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Abstract. In this paper, we investigated the local stability of a simply supported functionally graded
material (FGM) rectangular plate subjected to the transversal and in-plate excitations in the uniform
thermal environment both analytical and numerical approaches. Three kinds of critical points of the
bifurcation response equations are considered, which are characterized by a double zero eigenvalues,
a simple zero and a pair of pure imaginary eigenvalues as well as two pairs of pure imaginary
eigenvalues in nonresonant case, respectively. With the aid of a symbolic computation language Maple
and normal form theory, the explicit expressions of critical bifurcation lines are obtained. Finally, the
numerical solutions obtained by using fourth-order Runge-Kutta method agree with the analytic
predictions.

Introduction

The functionally graded material is one of the extremely excellent material, which is inhomogeneous
composite material whose properties varies continuously and smoothly from a ceramic surface to a
metallic surface in a specified direction of the structure. The ceramic face protects the metallic surface
from corrosion, whereas the metallic part offers strength and stiffness to the structure. Because of the
special component, the phenomena of corrosion decrease.

In order to use the functionally graded materials effectively and efficiently, researchers have done
various studies on stability, nonlinear vibration, bifurcation and chaos of the functionally graded
materials [1-6]. In addition, much work related to complex dynamic bifurcation phenomena exhibited
by a nonlinear autonomous system in the vicinity of compound critical points have been discussed by
a few researchers in detail. P. Yu and K. Huseyin studied the stability and bifurcation behaviors of the
systems with different critical points [7-11]. Later P. Yu et al. [12-17] used the symbolic language
Maple based on the method of multiple time scales for computing the corresponding normal forms.

In this paper, we extend the research of paper [18] and consider the stability and local bifurcation
behaviors for the FGM rectangular plate in the case of the detuning parameters as perturbation
parameters. This paper is organized as follows: In Sect.2, the averaged equations of transverse motion
of the FGM plate are given in terms of a set of differential equations and the stability conditions of
initial equilibrium solution are obtained explicitly. The detailed stability and bifurcation analysis of
the system in the vicinity of the three types of critical points are presented In Sect.3, which is followed
in Sect.4 by a short summary.

Formulation of the problem

In paper [18], the stability and local bifurcations of the functionally graded material (FGM) rectangular
plate on the condition of damping parameters as perturbation parameters have been studied. The figure
is shown in Figure 1. The edge width, length and thickness of the FGM rectangular plate in the X, y
and z directions are a, b and h respectively. Especially the width-to-length ratio of the FGM rectangular
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plate is a/b=1. The transversal excitation subject to the FGM plate is of the form F(x,y)cosQt and
the in-plate excitation along x direction at x=0 and x=a is represented by p = p, — p, cosQ,t . Here,
Q, and Q, are the frequencies of the transversal excitation and in-plane excitation, respectively.
In paper [18], the nonlinear governing differential equations of transverse motion of the FGM
rectangular plate for the dimensionless are obtained as follows,
W, + @’ W, +aW, +a,W, COSCLt+aW +a,We +aW,W;
+a W, +a,ww, = f, cosQt
W, + @S W, + bV, +b,W, cos Qt +b,ww, + bW +bws
+hw,W + bW = f, cosQt

a a

p=m-meostyt ) | l l l l l l
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Fig. 1. The model of a FGM rectangular plate and the coordinate system.

where @, and @, are the amplitudes of two modes and all the coefficients can be found in paper [1].
Hao et al. [1] transformed the aforementioned equations into the averaged equations in subsequent

form.
X = X + (0, + @)X, + X, + Nf} (1a)
X, = (0, + )X, + 14X, + ¥, %, + Nf;} (1b)
X, = 1, %, + 1%, + (0, + B)X, + Nf; (1c)
X, = ¥, % + (=0, + B)X, + 1, X, + Nf, (1d)

wherea =, +a, f,+o, f,, p=B+L,1,+6,15, , nn=a.f, v, 1, 7, =5, 1, + B and you can
find ¢,(i=12,3,11) and B (i=1---5)in paper [1]. The nonlinear functions Nf'(i=1,...4) can be
found in [18]. Especially, 4 (i =1,2) are the corresponding damping parameters. The resonant relations

Q Q . .
are w, = ?1 +&0,,0,= 71 +&%0,,Q,=Q, =Q, where o, (i =1,2) are the two detuning parameters.

The Jacobi matrix of (1) evaluated at the initial equilibrium solution (x;, X,, X5, %,) =(0,0,0,0) is as

follows:
H o, ta 0 N
-0, + 0
J= ota 4 71 )
0 V2 H, o,+p
72 0 —o,+f3 Ho

we may obtain the characteristic polynomial of (2)
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f(1)=2"+bA*+0b,A% +b,A+D, (3)
where

bl = _2(:“1 + /Jz)
b, =0+ 05 + 1 + 1 — & — B+ A, — 211y, 0y = 240485 = 240,187 + 2107,7, — 24405 + 215,117,

~207 p, + 2448 + 2,0

b, =~ f* ~ 0L B =211, + 117, —a’oy
+ azﬂz + 0-120-22 —20,0,017, — 203117,
By Hurwitz criterion [20], we may obtain that when
b >0,bb,—b,>0,b, >0,

b, (bb, —b,) ~bb, >0 (5)
the initial equilibrium solution (x;, X,, %;,%,) = (0,0,0,0) is stable, otherwise the initial equilibrium

solution is unstable, and bifurcation may occur. In the next section, the detailed analysis on the stability
and bifurcation will be discussed when conditions (5) are not satisfied.

voL g+l i v oy )

Stability and bifurcation analysis
A double zero eigenvalues

3

Taklng pal’ameters as /u:L:O , /,12:—2 , 01202:1 , a:4 , ﬂ:% y =

1 7
Z v Vo= Z ,
Q=0=0s=0; ==y =, =1 =0, ===, =P, =1

Choosing o, and o, as perturbation parameters, using parameter transformation o, =1+¢, ,
o, =1+6,, so the characteristic equation (3) becomes

f(1)=41"+bA*+b,A% +b,A +D,
where,
b =4,
b, =& + 57 +26,+25,+3,
b, =457 +85,

7 55
b, = 6262 + 2525, + 2020, +— 0 +— 057
4 1%2 1%Y2 2¥1 16 2 16 1

+§ 5,5, +60,

We can see, A, =b =4>0, however, A, =b,(bb, —b,)—b’b, =-7(5,—35,)* <0, therefore, the
initial equilibrium is unstable .
A simple zero and a pair of pure imaginary eigenvalues

Taking parameters as
w=-1, w=p=0,=y,=0, a=o0,=p=1, g=x=0=0==04,=-1, a;=1,

Bo=B=B=po=Pu="15=1
Choosing o, and o, as perturbation parameters, using the parameter transformation o, =4, ,
o, =1+, and then introducing the subsequent state variable transformation into equation (1).
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2 1
1 = -= 1
X 5 Z
N ©)
X3 5 5 Z3
X, 01 0 O Z,
0 0 1 0]
Now equation (1) is transformed into a new system
, 1 1
4 = E (51 _552)22 _E (351 +552)Z3 - 5124 + Nf12 (7a)
2, =12, + 35,2, + Nf;? (7b)
2, =-2,— 3,2, + Nf; (7¢c)
2,=-22,+0,7 +%(55l +30,)z,
+% (5, —568,)z, + Nf;} (7d)

where, the nonlinear functions Nf?(i =1,...,4) are exhibited in the Appendix of paper [18].

Applying the systematic technique [12] to the equation (7), we obtain the normal form of (7) in
cylindrical co-ordinates as follows:

6
y= y(—g r’—2y?) (8a)
; 14 , 14 ,
F=r(=r+— 8b
(25 5y) (8b)
and

b 32 2 12 2
0=1+6,——r" —— 9
2 " o8 =Y 9)

It is easy to see that the steady state solution is only y =r =0. So the system (7) only has the initial
equilibrium solution (x;, X,, X, X,) =(0,0,0,0) .

Two different pairs of pure imaginary eigenvalues (non-resonance)

. 1 1 1 1 1
Taking parameters as 4 =1, u,=-1, a:_Z’ ﬂ:E’ olz—z, JZZE’ 7n=5, }/2:_5’
5 8
a5=§,a8=§,a10=1,a4=a6=a7=a9=0,ﬂ6=ﬂ7=ﬂ8=ﬁ9=,810=ﬂ11=0.

. : . . 1
Choosing o, and o, as perturbation parameters, using the parameter transformation o, :_Z+§1'

1 : : : :
o, = E+ 0, . Then, introducing the state variable transformation

X 2 2 2 22 .
x| 2 0 2 0 . o)
X, | 2 2 2 _gﬁ Z,
5 5 5 5
X4 Z4
1 0 1 0
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into (1) yields
. 1.1 1.1 1.1 1.1
L=2,+ (8t 8)n+ (G588 58 -5 8z +J§(E5l+g52)z4 +Nf? (11a)

. 21 1.1 29 1.1
z2,=-1, +2—0522l +(§51 +§52)22 +(2—052 +0,)2, +«/§(§51 —552)24 +Nf; (11b)

1 1 1 1
z, :\524 +(§§2 —551)21—(§5l+552)22
2 .29 V21,1

1 1 1 1 ,
G+ 8RG8 =282 NI (110)2, =22 - (6 + 2 81— (8- )2,
21 1 1
—4—0\/§5Zz3 ~GoaT oL NI (11d)

where, the nonlinear functions Nf’(i =1,...,4) are exhibited in the Appendix of paper [18].

With the same method [13], we get the normal form in polar coordinate system as follows:
1 3 24 28 2

hL=r(zo,+=0,— 12a
( = 25 ry) (12a)
. 1. 1 4 1
rz:rz(—§51—§5z—2—5r12+7—5r22) (12b)
and

9’1=1+551—§52+@rf+107 2 (13a)

4 87 120" 300

J’ 29 41 2 299 ,

0 — 20, + — 13b
=V2 f V235 150 600 ° (130)

On the basis of (12), the steady state solutlons are obtalned by settingr, =, =0, which fall into four
categories and the Jacobi matrix of (12) is as follows:

l§l+152—ir12+§r22 §r1r2
j_|27s 825 75 1 l754 ; (14)
—rr — 25,28, ——1 r}
25 1° 2t 57 25% 75°
(1).The initial equilibrium solution (E.S.):
L=r,=0 (15)

The stability conditions for the E.S. which can be obtained by evaluating the Jacobi matrix (14) at
the initial equilibrium solution are 55, + 26, <0 and 56, + 26, >0, therefore the initial equilibrium

solution is unstable.
(2). The incipient Hopf bifurcation solution (H.B. ( I ) with frequency ,):

I :2(551+252), r,=0

_1+ 285 85, (16)
14417 9

From (16), we can see that there exists H.B.( I ) solution when 56, +25, >0 .The stability

conditions for the H.B.( I ) solution which can be obtained by evaluating the Jacobi matrix (14) at the
H.B.( I ) solution are 56, + 25, > 0. So there exists stable H.B. ( [ ) solution when5¢, + 26, >0.

(3). The secondary Hopf bifurcation solution (H. B. (II') with frequency w, ):
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=0, =%(551+252)

0 =20-326,-225) a7
From(17), we can see that there exists H.B.(II') solution when 56, +25, >0, But the stability
conditions for the H.B.(II) solution which are obtained by evaluating the Jacobi matrix (14) at the
H.B.(II') solution are56, + 26, <0. So the H.B.(II) solution is unstable in its existence region.
(4).Quasi-periodic solution (2-D torus with frequency o,, ®,):
- (65,420),

105
I’22 = —m (551 + 252)
18991 14237
- 51 - 2
5232 6540

9727 . 31553
=201+ o, + bo) 18
@, =2 5232 " 26160 %) (18)

From (18), we can see that there exists quasi-periodic solution when 56, + 25, <0. The stability

conditions can be determined by evaluating the trace and determinant of the Jacobi matrix (14) at
quasi-periodic solution as follows,

16
Tr= —(56,+25,)<0 19
109( , +20,) (19)
436 , ,
Det=——r?r,2>0 20
1875 * ? (20)

It is easy to see that (20) is automatically satisfied as long as the quasi-periodic solution exists.
Therefore there exists stable quasi-periodic solution when 56, + 25, <0.

1

! o '
0ghk I ! A 1
B I A I
ael I I
[ I | Unstable H.B.(II)
04r ! ! ! i
i o
02t i T i : ....... Stable HB.(D
i o
SO0 b
o02p ! oL [ 10 .
wl Sﬂiable 2-D ]torus: | Unstable
i | | ; i 3-D
S N . torus -
[ o '
08} [ i | : :
- ! ! ! i |

' 1 L
-1 08 06 04 02 0 02 04 0B 08 1

5

Fig. 2. Bifurcation diagram on detuning parameters for the case of two different pairs of pure imaginary
eigenvalues
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Fig. 3. Trajectory projection of H.B. (1) solution starting from
(X, %,, X5, X,) = (0.0020,—-0.0042,0.0021,0.0021) when(4,,,) =(0.001,-0.002)

0.15

01r

005+

Fig. 4. A two-dimensional torus starting from (X, X,, X5, X,) = (0.06,-0.02,0.03,0.02)
when (9, 5,) = (—0.0001,—-0.0002)

From the previous analysis, we can get a critical line L, : 56, + 25, =0, from which the stable quasi-
periodic solution loses its stability and bifurcates into an unstable 3-D torus [13] as shown in
Fig.2.When (6,,6,) inregion II, there exists unstable secondary Hopf bifurcation solution.

Now choosing a point (6;,5,) = (0.001,-0.002) , which is located in the stable region for H.B.( 1)
solution, one can find a Hopf bifurcation solution as shown in Fig.3., where the initial point is chosen
as (X, X,, X, X,) =(0.0020,—-0.0042,0.0021,0.0021) When (5,, 5,) = (—0.0001,—-0.0002) , a 2-D torus
exists where the initial point is chosen as (x;, X,, X, X,) =(0.06,-0.02,0.03,0.02) as shown in Fig.4.

Conclusions

In this paper, the functionally graded material (FGM) rectangular plate on the condition of detuning
parameters as perturbation parameters has been studied in detail with both analytical and numerical
approaches. With the aid of normal form theory and symbolic computation language Maple, we
simplify the original set of differential equations and get steady state solutions as well as their stability
conditions respectively. With fourth-order Runge-Kutta method, the bifurcation diagrams and
trajectory projections are obtained all numerical solutions agree with the analytical predictions
qualitatively.
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