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Abstract: Some oscillation criteria for the half-linear Emden-Fowler functional differential
equations of neutral type of the form

(2 2(0) +a@fx(e @) x(e () =e().t1,

are established, where z(t)=x(t)+ p(t)x(z(t)), «>0,8>0 are arbitrary constants,

some earlier results are the special cases of ours since the function e(t) IS introduced to the
equation.

Introduction
This paper consider half-linear Emden-Fowler functional differential equations of neutral type

(r(t) z’(t)‘alz’(t))’+q(t)‘x(a(t))‘ﬂ x(o(t))=e(t).t=t, (1.1)
where z(t)=x(t)+p(t)x(z(t)),a>0,8>0.

The following conditions are always valid, if not stated.

(A) r(t)eC'([t,,»),R), r(t)>0,r'(t)=0.

(A,) p(),aq(t)eC([ty,~),R),0<p(t)<1,q(t)=0.

(A;) z(t)eC([ty,»),R),z(t)<tlimz(t)=co.

(A;) o(t)eC'([ty,®).R),o(t)>0,0'(t)> 0,0 (t)<tlimo (t)=co.

(A;) e(t)eC'([ty,»),R),e(t)<0.

Definition

The function x(t) e C*([T,,),R), T, >t,,is called a solution of the equation (1.1), if it has the

properties of r(t)‘z’(t)r’_1 z(t) e C*([T,,=),R), and it satisfies the equation in [T,,0), moreover
if it has arbitrarily large zeros for T >T_, then we call x(t) is a oscillatory solution of equation

(1.1), otherwise it is called nonoscillatory. If each solution of (1.1) is oscillatory, we call equation
(1.1) is oscillatory. This paper only consider the non-trivial solution of equation (1.1).

Main Results

Theorem 2.1 Assume that f(iJ dt=00 , if there exists a function

r(t)

p(t)eC([T,,),(0,)), suchthatforany M >0 and me(0,1),
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(4) (o) Y],
<z+1)“[ (t)J ]dt" Y

where  P(t)=0(t)(L-p(c(1)))’ .2 =min{a. 4.
A= Mg et

O<m<la=#p.

Then Eq. (1.1) is oscillatory.
Proof. Suppose that Eg. (1.1) has a nonoscillatory solution x(t) , without loss of generality, we

assume that x(t) > 0.
From ([6](2.7))we have

(r(t)(z’(t))a), +p(t) 2’ (o(t)) <0, (2.2)
which follows that
(r(t)(z’(t))a)’ +p(t) 2 (o(t))<e(t), (2.3)

where p(t) = Q(t)[l— p(G(t))T ’

then we have

p(0)2” (1) <e(t)-[r()(z(0)"]. 29
Define
r(H)(z(v)
w(t)=p(t) 7 (o) (2.5)

PNENUON OO [rOEO) s e 0)2 () ()
W= Y ey Y 77 (a(1))

e wew) [TOEO) [ (e 0) (1))
<R )+ ) Tl

which follows that

, _o [P0 e po' () pe
W= (t)p(t){pa)+r(t)(z'(t»“}w(t)(p(t)r(a(t)))i[z(a(t»] RS

sincee(t)<0, thereexits M >0 such that,
1

r(®)(2(1)" <5
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M e,
oo Y

which follows that

W(t)<-pt)p(t)+ {

71
a

P'(t)
p(t)

_po')
(PO ()=

+Me(t)}w(t) - [Z(G(t))] ()

S—p(t)ﬁ(t)+p,(t)+Me(t)‘w(t) 57Oy we (b). @7
PO (pOr )

z’(t) IS a monotone increasing function, there exists a constantm e (0,1) , such that

p-a

[z(a(t))]7 >m.
Then we have

a+l

w(t) - mfo(t) w e (t). (2.8)

1

(p0r (o))

w(t) <—p(t)p(t) +

p'(t)
WJF Me(t)

Considering
A+1 ﬂ,}“

Ax-Bx * < — A*B™*, where B>0,A>0,x>0, (2.9)
(A+1)

Me(t)“l ama'(t) 1
o (pr (o (1))

r(a) ma'(t)]‘

(A+2)7 0 p(®)

r(ﬂu(t))( 20 )} 010

(A+1)" (ma'(t)

then

W(t) < —p(t)p(t) +— )M

(4+

"(()’ Me(t)

=—-pO)p(t) +

{p(t)p(t) "’ ®), Met)

Integrating the above inequality from T to t, we have

w(t)<w(T)_jT‘{p(s)5(s)_ PL8) 4 we(s)

TN

(A+1)" \mo'(s)

lettingt -0, we have w(t)— —oo, which is a contradiction. This completes the proof of

Theorem 2.1.
Corollary 2.1  Assume thate(t)=0and(2.1)hold, other conditions unchanged,
A+1 A
| )5 o r(2) (et
t |,0 dt = co. 2.11

then Eq. (1.1) is oscillatory.
Corollary 2.2 Assume that e(t) =0and a=4,
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ft:(j[p(t)ﬁ(t)_b'(t)DH1 r(o(t)) Lp(t)Ja]dtoo (2.12)

p(t)] (a+2)o'(t)

(2.2)is replaced by (2.12), then Eq. (1.1) is oscillatory.
Corollary 2.3 Assume that a =1, condition(2.1)in Theorem 2.1 is replaced by one of the
following form:

QI g>1,
L:C[p(t)ﬁ(t)%(tt))ﬂvle(t) r(jn(]%),)('to)(t)]dt_oo, (2.14)
) If 0<pB<1,

L(t)JrMe(t)ﬁ+1 r(t) (P(t))Jﬁ+1:|dt:oo. (2.15)

p(t) (B+1)"  mo'(t

The conclusion of theorem 2.1 is still true.

dp(t)ﬁ(t)
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