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Abstract. In this paper, the solution of a batch arrival queue with an additional service channel
under N policy is investigat-ed. By using the method of functional analysis, especially, the linear
operator theory and the Cy semigroup theory on Banach space, we prove the well-posedness of the
system, and show the existence of positive solution.

Introduction

Recently, Medhi [1] considered an M/G/1 queueing system with a optional service channel, where a

unit may depart from the system either after first essential service (FES) with probability 1-¢ or
at the end of the FES may immediately go for a second phase of service (SPS) with probability
g(0=6<=1) Infact some aspects of this model was first studied by Madan [2]. Also he cited some

important applications of this model in many real life situations.

In Ref. [3], Choudhury and Paul first obtain the steady state queue size distribution at a random
epoch as a gener-alization of result obtained in Medhi [1]. Next they obtain the probability
generating function (PGF) of the departure point queue size distribution. Further, they demonstrate
the existence of stochastic decomposition property for the queue size distributions. Finally they
obtain the mean queue size along with a numerical illustration.

In this paper we consider an M¥G/1 queueing system where the arrival occur according to a
Compound Poisson process with arrival size random variable X in a two phases heterogeneous
service system. The server is turned off each time if system becomes empty. As soon as the queue
size is at least N (threshold) (>1) the server is turned on and begins to serve first phase of essential

service (FES) for all the units. Assuming that the service times B1; B, of two channels are mutually
independent of each other having general law with distribution function B;(x); i = 1; 2 (denoting
FES and SPS channels respectively). Let us now define the following notations:

| : group arrival rate; X : group size random variable;

=12

- | dB.
a, ‘Prob (X =k} k=12 :Ya =14, (x)d _9Bix)
N E=1 . l_B: {I]

It is also assumed that B (0)=0.B;(o2)=1B,(x ).7 =1.2 gre continuous at x=0.

The system of differential equations associated with the model as follows([3]):
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dR;r{r_}z_,{Rﬂ{r_}+I& w3 (% )0, (.8 )dx +(1-6) [ 1 (x )y (x .# )ax

dR;:r )_ _iR, {r)ugafﬂt_f (t).k =12 N -1

| aﬁé:,rh an; 1) (2t )]A (o)

apé{:r)+aP§;r} [at i (x )]B, (x 1) +P::c:rIP“{ £).n22

5Q:€Erx?r}+ EQ;: 1) _ i i (< )], (1)

i_agﬁa{f?r ) +6’Q;(Ix 1) =-[ 2+ (x)]Q, (x.1 )+z§aj_g,,_f (x.t).nz2 "

with the boundary conditions:

P (0.t)=(1-8) [ o (x )Py (x .t )dx + [ sty (x )@, (x.1)dx.n =12, N -1

n+l e
=0

1P (0.)=(1-8) [ u

o }P x .t )dx +.[n iy (x )0, (x.t )ax +ATa R (t)n=N.

_QJ[};):EJ‘EM;JI {x )P, (x .t )dx ,n =1 @)

Equations (1)(2) should be solved together with the normal-izing condition

N-1 =
TR, (: )+E=1[J':EPH (x.t)dx + 70, (x.t }dx]:l

and an initial conditions Ro(0) = 1:

This paper is organized as follow. In section 2, we shall prove the well-posedness of the system,
by using the Co semigroup theory. In section 3, we show that the kinetic operator of system
generates a positive Co semigroup, and study the regularity of the system.

The Well-Posedness of the System
In the following, we always denote by R; R™; N*; the real number set, the non-negative real number
set, the positive integer number set, respectively. Let
_nhN 1 + + 1 + +
X =R"xL {.R <N *)xL {R *N )equipped with the norm

||{R1=Pn f—‘f}sgn (x ”" =E|Rt|+g[ P, (x }"]

]

for P=(R;.P,(x).Q,(x))=X .Itiseasily to see that X is a Banach space.
We define the operator A=A +Bby

R, ' —z"_ﬂ+'|.:n.ug (x ]Ql{x _}dx +{1—9_}J':E;sl{x )Pl{x )dx |
N ~JR, 1<k <N -1
: P,:{x} —P;{x]—[,’. +a,(x )}Pﬂ{l’)
2. (x)) I 0! (x }—I:). + o, (x }:IQ” (x)
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i 0
s R "\ E
0 -ANaR, 1<k <N -1
Rk i=
0
5 P]{I) _ .
P, (x) AN aP, . (x)nz2
i=1
0, {x} 0
.\Q" lr‘r )/- n-1
jzaigrz—z’{x:‘ nzl

with the domain
D(B)=X.D(4)=D(4,).and
D(A4)=|R;.P,(x).0,(x )X :B/(x ). P, (x ).0, (x ). 410, (x ) e L'(R").
F, [D] = [I—Q]J‘ﬂmg, (x )P, (x ]Px +_|‘:'D|Hg (x }Qm{x ]d.r d=n =N -1

P, (0)=(1=6) ;™ 1 () Bu (3 ) + [, 11 (x )@ (x )t +/ 5 0y Ryom 2 N

o, {D_}: QL:-CIDIHI{I _}P” (x ]a’x__n = l}

Po(x).Q,(x).m 21 4 absolutly continuous.

Then the equation system(1)(2)can be rewritten as an abstract Cauchy problem on X:

]"JP(r)_
Codr
1_ Pm):ﬁu

AP (t)

P =(R,.P,(x.t).0,(x.t)).B, =(1.0.0. ...
where 7+ = (Re-Pa(x.1).0, (x.1)). By = )
Theorem 2.1: A; is a linear closed and densely defined operator on X.

Proof of Theorem 2.1 is a direct verification, so we omit the details.
Let X be the dual space of X, and A; be the dual operator of Ay, then

X'=RYxL=(R*xN*)xL=(R*xN").

(3)

(4)

For any P =(R;.P,(x).0,(x))eD(4,).0 =(r.7, (x ).9.(x )) X “from (AP; Q) = (P;

A;1Q), we can obtain
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. _/1’"0+’J~§aapn(ﬂ)
T —An, +4 i Ay _z Py (ﬂ]
A4, ﬁliz)} = p;l:x:l—[x‘i','l'ﬂ] :Ipl{x +|:l E)rﬂ+ﬂq1 ]ﬂl ) l
q:l,'x) p,’ll:x)—li,{+y1 }pﬂ(x +[{1 8)p,,(x +-6'qn D}]g,(x
\gn{x) g{(x) {f‘l*’ﬂ:(-")]‘i’l )"”"nﬂz(-")
gy (x )-[A+m(x)]a, (x ) +Puy(0) 1y (x) , )

Where 1<k =N -1.» = 2_and with the domain
D(4;)={(r.p, (x).q,(x)) X" P, (x).44(x)p, (x).0, (x). 4 (x g, (x ) L= (R").n 21

Theorem 2.2 1 is not an eigenvalue of Al

Proof Let Q =(r;.p,(x ).q,(x))sX*.4/0=0.ie.

—Arg+ 4 E a,p, {D]:

—zirt+,42a 4+P,(0)=r. 15k <N -1

p{l:x]—l:,l+y1 :'pl +[ 1-8 r,:,+5'q]{ll}:|:|yl(x]:pl{x) (6)
P, (x:l—[zhﬂl(x :Ipﬂ )+|:(l—f:?)pa_](l}:l+8qn(ﬂ]]ﬂl{x}=pn (x:l
{A’,+ﬁ{x)]gl )+r x):q](x]
QQ(I ~[4+8(x)]a.(x )+ Py (x )=q,(x)

Where n>2, from (6) we get
| P1(0)=[(1-8)7, +6g,(0)][. ser(u )e f e reme)E
22 (0)=[(1-6)p,.4(0) 0, ()], s () T 2
0,(0)= 7, [ 1y (u ) B ¥y | ()

2, (0)=2,,(0) 7" 1, (u e Tl g,

Where n>2, Since

:J‘rﬁrf (u }E_-[;[H”H“ﬂmdu =c; € (le)*’- =12 ®)

ﬂ) :[{1—9}+Hcgj|c1!‘nﬁp,, {ﬂ) :{[(I—H]+Hc2]c1}" rp.m 22 o
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If 7, =0 ,then from (6) we get Aia”{[{l—9}+ﬁcz]cl}t 14

n=N

=0

e(0.1).a,20.%a, =1

Observing [““ﬂ*ﬁfz}ﬁ
.l1'=1

we obtain 1+f—fzra"{[1 E}h&?r]l} zﬂia <4
L R=i

This contradition means r, =0 hence 7, =p,(0)=g, [D]‘: 0 ,Further more we get qn(0) = 0
Furthermore we get pa(x)= 0; qu(x) =0;n>1. Hence Q = 0 and 1 is not a eigenvalue of A, .

Theorem 2.3: (1) A is a dissipative operator on X.
(2) The operator A; generates a Co semigroup of contrac-tion.
Proof Firstly, we will prove that A is a dissipative operator on X. In fact, for any

= (R Pa(x): Qu(x)) € D(A)we define Q = (n: pal(x): q(x)) € X7,
Where

e =| P| sgn(Re): pu(x) =|P| sen(Pa()): au®) =|P| sen(Qu(x)):then (P; Q) =[P|

"'?” In addition, we have

(4P.0)= ||P||{[—xi:RD +(1-8) [ 1 (x ) B, (x )ax + [ g, (x )0, (x )ex +} sgn(R, )

[*’]‘

|: AR, +RZ.:JIRE ,:|sgn{:Rk)—'|'Dm[f’;'{:x '}+(£L+.u] (x )}Pl (x }:Isg:n(P; (x )}a’x

k=1

S [p; ()+(1+m(x))R (1)-25a ., '}}sgﬂ (B, (x ))dx
I+ (a4 a1 (x))@, (x ) Jsen(Q: (x ) )ax

S e om0, )= a0, () (e, () |
<|PI{-A1R |+ (1-6) [ s (o | (e + g ot (x)]s (]
o

+ [(1 E}JF 1 (x)

:|+'}7 [{1 B}jﬂc #(x)

P (x |a’x+| 1 (xb

0,.: (x o |

P.(x )|.:;?x +a o (x )lle (x )|d1] E a,. R,
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ST )P x5 Sa )

r=1 n=1i=l

P (s +S00, (P, (o)l

_g IREEYAE: '}:”QJ1 (x )|-:2’x + AZ :{?_;:a._ [ |QH (x )Px } =0.

Therefore, A is dissipative. Observing (A:P,Q)< (AP,Q); we known that A; is dissipative and
hence R(I -A,) is a closed subspace of X.

Furthermore, we have R(l -A;) = X. If it is not true, then there exists a Q€ x *; such that for any
FER(I -Ay);(F,Q) = 0: Hence, for any P €D(Ay); ((I-A1)P,Q) =0; i.e., for any PED(A,); (P, (I -A1)
Q) = 0.Since D(A,) is dense in X, thus 4, 'Q = Q; this means 1 is a eigenvalue of Al which

contradicts with Theorem 2.2. Hence R(I- A;) = X. So the Lumer-Philips Theorem([4]) asserts that
A; generates a Co semigroup of contraction.

Theorem 2.4: The operator A generates a Co semigroup on X. The system (4) is well-posed.

Proof Obviously, B is a bounded linear operator on X; using the perturbation theory of semigroup
([4]), we know that the operator A generates a Co semigroup on X. Therefore, the system (4) is
well-possed.

The Regularity of Solution

In the following, let X be a real Banach space. The concepts and theory of Banach lattice,
positive cone and positive semigroup can be referred to Ref. [5].

Definition 3.1: ([5]) Let X be a Banach lattice, X; be a positive cone of X and A be a linear

2 _
(- If, for any x€ D(A); there

operator on X. Denote G (x )= {weXt:"qo"EL(x,(p:}: x,

exists @ =G guch that (AX ¢ < 0; then A iis called a dispersive operator.

From Ref. [5], we know that the following result is true. Lemma 3.1: Let X be a Banach lattice
and A be a linearclosed defined operator on X. Then A generates a positive contractive semigroup if
and only if A is a dispersive operator and R(I -A) = X.

Theorem 3.1: (1) A is a dissipative operator on X.
(2) The operator A generates a positive Cy contractive semigroup on X.

Proof It is well known that X is a Banach lattice. According to Lemma 3.1, it is sufficient to prove
that A is a dispersiveoperator. For any P = (Rk Pn(X),Qn(X))I D(A); we choose Q = (rk pn(X),dn(X))

e X where % =IPll sen®). puG) =[P| sen.Pu).a:00) =[P s20dQu®) | ir a5 0
then sgn.a =1, ifa 0, then sgn.a = 0.

Similar to the proof of Theorem 2.3, a direct verification can show that (AP,Q) <0. Observing Q

€G(P ); the desired result follows from Lemma 3.1.
The following result studies the regularity of the system.

Theorem 3.2: Let T (t) be a positive contractive semigroup with generator A, then T (t) satisfies

positive conserve property, i.e., for any Ho€ D(A) and Ho> 0, I (£)Ho|=|H,|.c 20

Proof Since HoE D(A) and Hy> 0; then T (t)HoE D(A) is a classical solution of the system (4).
LetP (t) = (Rk(t),Pn(X; 1),Qn(x,t)) = T (t)Ho> O,then P (t) satisfies (1)(2).Note that
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d dR, (1) @ =P (x) == EQ,(x.1)
POl om|- S0 S -y 8 -2,

We get
N-1 -
:—F||P{a'_]||:—;:;:ﬂiﬁ,, (r)+ AE ZER A)+(1- H]ID iy (x )P, (ot )aix +], mlx 12, (x .t )ax

_i'[r;m %xr)+(j+u](x)}}7 (x t) gx +Ai¥}7‘:a (_1' 1 )dx

1 2 i ), (e 245 B 0 -0

:_”z_",m,,(f'}+,avnj &R, (t)dt +(1-6) [~ 1 (x )P, (x .t )dx

+an iy (x )o, (x.t dx — ij 'l'nmc [i + iy (x }]Ru (x.2 )ex +iz (1—3'}.[: w4 (x )P, (x.t )dx

-|-§|‘|'.|]1-:Ic '“2 (I )Q-"”'l (I ‘f.}dx + i HE: Ju P (.f }+H':_:' Ezla } —.- {.I :r)dx
m=l =N i=0 .

n=2i=l

JSI Ol (X )E, (.0 )es ‘i_].[r;m[* +p(x)]0, (x.1)dx +2

.'J,l’lﬂ

”‘5 70, (x.t)dx =0,
i=l

Hence |2 (O]=[P (O =I]
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