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condition of pipe in Figure.1 is one ends hinged and the other ends fixed. But the motion equation 

deduced suit arbitrarily conditions.  

 

x

 ,N x t

y

x

l

dx

 ,x t

O

 ,f x t

 

Figure.1 Free spans of submarine pipeline 

In the figure, the span length is l, axial tension is N(x, t), and the external force of pipe of per unit 

length is f(x, t). 

The Vibration Equation of Pipelines and Solution 

The process of pipe element is in Figure.2. In the figure, element dx is taken from the displace x of 

pipe. Where, M is bending moment, Q is shearing force, and assuming the axial force is constant, 

that unchanged long time and location. 
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Figure.2 Process of pipe element 

In Figure.2, for the vertical vibration, the motion equation of the pipe element can be obtained 
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For the rotation relative to O , there be 

   
d

d d d d 0
2

x
M M Q Q x f x M     

                                          (2) 

For small deformation, approximate may then be expressed by 

 sin d d dx
x
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According to Eq. (1), (2), (3), and Material mechanics formula are given by 
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The differential equation of motion can be derived, where EI, m and N is constant, the equation is 
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The solution of Eq. (5) can be solved by separation of variable 
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The constant C1, C2 can be determined on the basis of boundary conditions. 

The Solution of Natural Frequency is Under the Condition of Both Ends Hinged 

The purpose of this part is to get the natural frequency of lateral vibration. The model the boundary 

condition is 
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When substitute Eq. (8) into Eq. (6), the natural frequency under the condition of both ends 

hinged can be got  
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Where axial force is pressure, N is negative, axial force is tension, N is positive. 

The Natural Frequency of Free Spanning Pipeline under General Conditions 

The natural frequency of free spanning pipeline can be obtained in the same way before. One order 

natural frequency is found under three kinds of conditions, then simplifies to 

  
2n

C EI
f

l M


                                                          (10) 

Where C is the constant related to boundary conditions of free spanning pipeline [5]. When the 

condition is both ends hinged, the number of C gets 1.57, the C is 3.56 with the condition of both 

ends fixed, and the C is 2.46 between the conditions before. M is mass of pipe per unit length (that 

includes medium quality in the pipe and the added mass of water). Unit is kg. 

In most cases, the boundary condition of free spanning pipeline is not both ends hinged. Neither 

both ends fixed, factors of conditions include Soil stiffness and surroundings around the pipe. In 

general, the condition is often taken between them [6]. 

Eq.(9) and Eq.(10) show that: (1) if N=0, the natural frequency found from Eq.(9) and Eq.(10) 

under the condition of both ends hinged are similar; (2) if 0N  (axial tension), the natural 

frequency increases with tension increases;(3) if 0N  (pressure), the natural frequency decreases 

with pressure increases; if 2 2
N EI l , for  

 21
cos 4

2
D D sf C DU f t                                                             

The natural frequency is near to zero. 
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Control Condition and Allowable Span Length 

When the fluid is close to the front of the pipeline, the pressure of fluid will be increases because of 

the resistance. The increased pressure distributes around the boundary layer of the pipeline surface 

along the downstream on both sides, and separates near the point, which has the largest width of the 

pipeline cross section. The point speeds from positive to negative or zero velocity point is called as 

the separation point. After the separation point, the backflow will occur along the pipeline surface. 

The boundary layer is out of the pipeline surface on the separation point and become the free shear 

layer, which extends along the downstream. Between the both sides of the shear layer is the wake 

zone. Within the shear layer, the velocity of the lateral part, which is close to the free flow area, is 

greater than the internal one, so the fluid will rotate and disperse into many vortexes. Vortexes 

occur periodically and alternately on the left and right sides of the pipeline and lead to the vibration 

of the pipeline. When the frequency of vortexes breaking is close to the natural frequency of the 

pipeline, they will change together. So energy is input into the pipeline by the wake resonant with 

the large amplitude vibration. In this case, it is easy for the pipeline to be destroyed. So in 

engineering, the allowable free span length of the submarine pipelines should be calculated. 

Submarine pipelines hanging over length should be repaired [7]. 

One of the criteria to avoid VIV is that the vortex shedding frequency less than 0.7 times of 

natural frequency. The vortex shedding frequency, fs, 
s t

f S U D . The other criterion is the reduced 

velocity,  
r n

V U f D . According to Document [8] , when 4.5 10
r

V  , the pipe is easy to occur lock 

phenomenon, this paper takes 4.5 of the control condition to avoid cross-flow VIV of free spanning 

pipeline. Equations of allowable span length are given by 
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The Strouhal number, St, is a non-dimensional number which relates the vortex shedding 

frequency, the diameter of the cylindrical pipe, and the velocity of the flow. For submarine pipeline, 

St is taken as 0.2 to calculate. The mass of pipe per unit length M is given by 

   2 2 2 2 2 2

4
o i s c o i f c w
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                                (13) 

Calculation and Analysis on an Example 

The model of the submarine is monolayer steel pipeline with weight coating of concrete. The 

weight coating of concrete only considers quality and ignores the influence of the stiffness. The 

pipe is buried in the seabed with a period of free span in the middle scored by current. The model is 

in Figure.3. The Parameters of the pipe is in Table 1. 
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Figure.3 Model of submarine pipeline 
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Table 1. Parameters of the pipe 

Parameters Value Implication 

Do/m 0.5588 Steel pipe diameter 

Di/m 0.527 Steel pipe ID 

Dc/m 0.68 Concrete layer OD 

tc/mm 60 Concrete thickness 
-3

kg m
c

   3040 Concrete layer density 

-3
kg ms   7850 Density of steel pipe 

-3
kg mf   908.2 Oil density 

-3
kg mw   1025 Seawater density 

E/Pa 11

2.07E10  Young modulus 

 

From the formula above, the factors that affect natural frequency and allowable span length 

include boundary conditions, axial force, mass of pipe per unit length, etc. Among them, the 

influence of mass of pipe per unit length is complicated on natural frequency and allowable span 

length. 

Effect of Boundary Conditions on Natural Frequency 

Figure.4 shows the relationship between natural frequencies and span lengths under different 

boundary conditions.  

In the figure, with the increase in pipeline span length, the natural frequency of the pipeline 

gradually reduces under three kinds of boundary conditions. And in the same span length, the 

natural frequency is minimal with the condition of both ends hinged. In this condition, the pipe is 

easy to lead to vortex-induced resonance. 
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Figure.4 The relationship between pipe natural frequencies and span lengths under different 

boundary conditions 

Effect of the Tube Medium on Natural Frequency 

The submarine pipeline is used to transport oil and gas, the situation is different whether is being 

fluid or not. Figure.5 shows the relationship between pipe natural frequencies and span lengths 

under different liquid. In the Figure.5, in the same span length, the natural frequency of pipe with 

fluid is lower than that with no fluid. Therefore, the pipeline using and the server is easy to bring up 

vortex-induced resonance. Meanwhile, with the increase of span length, the natural frequency 

decreases. Figure. 5(a) is in the condition of both ends hinged .and Figure. 5(b) is in the condition 

of both ends fixed. 
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Figure.5 The relationship between pipe natural frequencies and span lengths under different liquid 

Effect of Flow Velocity on Span Length 

Figure.6 shows the effect of the flow speed on pipe span length under different boundary conditions.  
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Figure.6 effect of the flow speed on pipe span length under different boundary conditions 

In the figure, with the increase of current velocity, the allowable span length decreases. For the 

same flow velocity, the allowable span length is not the same under different support conditions. 

Effect of the Axial Force on Span Length 

Supposing the flow speeds 1.2U  m/s under the condition of both ends hinged. The internal flow 

velocity and pressure are not considered. Changing axial force and the corresponding allowable 

span length is obtained in Figure.7. In the figure, tensile stress can increase the allowable span 

length of pipe, with the increase of tensile stress, the allowable span length increases as well; 

Compressive stress will make allowable span length of pipe decrease, with the increase of 

compressive stress, the allowable span length will be reduced accordingly. Therefore, there should 

reduce the occurrence of compressive stress as far as possible during the laying and use of pipe. 
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Figure.7 Effect of the axial force on span length 

Effect of Pipe Size on Span Length 

Fig.8 shows the effect of pipe size on span length, the span length increases with the pipe diameter 

increases. As different specifications of pipe diameter, its weight, the added mass and the quality of 

the medium is not the same. And that will influent the buoyancy of pipe, lift force, the vortex 
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shedding frequency, etc. So the influent of the pipe size on the natural frequency and allowable span 

length is complicated. 
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Figure.8 Effect of the pipe size on span length 

There are a lot of factors that affect the natural frequency and allowable span length. In addition 

to the above, there are other factors. Such as the internal flow velocity, temperature, pressure, damp, 

etc. Studies have shown that the axial force to the allowable span length is larger than the influence 

of other factors [9]. 

Determination of Allowable Span Length 

The results of two calculation methods Eq. (11) and Eq. (12) to the allowable span length are 

similar. The two methods for allowable span length under the condition of both ends hinged are 

presented in Figure.9. For the same flow rate 1.2U  m/s, as well as the parameters agreed in two 

formulas, results of span length are similar, as showed in Table 2. 
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Figure.9 the two methods for allowable span length 

Table 2. Calculation of allowable span length 

Control parameter 0.7
s n

f f
 maxr r

V V
 Boundary conditions 

Allowable span length /m 

36.4 41.3 Both ends hinged 

54.8 62.1 Both ends fixed 

45.5 51.4 Between the tows 

 

According to the analysis before, the pipeline dimensions, boundary conditions and the outside 

wave and current conditions all have an influence on the maximum spanning length. Thus, there 

will not be a specific date and it depends on specific circumstances. Theoretically, the allowable 

spanning length is the min result among the results from different kinds of methods. But in fact, the 

allowable spanning length should be obtained by comparing all the results to get a reasonable data. 

And special considerations should be taken under specific circumstances. If the spanning appears in 
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the very deep seabed, that velocity of flow is almost zero; using static strength method is enough. If 

it requires high level of security, using the min of movement method to assess is needed. 

Conclusions 

The free spanning pipeline was simplified to the Euler-Bernoulli beam. Vibration control equations 

were deduced and solving the natural frequency under different boundary conditions. The vortex 

shedding frequency and reduced velocity was used as control parameters to derive the allowable 

span length of submarine pipelines. Therefore, the influence of flow velocity, axial force, and pipe 

dimensions on the natural frequency and allowable span length was discussed. Through the 

example analysis can draw the following conclusions: 

(1) The flow velocity, axial force, boundary conditions and as well as pipe dimensions have an 

effect on the natural frequency of pipelines. The first order natural frequency corresponded to the 

main vibration among the natural frequencies derived from the theory is the smallest. The factors or 

trends of them make the natural frequency decrease, and then free spanning pipelines get easy to 

occur vortex induced resonance under this condition. Conversely, that can avoid the vortex-induced 

resonance. 

(2) The influence of the axial force on allowable span length of pipelines should not be neglected 

during laying and servicing of submarine pipelines. Tensile stress can increase the allowable span 

length of pipe, with the increase of tensile stress, the allowable span length increases as well; 

Compressive stress will make allowable span length of pipe decrease, with the increase of 

compressive stress, the allowable span length will be reduced accordingly. Therefore, there should 

reduce the occurrence of compressive stress as far as possible during the laying and use of pipe. 

(3) In engineering applications, the calculation of sea pipeline free span length shall be calculated 

according to the actual situation and then choose a calculation formula for the suspended span 

length. 
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