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Abstract. In this paper, the torsional vibration suppression is investigated for a gear system
installed with a damping ring. The dynamic model of the gear-damping ring system is established,
where the friction between the gear and the ring is described by the Stribeck model. The harmonic
balance method is employed to work out the approximate analytical solution of the system.
Meanwhile, a practical example is given to compare the analytical results with those from
numerical simulation and to illustrate that the proposed analytical approach is valid. The amplitudefrequency characteristic of the system is then analysed and the resonant peak is found to be reduced
with the increase of the friction.
Introduction
As is known in the field of mechanical transmission, the gear transmission system is widely used in
power and motion transmission device in rotating machinery field due to the advantage of highpower range, high transmission efficiency, and long service life [1]. Since the noise in the gear
transmission system is significant and vibration is a major source of the noise, it is very crucial to
investigate the vibration of gear transmission systems [2].
The vibration of a gear transmission system includes torsional vibration, bending vibration and
axial vibration. Because of the transmission error which arises from tooth profile error, periodic
variation of the gear meshing stiffness, deformation of tooth during engagement as well as
manufacturing errors, etc., the gear teeth are excited at the meshing point, causing the torsional
vibration and consequently leading to the bending vibration and axial vibration as well [3-4],
especially in spiral bevel gear [5]. There are some approaches to suppress vibration in mechanical
transmission, such as vibration isolation, application of dynamic vibration absorber and vibration
damping technology, etc., among which the damping ring technology is effectively applied to
improve the vibration performance of gear transmission system.
In the aspect of research on gear transmission system, in 1981, Krezer [6] introduced a tool for
analysing tooth contact and motion transmission errors of spiral bevel and hypoid gear sets in the
loaded state. In their work, load, surface mismatches, tooth deformation and tooth bending were
considered to calculate the position of contact spot on the tooth surface and the transmission error
based on standard tooth contact analysis programs (TCA) and blank dimensions. According to the
results of calculation in [6], the vibration performance of gear was obtained empirically. Kahraman
and Singh [7] proposed a spur gear pair model with backlash and transmission error and solved the
non-linear dynamic equations by harmonic balance method.
In the aspect of research on damping ring, Okamura and Suzuki [8] clarified the damping
mechanism and the dynamic behaviour of the sound damping rings. In their work, the
characteristics of damping rings and the effects resulting from transmission error on the vibration of
gear were investigated by experiments. Wang et al. [3] established an axial vibration equations of a
gear-damping ring system and proposed an approximate analytical solution with the harmonic
balance method, and then discussed the amplitude-frequency characteristic based on the analytical
solution. Firrone and Zucca [9] presented a method for the design of ring dampers for gears, which
relied on the nonlinear calculation of the forced response of the frictionally damped gear in the
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frequency domain by means of the harmonic balance method. Later, Firrone and Zucca presented a
passive approach based on the application of a ring damper to reduce the vibration level in [10], and
a numerical method which coupled the static and dynamic equilibrium equations of the assembly
were presented to be applied to a dummy bevel gear and to a ring damper having a flat punch
contact area.
Most of researches on damping ring are mainly studied based on the empirical formula and a
large amount of experiments, which may lead to large research cost and long production cycle.
Thus, theoretical analysis of gear-damping ring system is particularly necessary. In this paper, a
dynamic model for torsional vibration of a gear-damping ring system is established, where the
friction between the gear and the ring is described by the Stribeck model. The harmonic balance
method is employed to work out the approximate analytical solution of the system. Meanwhile,
assuming that there is a certain damping material installed between the gear and the damping ring,
which contributes to vibration suppression of the system, a practical example is given to compare
the analytical results with those from numerical simulation and to illustrate that the proposed
analytical approach is valid. After that, the amplitude-frequency characteristics of the system under
different friction conditions are analysed. In addition, the influences of frictional parameters on the
dynamic characteristic are discussed as well.
Mathematical Model
A simplified gear transmission system is shown in Figure 1. In order to investigate the influence of
damping ring on the torsional vibration suppression of gear, a simplified mathematical dynamic
model is set up to analyse the gear torsional vibration system with the application of damping ring.
In this simplified model, it is assumed that the transmission shafts in this system are rigid, meaning
that the bending and axial vibration is insignificant. Furthermore, since both the transmission error
and time-varying mesh stiffness can be represented by Fourier series having dominant components
with frequencies at integer multiples of the tooth passing frequency which is equal to the number of
gear teeth times the shaft rotating speed [4], the external excitation subjected to the driven gear at
meshing point is regarded as a periodical excitation in the form of P0 sin  t .
Driving Gear

Motor

Meshing Point

Driven Gear

Figure 1. A simplified gear transmission system.
Dynamic Equations
To represent the torsional vibration of the gear-damping ring system, the two-degree-freedom
model is set up, as shown in Figure 2.
Compared to the damping ring, all of the damping forces caused by the gear structure are
insignificant and thus ignored in this paper. Furthermore, the damping ring and the gear structure
comprising gear and bearing are all considered as concentrated masses. m1, J1, k1, r1 denote the
equivalent mass, inertial moment, torsional stiffness and the radius of the gear, respectively.
m2 , J 2 , r2 denote the equivalent, inertial moment, torsional stiffness and the radius of the damping
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ring, respectively. Damping coefficient of the damping ring and the sliding friction between the
gear and the damping ring are denoted by c2 and f respectively. 1，2 represent the angular
displacement of the gear and the damping ring respectively. The gear is subjected to an external
excitation P0 sin  t .
Gear

1

Damping ring

2

P0 sin  t

O

r2
r1
Figure 2. The gear-damping ring system model.
The Stribeck model instead of the classical Coulomb friction model is considered to establish the
dynamic equations in this paper. This is because under steady conditions, the friction decreases with
the increasing of relative velocity in the low relative velocity regime. This drooping characteristic
of the friction force in the low relative velocity regime is known as the ‘Stribeck effect’ after the
scientist Richard Stribeck for his work on this typical friction characteristics [11]. Therefore, in
order to establish the accurate dynamic equations possibly, the ‘Stribeck effect’ need to be
considered. Li and Pavelescu [12] presented an exponential function model which obviously
described this nonlinear relationship between the dry friction coefficient and the relative velocity of
the two contact blocks, which has been used by many researchers for different kinds of
investigations. This function model is given by [12]:

f  F sgn(vr )  D1vr  D2vr3.

(1)

According to the D ’Alembert principle, the dynamic equations of the system can be expressed as:

J11  k2 (1   2 )  c2 r22 (1   2 )  sgn(1   2 ) Fr2







 D1 1   2 r22  D2 1   2



3

(2)

r24  k11  P0 r1 sin  t.









3

J 22  k2 (1  2 )  c2 r22 (1  2 )  sgn(1  2 ) Fr2  D1 1  2 r22  D2 1  2 r24  0.

(3)

where F is the sliding friction between damping ring and gear, and is nearly equal to the
maximum static friction.
Analytical Solution of Torsional Vibration
According to the results in the Paper [3], the Coulomb friction model can be represented by a
Fourier series. Consequently, the harmonic balance method can be employed to solve the dynamic
equations analytically.
Firstly, let   x1  x2 , then   x1  x2 ,   x1  x2 can be obtained. The   notation represents


 

the derivative with respect to time. By substituting  ,  and  into Eq. (1) and (2), the dynamic
equations can be rewritten as:

J11  k11  k2  c2 r22  sgn( ) Fr2  D1 r22  D2 3r24  P0 r1 sin  t.

(4)

J 21  J 2  k2  c2 r22  sgn( ) Fr2  D1 r22  D2 3r24  0.

(5)
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For a forced vibration system, the dynamic responses include transient and stationary parts. In
order to investigate the influence of the damping ring on the gear, stationary responses are picked
out. Herein, only fundamental harmonic terms are considered [3], and it is assumed that the initial
formulation has the following forms

1  A1 sin( t  1 )   A2 sin( t  2 ).

(6)

Thus   A2 cos(t  2 )，
and the fundamental harmonic term of F sgn(vr ) in Eq. (1) can be
expressed in the following form

f  sgn( A2 cos  ) F 

4



cos( t  2 ) F .

(7)

Then, Eqs. (4) and (5) can be simplified to the form:


4 Fr2 

2
2
(k1  J1 ) A1 sin( t  1 )  (c2  D1 )r2 A2    cos( t   2 )




1
4
3 3
 k2 A2 sin( t   2 )  4 D2 r2 A2  3cos( t   2 )  cos 3( t   2 )   P0 r1 sin  t ,

 J  2 A sin( t   )  (c  D )r 2 A   4 Fr2  cos( t   )
1
1
1 2 2
2
 2
 2
 

(k  J  2 ) A sin( t   )  1 D r 4 A 3 3 3cos( t   )  cos 3( t   )   0.
2
2
2
2 2 2
2
2
 2
4

(8)

Neglecting the terms containing sin 3 t and cos3 t in Eq. (8), we have [3]
 (k1  J1 2 ) A1 cos 1  k2 A2 cos  2  BA2 sin  2  sin  t


2
  (k1  J1 ) A1 sin 1  k2 A2 sin  2  BA2 cos  2  cos t  P0 r1 sin  t ,
 


2
2
   J 2 A1 cos 1  (k2  J 2 ) A2 cos  2  BA2 sin  2  sin  t

2
2
  J 2 A1 sin 1  (k2  J 2 ) A2 sin  2  BA2 cos  2  cos  t  0.

(8)

4 Fr2 3
 D r 4 A2 3.
 A2 4 2 2 2
Let a  A1 sin 1，b  A1 cos 1，c  A2 sin 2，d  A2 cos 2 . Comparing both sides of Eq. (9) using
the harmonic balance method yields
where B  (c2  D1 )r22 

(k1  J 1 2 )b  k2d  Bc  P0 r1 ,

2
( k1  J 1 )a  k2c  Bd  0,

2
2
( k2  J 2 )d  J 2 b  Bc  0,
(k  J  2 )c  J  2a  Bd  0.
 2
2
2

(9)

Eq. (10) are linear equations of a，b，c，d . By simplifying Eq. (10), a，b can be expressed as
a

J 2 2c
P0r1  J 2 2d
,
b

.
k1  J1 2  J 2 2
k1  J 1 2  J 2 2

(10)

By substituting Eq. (11) into Eq. (10), the following linear equations are obtained:

M d  Nc   J 2 2 P0r1, Mc  Nd  0

(11)
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 M  (k1   2 J1 )(k2   2 J 2 )   2 J 2k2 ,

where 
2
2

 N  B(k1  J 1  J 2 ).
The expressions of c，d can be obtained by solving Eq. (12). Then, by substituting the
expressions of c, d, the solutions of Eq. (11) can also be obtained. Therefore, the solution of the Eq.
(10) is

J 22 4 BP0 r1
( M 2  J 22 4 M  N 2 ) BP0r1
a

,
b

,

M2  N2
N (M 2  N 2 )


2
2
c   J 2 P0 r1 N , d   J 2 P0r1M .
M2  N2
M2  N2


(12)

Because the expression of B contains A2，Eq. (13) is implicit. Hence, it is necessary to obtain a
further solution.
Let D  k1  J1 2  J 2 2 . Then

( M  J 22 4 )2  N 2 P0 r1
2
2
，
 A1  a  b 
M2  N2
D


J 2 2 P0 r1

2
2
A

c

d

.
 2
M2  N2


(13)




J 22 4 N
a


arctan

arctan
,
 1
 2
 
2 4
2 
M

J

M

N

b
2



  arctan  c   N .
 
 2
d  M

(14)

and

Together with the expression of N, Eq. (14) can be further derived by squaring the both sides, so
that
2



4 Fr2 3
M A2  (c2  D1 ) A2 r22 
 D2 r24 A2 2 3  D 2 A22  J 22 4 P02 r12 .
 A2 4


2

2

(15)

After further simplification, an algebraic equation of sixth degree is obtained:
9 2 8 2 6 6 3
6F
D2 r2 D  A2  D2 r26 D 2 (c2  D1 ) 4 A2 4 
D2 r25 D 2 3 A23  J 2 2 4 P0 2 r12
16
2

3 2
8F (c2  D1 )r2 D 
16 F 2 r22 D 2
  M 2  (c2  D1 )2 r24 D 2 2  A2 2 
A2 
 0.

2

(16)

Obviously, there are six roots in Eq. (17). Taking into account the actual physical characteristic,
the root should be positive and real. Then, the vibration amplitude A1 of the gear and the phases
1 , 2 can be determined by computing A2 . Finally, the response of the gear-damping ring system
can be determined.
Numerical Simulation and Results
The Stribeck friction model [15] is given as
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  (v )   sgn(v )   v   v 3 ,
r
s
r
1 r
3 r

1  (3 / 2)( s  m ) / vm ,

3
 3  (1 / 2)( s  m ) / vm .

(17)

where  s is the coefficient of static friction, vm is the relative linear velocity between the gear
and the damping ring which is a coefficient corresponding to the minimum coefficient m of kinetic
friction.



 0, s 

0.4

 m , m 
0.8  r

0.8
0.4

Figure 3. Coefficient of Friction as given by Eq. (18).
There is a relationship between the coefficients as m  s , and 1 ,  2  0 [13]. Herein, the
simulation parameters are set as s  0.4, m  0.25, vm  0.5m/s according to an experimental
prototype. The diagram of  is shown in Figure 3.
Denote N as the pressure between gear and damping ring, and the friction can be calculated by
Eqs. (1), (18) and the expression:

D1  1FN , D2   3FN , F  s FN

(18)

The pressure FN is set as 2.5N in this simulation study, then F  1N, D1  1.125, D2  1.5 can
be obtained from Eq. (19). The parameters of the system are given as shown in Table 1.
Table 1. The parameters of the gear-damping ring system.
Item

Description

Radius of the gear r1

0.5m

Torsional stiffness of the gear k1

10000N  m/rad

Inertial moment of the gear J1

1kg  m2

Radius of the damping ring r2

0.2m

Torsional stiffness of the damping ring k 2

1000N  m/rad

Inertial moment of the damping ring J 2

0.1kg  m2

Damping coefficient of the damping ring c2 50N  s / m
Maximum external excitation P0

30N

The frequency of external excitation 

85.85rad/s

With the parameters given in Table 1, it is calculated that the first two natural frequency of the
linearized system are 1  85.85rad/s and 2  116.30rad/s, respectively.
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By substituting the parameters into Eqs. (14) and (15) we have A1  0.014073rad and
1  1.113768rad. The stationary response curve of analytical solution under the excitation is
shown in Figure 4. The analytical stationary response can be expressed as

1  0.014073sin(85.85t  1.113768)

(19)

Figure 4. The stationary response curve of analytical solution.
For comparative analysis, the stationary response curve of numerical solution when FN  2.5N is
given in Figure 5, where the amplitude A2 is 0.014065rad. It is also observed that the stationary
response curves of both solutions are basically consistent, revealing that the approximate analytical
solution is valid.

Figure 5. The stationary response curve of numerical solution.
For further verification, the comparison of both solutions of this system when the pressure FN is
2.5N, 5N, 7.5N, 10N are shown in Table 2, respectively. It is obvious that the relative errors
between both solutions are quite small. Thus, the approximate analytical solution is as accurate as
numerical solution.
Table 2. Comparison of both solutions of this system under different pressures.
Pressure FN (N)

2.5

Analytical solution 0.014073
numerical solution 0.014065
Error (%)
-0.057

5

7.5

10

0.013791
0.013782
-0.065

0.013510
0.013490
-0.148

0.013228
0.013201
-0.206

According to Eqs. (14) and (19), the amplitude-frequency characteristic curves of the system are
plotted in Figure 6 for the pressure FN  0N, 10N, 20N, respectively. The resonant amplitude and
frequency values are listed in the Table 3.
It can be observed from Fig. 6 that the resonant peak reduces with the increase of the pressure
FN , which means that the increase of friction is indeed helpful to vibration suppression and noise
reduction. The friction between the gear and the ring depends on the friction coefficient and the
pressure FN , while FN varies with the compression of the damping ring. To sum up, for better
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suppression of vibration, the material and compression of the damping ring are necessary to be
considered in the design.

Figure 6. The amplitude-frequency characteristic curve
Table 3. The resonant amplitude-frequency values.
Pressure FN (N)
0
10
20

1st resonant
frequency(Hz)
85.85
86.10
86.45

1st resonant
amplitude(rad)
0.014356
0.013260
0.012269

2nd resonant
frequency(Hz)
116.30
115.20
112.40

2nd resonant
amplitude(rad)
0.005558
0.004927
0.004460

As noticed in Table 3, due to the nonlinear characteristics of the system, the resonant frequencies
are different from the linear system. As seen, the 1st resonant frequencies are gently lower than the
natural frequency of the corresponding linear system and rise with the increase of the pressure c1.
Conversely, the 2nd resonant frequencies are little higher and decrease with the increase of the
pressure FN.
For investigation of relationship among the amplitude A1, damping coefficient of the damping
ring c2, frequency of external excitation  , Eqs. (14) and (17) are used with the pressure FN  20N
in this simulation. As shown in Figure 7, the relationship among the three parameters is presented.
The 2nd resonant is ignored because A1 is insignificant in this case. It is also observed that the 1st
resonant A1 decreases before c2 reaches a certain value (around 87N  s/m ) and increases later,
meaning that there is an optimal value of c2 for vibration suppression of this system. Furthermore, it
is noted that the 1st resonant frequency goes up with the increase of c2. This is because the varying
damping coefficient of the damping ring c2 affects the characteristic of this system due to the
nonlinear friction f.
Similarly, for investigation of the relationship among A1, FN and , the damping coefficient c2 is
set to be 90Ns/m which is near the optimal value of c2. As shown in Figure 8, in addition to
insignificant resonant frequency shift, the slight change of the 1st resonant A1 with the increase of
FN reveals that c2 has a dominant effect on the 1st resonant A1 instead of FN in this case. Meanwhile,
it is observed that the increase of FN leads to a similar trend of the 1st resonant A1 as c2 does,
revealing that there is also an optimal value of FN for vibration suppression of this system.
Furthermore, compared to this case, when c2  50N  s/m, FN has a dominant effect on the resonant
peaks. Thus, only when c2 is designed to be small, by adjusting FN may lead to a better vibration
suppression of the resonant peak.
The reason why FN and c2 have a similar effect on the 1st resonant A1 is that both parameters are
related to the relative motion between damping ring and gear. If FN and c2 are too small, even
though the relative motion is significant, the vibration energy reduces slowly. And if FN and c2 are
too large, the suppression of vibration energy is also insignificant due to the slight relative motion.
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Figure 7. The surface plot of the relationship among A1, c2 and .

Figure 8. The surface plot of the relationship among A1, FN and .
As shown in Figure 8, in addition to insignificant resonant frequency shift, the slight change of
the 1st resonant A1 with the increase of FN reveals that c2 has a dominant effect on the 1st resonant
A1 instead of FN in this case. Meanwhile, it is observed that the increase of FN leads to a similar
trend of the 1st resonant A1 as c2 does, revealing that there is also an optimal value of FN for
vibration suppression of this system. Furthermore, compared to this case, when c2  50N  s/m, FN
has a dominant effect on the resonant peaks. Thus, only when c2 is designed to be small, by
adjusting FN may lead to a better vibration suppression of the resonant peak.
The reason why FN and c2 have a similar effect on the 1st resonant A1 is that both parameters are
related to the relative motion between damping ring and gear. If FN and c2 are too small, even
though the relative motion is significant, the vibration energy reduces slowly. And if FN and c2 are
too large, the suppression of vibration energy is also insignificant due to the slight relative motion.
Conclusion
The suppression of torsion vibration of a gear system has been studied by installing a damping ring
in the gear. The harmonic balance method was employed to work out the approximate analytical
solution of the system and the comparison of the analytical results and the numerical results were
performed. The amplitude-frequency curve of the system under different friction conditions were
analysed. The following conclusions can be obtained:
(1) By comparing the analytical results with numerical results, the analytical approach has been
shown to be valid.
(2) The resonant peak reduces significantly with the increase of the pressure FN, especially when
damping coefficient c2 is small.
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(3) The damping coefficient c2 and the pressure FN of the system have a similar effect on A1,
especially at the 1st resonant peak. However, when c2 is large enough, the effect on A1 is dominated
by c2 while FN only has a slight effect.
(4) Due to the influence of the nonlinear friction, the varying of both the pressure FN and the
damping coefficient c2 may lead to resonant frequency shift, and the influence of c2 on resonant
frequency shift is more significant than that of FN.
The results of this paper can be used as the theoretical basis for the design of gears applied in
aero-engine and the guidance for further research.
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