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A novel complex neural network modelwasproposed, which can be used to compute the
largestreal part of eigenvalues and the corresponding eigenvector of a general real
matrixin this work. Because of the smart regulatory factorof the model, the largest real
part also can be extracted in the case of all the real parts of eigenvalues less than 0.
Meanwhile, the presented paper provides a rigorous mathematical proof for its
convergence for a more clear understanding of network dynamic behaviors relating to the
computation of the eigenvector and the eigenvalue. Numerical example showsthat the
proposed model has good performance for a general real matrix.
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1. Introduction

In the study, we proposed a novel neural network algorithm for computing the
largest real part of eigenvalues of a general real matrix, even if all the real parts
are less than 0. We know that the neural network technology was first used to
eigen-pairs problems about in the 1980°s [1], which is also known as principal
component analysis (PCA), and then motivated broad interests from engineering
and theoretical research [2-13]. In the wvery recent years, some adaptive
generalized eigen-pairs extraction algorithms of Hermite matrices have been
developed by some authors [8].

Some years ago, Liu et al. [4] proposed a more simpler model to extract the
imaginary part of the eigenvalue from the maximum imaginary part and the real
part of the eigenvalue from the maximum real part of a general real matrix.
However, if the largest real part of eigenvalues less than 0, the algorithm cannot
work correctly. In the present paper, we intend try to extract the eigenvalue and
the corresponding eigenvector from the largest real part of eigenvalues of a
general real matrix.
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The rest of this manuscript is organized as follows: In section 2, we
proposed the novel complex domain neural network model for our purpose, and
the convergence analysis was presented in section 3. Numerical example given
insection 4 andwe summarized this paper in the last section.

2. The Novel Complex Neural Network Model
We consider the following neural network model, which is different from [4,7]:

dv(t
S0 v -0vo P v ®
Where V(t) € R" is then-dimension real column vectors which denotes the

states of neurons, and U is a regulatory factorwhich can be regulated according
to the actual conditions. In this paper, we intend to extract the largest real part of
eigenvalue of any real matrix.

In Eq. (1), the matrix A was replaced with A :

. (A O
A = ’

2n
Where A is a general real matrix. v(t)eR , and with the following
T _ T T _ 1
assumptions v(t) =[x®",y®'] : 2(t) =x(t) + y(O)i .Consequently, Egq.
(D)turns into as follows:

% - Az(t)-[Z" ®)Z(t) -ulz(t), @

Eqg. (2) is the complex neural network model in our study, where
The algorithm can be used to extract the eigenvector and the corresponding
eigenvalue, which has largest real part.

All of the eigenvalues of A are denoted as

/11R +ﬂl'i,ﬂ; +/??'i,...,/lrf +ﬂ,n'i : (ﬂkR,/lkR eR,k=12,...,n), and the
corresponding normalized complex eigenvectors are denoted as S, S,, -, S, ,

Obviously, they construct a normalized basis in C™" . Assume that

20 = 2,08, = X %O+, 015,

2(t) eC"
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Where z, (t) = X, (t)+iy, (t) refers to the projection of z(t) in the
direction along with S, .
Theorem 2.1.Let Z, (t) = X, (t) +iy, (t) denote the projection of Z(t) in

the direction along with S, , and the analytic expression of | z(t)|* can be
written as

2(0) P Zi_leXp[Z(ﬂk t+u)t]><|zk(0)| "
142" 17,0 jo exp[2(A] +u)z]dz

Proof. Assume that all eigenvalues of A can be denoted as
ﬂkR + iﬂk' ,k=21---,n, where ﬂkR and /1k' are the real part and the imaginary

part of the eigenvalue 4, , respectively. Substituting Eq. (3) into Eq.(2) with
AS, = A4S,

Z[dxgt(t) dyka)]S —Z ﬂk(xk+iyk)sk_[i|zj.(t)|2 ~UJ (%, + 19,5, (5)

Along with S, , and we plug /1j=ljR+i/1j' , /Tj:/in—i/lj'

A = /L(R + Mk' into Eq. (5). After separating the real part and the imaginary part,

and considering that d'Zk' = d(zkzk) =2X, o B +2y, ddytk , one can obtain the

following equation:

dlz®F

d :2|Zk ’2 ﬂkR_Z(Z’Zj |2 _U)|Zk ’2-(6)
t j:]_

From Eq. (6), if| Z (t) *#0,| z, (t) F# 0, then
1 1

v 2 R—/lf,
T o7 Lz, 0F - —O7 L= 24 - AL
Therefore

1z 12,(0)] R R

2F 120)F exp[2(4; —4)t]- (8)

From Eq. (6), we can directly obtain following form:
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One gets the following Eqg. (10) from the above Eq. (8) and Eq. (9):

d exp[2(4; +u)t] 2,0 .
dt |z (t) P _Zz_l:l 2 (O)F > eXp[2(4]" +u)t], (10)

Furthermore, with the integral calculations on both sides of Eq. (10) from 0
to t,we directly get result:

20 o EPL2UT £ 2, (0)

n t ’
14237 17,(0)F jo exp[2(A} +u)r]dz
Therefore one gets Eq. (4)..]

3. Convergence Analysis

If an equilibrium vector of Eq. (2) exists, then let & denote it:
¢ =limz(t), 11)

Theorem 3.1.If A is not a zero matrix, and u =0, then| £ | 0.
Proof. Obviously, from the theorem 1, we have

| €I lim| 2(t) [= lim exp[2(4 +u)tlx| z,(0)
T\ Z,0)F _[eXp[Z(/iR+u)r]dr

| £ |= 0 implies that all eigenvalues of A are 0, so A should be a zero matrix.(]

Theorem 3.2.1f each eigenvalue of A satisfies that /L(R <0(k=L2,...,n),

and u<0,then| =0
Proof. From theorem 2.1 and theorem 3.1, we easily obtain that

Z::l exp[2(A% +u)t]x| z,(0)’=0,s0| & |= 0. In this case, the model Eq.

(3) can’t work correctly, but if we regulate the factor U satisfying AkR +u>0,
then the model will work again.

Theorem 3.3.Denoting (A +U) = max,,_ (A% +u), If (A" +u) >0,

then &TE = (A% +u).
Proof. From Eqg. (11) and theorem 1, we have
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S i 2t ol a2 T 2,0

e 12y 12,00 F jo exp[2(A] +u)r]dz
i P20 2, OOF 3 XPLR(A 40 2 OO
©7142|2,O)F [ expl2(A +u)lde+2Y " 2,(0)F [ exp[2(A] +u)eldr

12,00 +3 .. XL +u- A7 -u)ti|2,O)F

=lim
" epl2 i 2Y, 12 OF [Lepl2 + u)f]dz}+umﬂil+u)| 2,(0) - expl-2(77 +u)]}
= (4 +u).

So far, the theorem is proved, and the square modulus of the vector is equal
to the largest sum of real part and U, among all eigenvalues. According to this

theorem, one can get that A% = &' & —u .0

7T ()Az(t)
Theorem 3.4.ForEq. (2), lim—————=
e 70 (t)z(t)
which has the largest real part, and the corresponding eigenvector is
E=Ilimz(t)
t—w
Proof. From the theorem 2.1 and theorem 3.3, one can easily obtain that
=T
.7 (t)Az(t
Im#:/lm.
e 70 ()z(t)

With !ime(t)AZ(t)=/1m!im7T(t)Z(t) , !ime(t)[AZ(t)—/lmZ(t)]=0,
from theorem 3.1, !LngZT (t)#0  so we have !LT[AZ(t)—/imZ(t)]:O-
Directly, we can get A!Lrg Z(t)=ﬂm!ijg z(t) . so §=!Lrpo 2(t) is the

eigenvector corresponding to the eigenvalue A ,which has the largest real part
of eigenvalues.[J

will converge to the eigenvalue

4. Simulation Results

Example. Considering the following 6x 6 real artificial matrix A :

-9.8898 1.4532 1.5645 -2.3887 -2.3140 3.0618
-1.4624 -9.2267 -3.6606 0.2360 -1.1129 2.1761
-1.8325 2.4904 -9.4010 2.4515 -0.6820 -5.3409
0.6165 -1.6230 0.9822 -8.1747 -2.0479 4.6292
2.5351 3.1911 -1.1973 1.4257 -8.9012 -1.6523
-3.5625 -0.6611 5.1298 -3.9747 3.3991 -10.4066

IA=
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The six eigenvalues of A are -11+ 9i,—10 + 4i,-8,-6, respectively.

We use U =10 and the following stochastic initial value Z(0) for running the

complex neural network algorithm Eg.(3)to obtain the largest real part of
eigenvalues of matrix A :

2(0)=(L11121)" +i(112,1L2) (12)

We can obtain the eigenvector corresponding to the maximum real part of
eigenvalues of A, as follows:

0.2365 - 0.231 01656
05444 - 0533 03811
0.7219 +0.7076i | 05054 .
2(t)= - |= (14282 + 1.4001) = (14282 + 14001, (13)
0.9007 +0.8829i 06306
05781 - 0.5667i 04047
01451 - 0.1423i 0016

From the above, the eigenvector that we get is constant multiple of the
eigenvector obtained from the direct calculation valuesV,, . The corresponding

—T
eigenvalue is A4 :% =-6.0000 , which is just the largest real part of
z z
eigenvalues of A.
Fig.1 illustrates the dynamic behavior of the largest real part of eigenvalues
of A, and Fig.2 illustrates the dynamic behavior of six components’ modulus of

the corresponding eigenvector. Fig.3 depicts the dynamic behavior of the
E(t)" £(t), which should be converge to A5 +U=-6+10=4. From these

figures, we note that the proposed algorithm also has the fast convergence
property, which is one advantage of parallel computing.
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Dynamic behavior of the largest real part of eigenvalues of A
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Fig.1. Dynamic behavior of the maximum real part of eigenvaluesof A . It should converge to
2 =—6.0000.

Dynamic behavior of the modulus of the six components of eigenvector
15 T T T T T T

T

S

o
&)}

modulus of components

1 1 1 1
80 100 120 140 160
iteration step

Fig. 2.Dynamic behavior of the modulus of the six components of eigenvector corresponding to the
maximum real part eigenvalue. It should converge to the six components’ modulus of eigenvector

corresponding to eigenvalue ﬂe =-6.0000.
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Dynamic behavior of the £(t)T &(t)
12 T w T T ‘ ’

10

2]

The value of £(t)T &(t)
(2]

1 1
0 20 40 60 80 100 120 140 160

iteration step
Fig. 3. Dynamic behavior of éf(t)Té?(t) . which  should converge to

A +Uu=-6+10=4.

5. Conclusion

Based on the novel real domain neural network, this paper proposed a novel
complex neural network to compute the largest real part of eigenvalues and the
corresponding eigenvectors of any real matrix. Because of the model has a smart
regulatory factor, the largest real part also can be extracted in the case of all the
real parts of eigenvalues less than 0.We also provide a rigorous mathematical
proof for its convergence for a more clear understanding of network dynamic
behaviors relating to the computation of the eigenvector and the eigenvalue.
Numerical example shows that the proposed model has good performance for a
general real matrix.
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