSA proposed 

by pef. [4], the failure probability of a structure with the limit-

state function Z=G(X) can be represented as 
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in which, 
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and  sign is the sign function with  sign  = 1, -1, or 0 

corresponding to the cases  > 0,  < 0, or  = 0, respectively.  

The function  ˆZsK   and  ˆZsK   can be expressed 

respectively as follows 
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where ZsK is the cumulant generating function (CGF) of the 

standardized variable Zs. 

The saddlepoint equation is represented as 

 2+ 2 0G z z                                  (16) 

While 2z   , the single saddlepoint is provided as follows  
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According to the TMSA, the simplicity of the moment 

matching method and the accuracy of saddlepoint 

approximation were integrated and utilized effectively. 

Instead of CGFs of basic variables, only the moments of the 

variables is required in the TMSA. 

4 Reliability sensitivity analysis based on 
TMSA 
The method for reliability-based sensitivity analysis is 

constructed on TMSA in this section. The reliability 

sensitivity refers as the partial differential of the failure 

probability Pf with respect to the distribution parameters (ie. 

the mean and the variance ) of random variables[2]. By using 

matrix differential technology, the reliability sensitivity with 

respect to the mean and the variance could be obtained as 
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where    is the probability density function of a standard 

normal distribution.  

The formulas developed in this section is novel and can be 

used straightforwardly when the statistical responds of the 

structure is obtained using the statistical perturbation method. 

5 Illustrative examples 

5.1 A shaft in a speed reducer  
The performance function of a shaft in a speed reducer is 

defined as[1,5] 
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, , , ,S D F L TX  is the random variable vector, and 

the distribution details are given in Table I. 

 

 

Variable Distribution Parameter 1 Parameter 2 

Strength S Uniform* 50 60 

Diameter D Normal 39 0.1 

External force 

F 
Gumbel 1500 150 

Span L Normal 400 0.1 

Torque T Normal 250 35 

*For a uniform distribution, Parameter 1 and 2 are lower and 

upper bounds, respectively. For a normal and gumbel 

distribution, Parameter 1 and 2 are mean and the standard 

variance, respectively. 

Table I: Distribution details of random variables in example 

5.1 

According to the third moment saddlepoint approximation, 

the failure probability of the speed reducer under random 

inputs could be obtained as 
6.6230e-04fP   

The reliability sensitivity with respect to the mean and the 

variance of the input random variables are then calculated 

with the developed formulas, which are 
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The reliability sensitivity with respect to the mean of the 

random variables shows that the failure probability of the 

speed reducer increases as S and D increase, but descends as 

F, L and T rises. Torque T has the highest impact on the 

model output, then is external force F and span L, strength S 

and diameter D has a relatively smaller effect on the structural 

performance.  

 

5.2 A one-story one-bay frame  
As shown in Figure 1 is a one-story one-bay frame and the 

four potential failure modes of the system can be readily 

identified and defined by four linear limit state functions. The 

probabilistic properties of random variables are listed in Table 

II. 
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Figure 1: A one-story one-bay frame 
 
 

Variable Distribution Mean Std. 

M1 Lognormal 200 40 

M2 Lognormal 200 40 

M3 Lognormal 200 40 

F Lognormal 90 20 

 

Table II: Distribution details of random variables in example 

5.2. 

 

The four potential failure modes of the one-story one-bay 

frame are listed as follows, 

1 1 32 2 4.5g M M F    

2 1 2 32 4.5g M M M F     

3 1 2 32 4.5g M M M F     

4 1 2 32 4.5g M M M F     

Since this is a series system, the limit state function G of the 

structural system can be defined as  

 1 2 3 4min , , ,G g g g g  

The reliability and reliability sensitivity results can be 

obtained with the presented reliability sensitivity method. 

Thus, the system reliability could be calculated as  
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The reliability sensitivity with respect to the mean and the 

variance of random variables are obtained as 
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It can be clearly seen form the above matrix that the random S 

with the value of +0.0011 has the greatest impact on the 

reliability and the increase of which would reduce the 

reliability level of the structural system.  

A moment-based reliability sensitivity method is proposed in 

this paper. By combining the statistical perturbation method 

and the TMSA, the probability of failure is efficiently and 

accurately evaluated. The reliability-based parameter 

sensitivity analysis is then performed straightforwardly 

according to the sensitivity concept, and the formulas of the 

reliability sensitivity is derived. Two numerical examples 

verify the approach is effective in the reliability sensitivity 

estimation. 
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