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Abstract. The wedge-raceway contact mechanical model, considering centrifugal force of wedge 

and the eccentricity of the inner ring and the outer ring of the one-way clutch, is established based 

on Hertz contact theory. The normal contact stiffness of the sprag one-way clutch is calculated by 

Newton iterative method.The influence of the structure parameters including the eccentricity of the 

inner ring and the outer ring, labeled as e, the number of the sprags, labeled as Z, the difference of 

the radius between the inner race of the outer ring and the outer race of the inner ring, labeled as J, 

and the working condition of the clutch including the working torque labeled as T and the working 

speed labeled as n, to the contact stiffness of the clutch has been analyzed. The results show that the 

smaller e, the smaller J, the much more number of Z and the higher torque T will result the bigger 

stiffness, and the influence of the working speed labeled as n can be negligible. 

Introduction 

The gear-sprag clutch system is one of the most important systems, and the sprag clutch’s proper 

performance got a direct effect on the main and accessory drive chain of helicopter, 

the transmission between starter and motor of fixed-wing aircraft. The vertical, transverse and 

torsional vibration of gear-sprag clutch system is strongly related to its natural frequency, including 

stiffness, damping, and components' inertial masses 1-2]. The analytical calculation of clutch’s 

stiffness is in order to determine the root cause of increased stiffness, finally decreasing the 

vibration of the gear-sprag clutch system. 

In the present paper, there is a special attention to the effect of clutch’s stiffness on the vibration 

of mechanic systems, such as belt-pulley system, gear-clutch system and so on. Zhu et al. [3] used a 

two-degree of freedom model to examine the effect of the clutch stiffness on the non-linear 

dynamics of a two-pulley belt system with a one-way clutch. Hu et al. [4] studied the effects of the 

clutch’s stiffness on the nonlinear steady-state response of a belt-drive system with a one-way 

clutch, and had a conclusion that one-way clutch not only decreases the resonance amplitude of the 

driven pulley and shaft's rotational vibration, but also reduces the resonance region of the belt's 

transverse vibration. Hu et al. [5] also presented the stable steady-state periodic response of a two-

pulley belt drive system coupled with one-way clutch under double excitation for the first time. 

Cheon [6] verified the effect of the clutch’s stiffness on the nonlinear behavior of a paired spur gear 

system with a one-way clutch for the first time.  

As far as I know there is only little literature available on the theoretical calculation and 

experimental test of clutch’s stiffness. The overrunning clutch stiffness analysis is essentially based 

on the static analysis of Hertz contact deformation theory [7-10], irrespective of the influence of 

centrifugal force of cylindrical rollers or wedges, manufacturing error, and only torsional stiffness is 

analyzed. Sprag clutch generally works under the condition of high speed and heavy load, and there 

exists installation error and other inevitable manufacturing errors. Therefore, it is necessary to make 
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an in-depth analysis of the influence on the stiffness of clutch from structural parameters, working 

conditions and manufacturing errors. 

The wedge-raceway contact mechanical model, considering the eccentricity of the inner ring and 

the outer ring of the one-way clutch, is established based on Hertz contact theory. Using Newton 

iterative method the contact stiffness of the sprag one-way clutch is calculated. He normal contact 

stiffness is calculated by Newton iterative method. The influence of the structure parameters 

including the eccentricity of the inner ring and the outer ring, labeled as e, the number of the sprags, 

labeled as Z, the difference of the radius between the inner race of the outer ring and the outer race 

of the inner ring, labeled as J, and the working condition of the clutch including the working torque 

labeled as T and the working speed labeled as n, on the contact stiffness of the clutch has been 

analyzed.  

Basic Assuptions 

When calculating the stiffness of the clutch, the following assumptions are made: 

1) The incline of the inner ring, wedge, and outer ring is ignored. The inner ring, wedge, and the 

outer ring move within mutually parallel planes; 

2) Only considering the deformation of the inner ring and outer ring contact surface, the wedge is 

considered as a rigid body; 

3) The relationship between the elastic contact force and contact deformation of the wedge block, 

the inner ring and the outer ring contact surface meets the Hertz contact theory;  

4) Compared to the Hertz contact force, the force between the wedge and the spring, the wedge 

block and the retainer can be negligible; 

5) The wedge is uniformly distributed along the circumferential direction of the outer ring. 

Stiffness Calculation Model 

The Geometric Model of Sprag One-Way Considering the Eccentricity of the Inner Ring 

and the Outer Ring. 

There inevitably exist eccentricity between inner ring and outer ring, as shown in Fig. 1, when sprag 

one-way clutch is assembled. The inner strut angle α(ij),which is the angle between the normal 

through the contact point on outer race of inner ring and the line, connecting the two contact points 

between the sprag and the outer ring and the inner ring, the outer strut angle α(oj),which is the angle 

between the normal through the contact point on inner race of the outer ring and the line, connecting 

the two contact points between the sprag and the outer ring and the inner ring, and the loads which 

are applied on each sprags are different. The solid line in Fig.1 stands for the connection diagram 

between the sprags and the inner ring and the undeformed outer ring, and the dashed line stands for 

that between the sprags and the inner ring and the deformed outer ring. The point Pj is the jth 

contact point between the outer cam of sprag and the deformed inner race of outer ring, and the 

point Qj is the jth contact point between the inner cam and the deformed outer race of the inner ring. 

It is assumed that the sprag located in vertical axis are defined the first one (j=1). The outer cam of 

logarithmic type sprag is circular arc surface and the inner cam profile is logarithmic curve. The 

center of the circular arc and the pole of the logarithmic curve are designed as the same point. When 

sprags are being wedged between the inner ring and the outer ring, the inner race of the outer ring 

and the outer race of the inner ring will be deformed, and the sprags will do relatively planar motion 

relative to the initial position, rotating around its center of gravity. The normal through the point Pj, 

must be through the pole of the logarithmic curve, the initial contact point and the circle of the outer 

ring O, and the normal through the point Qj must be through the circle of the inner ring O''. When 

the sprags are rotating, leading to the deformation of the outer ring and the inner ring, the pole will 

be offset upward the deformation of outer ring δoj along the direction of the normal through the 

point Pj. δoj, δij stand for the deformation of outer ring and inner ring respectively, which the jth 
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sprag contact with. The subscript i, o, j represent the inner ring, the outer ring and the jth sprag 

separately. 

 

 
1. Solid line stands for overrunning state. 2. Dash line stands for engaged state. 

Figure 1. The geometric model and load deformation diagram of the sprag one-way clutch. 

The Calculation of Normal Angle of Sprag One-Way Clutch  

Referring to Fig. 1, it is assumed that the sprags are evenly spaced apart along the inner ring 

circumferential direction when the sprag one-way clutch is assembled. 
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Φoj iscalledouter azimuth angle, which is between the line through outer ring central point O and 

the Jth sprag contact point Pj with deformed outer ring and the normal direction of Y axis. It can be 

obtained by the method of sine theorem in triangle OO''Oj''. 
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Where e is the eccentricity of the inner ring and outer ring. The deformation δoj is the outer ring 

deformation, which is contacted with the jth sprag. In the equation, OR(i) is the radius of inner race 

of outer ring, and ro is the radius of outer cam of sprag.  Eq. 3 can be obtained by reference 2. 
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Where Fnj(o) is the is the normal contact force between the jth sprag and the inner race of outer 

ring. 

As the line QjA is perpendicular to the pole Oj'', and the line QjB is perpendicular to the line O''Qj. 

The curve of the sprag inner cam is Logarithmic curve.It can be obtained by the sine theorem in 

triangle ΔO''Oj''Qj, according to characteristics of the logarithmic curve[11]. 
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   (5) 

Where IR(o) is the radius of outer race of inner ring, and Fnj(i) is the normal contact force 

between the jth sprag and the outer race of the inner ring. It is similarly that the deformation δij is 

the inner ring deformation, which is contacted with the jth sprag. Eq. 6 can be similarly obtained by 

reference 3. 
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Where m is parameter of logarithmic curve and E is the modulus of elasticity. It can be obtained 

by the property of supplementary angle in triangle OO''Oj''. 
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Similarly, Φij iscalledinner azimuth angle, which is between the line through inner ring central 

point O'' and the Jth sprag contact point Qj with deformed inner ring and the normal direction of Y 

axis.  

The Calculation of Normal Contact Force of Sprag One-Way Clutch 

Fig. 2 shows the force analysis of sprag. The outer strut angle α(oj)is the angle between the normal 

through the contact point on inner race of the outer ring and the line, connecting the two contact 

points between the jth sprag and the outer ring and the inner ring, and the inner strut angle α(ij) is 

the angle between the normal through the contact point on outer race of the inner ring and the line, 

connecting the two contact points between the jth sprag and the outer ring and the inner ring. Fwj is 

the centrifugal force of sprag in high-speed movement. T is the external torque applied on the inner 

ring.  

 

 

Figure 2. The force analysis of sprag. 

It can be obtained by the sine theorem in triangle PjOj''Qj, referring to Fig. 1. 
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On referring to Fig. 1, the straight line O''Qj is perpendicular to the straight line QjB, and the 

straight line QjOj'' is perpendicular to the straight line QjA. The curve of the sprag inner cam is 

Logarithmic curve. Eq. 1 can be obtained by referring to literature [11]. 
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The outer strut angle of the jth sprag can be calculated by the angle relationship of triangle. 
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As shown in Fig. 2, the following formula can be obtained according to the force balance. 
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Where ms is the mass of the sprag, Rwj is the distance between the sprag center and the outer ring 

center, and nw is the rotation speed of sprag one-way clutch. 

The Calculation Model of Normal Contact Stiffness with Eccentricity E between the Inner 

Ring and Outer Ring  

Fig. 3 shows that the radial component in the Y axis of the contact stiffness koj between the jth 

sprag and the inner race of outer ring and the contact stiffness kij between the jth sprag and the outer 

race of inner ring is respectively. 

Eq. 15 and Eq. 16 can be obtained by using operations of partial derivatives on the normal 

contact deformation δoj and δij in Eq. 3 and Eq. 6 respectively [12-14]. 
 

 
1. Solid line stands for overrunning state. 2. Dash line stands for engaged state. 

Figure 3. The contact stiffness between the wedge and the inner ring and outer ring. 

        

 3
1

)(

3

1

)(

2

)()(
2

44.2
onj

oi

oi

oj

onj

oj
F

rORE

rOR

d

dF
K















 



                                            

 (15) 

       

 3
1

)(

3

1

2

)(

2

2

)()(

1

12
44.2

inj

jo

jo

ij

inj

ij
F

mIRE

mIR

d

dF
K



























                                         

(16) 

Fig. 3 shows that the radial component in the Y axis of the contact stiffness koj between the jth 

sprag and the inner race of outer ring and the contact stiffness kij between the jth sprag and the outer 

race of inner ring is respectively. 
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As mentioned above, Φij is the angle between normal through the contact point Qj, which is 

between the jth sprag and the inner ring, and the Y axis. Φoj is the angle between the normal 

through the contact point Pj, which is between the jth sprag and the outer ring, and the Y axis. Both 

of those two angles are called azimuth Angle. The total radial component in the Y axis direction of 
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the contact stiffness kij and the contact stiffness koj can be obtained with the principle of the spring 

in series. 
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The total radial component in the Y axis direction of all sprags contact stiffness can be obtained 

by the principle of the spring in parallel. 
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The total radial component in the X axis direction of all sprags contact stiffness can be obtained 

in the same method. 
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It is obviously that the calculation of the total radial stiffness is statically indeterminate problem. 

Without considering the bending deformation of the inner ring and outer ring, the following formula 

can be increased with the condition of deformation coordination at Φoj and Φij. 
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As shown in Fig.1, δo1 is the normal deformation between the sprag in Y axis and the inner race 

of the outer ring, δi1 is the normal deformation between the sprag in Y axis and the outer race of 

inner ring, and Φi1 is the angle between the normal through the contact point on the outer race of 

inner ring and Y axis. 

Calculation and Result Analysis 

The main parameters of sprag clutch are shown in Table 1. The calculation results are shown in 

Fig.4 to Fig.9, using the Newton iteration method for solving the above equations. 

Table 1. The key parameters of sprag one-way clutch for J=9.5mm. 

Parameter Data 

Inner race of outer ring, OR（i）/mm 45.5995 

Outer race of inner ring, IR（o）/mm 36.106 

Outer cam radius of sprag, ro/mm 4.9233 

Mass of sprag, ms/g 9.427 

Eccentricity of inner and outer ring centers, e/mm 0.01 

Transfer torque, T/N.m 1326.25 

Elastic modulus, E/Gpa 206 

Number of sprags, Z 33 

Logarithmic curve parameter,m 0.1036 

Revolution,r/min 7200 
 

Figure 4 shows the influence of eccentricity between inner ring and outer ring of sprag one-way 

clutch on its normal contact stiffness. It is shown that the normal contact stiffness in Y axis 
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direction is greater than that in X axis direction. With the increase of eccentricity, the normal 

contact stiffness in two axis decreases monotonously. When the eccentricity is increased from 

0.01mm to 0.1 mm, the normal contact stiffness in X axis direction will be decreased by 0.45%, and 

the normal contact stiffness in Y axis direction will be decreased by 0.71%. 
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Figure 4. The change rule of radial contact stiffness under different eccentricity e. 

Figure 5 shows the influence of the number of the sprags on the normal contact stiffness of sprag 

one-way clutch. With the number of sprags, the normal contact stiffness in X axis and Y axis 

direction increase monotonously. When the number of sprags is increased from 31 to 35, the normal 

contact stiffness in X axis direction is increased by 2.31%, and the normal contact stiffness in Y 

axis direction is increased by 3.2%. 
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Figure 5. The change rule of radial contact stiffness under different number of sprags Z.  

For sprag clutch, there are four kinds of specification J, which is defined as the radius difference 

between the inner race of the outer ring and the outer race of the inner ring, as shown in Figure 6. 

With the increase of specification J, the normal contact stiffness in X and Y axis direction decrease 

monotonously. The difference of the normal contact stiffness in X axis direction between the 

maximum value and the minimum value is 2.76%, and the difference in Y axis direction between 

the maximum value and the minimum value is 6.21%. 
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Figure 6. The change rule of radial contact stiffness under different specification of sprag one-way 

clutch J.  

The normal loads applied on each sprag between the inner race of outer ring and the outer race of 

inner ring will no longer be equal each other, when the center lines of inner ring and outer ring are 

misalignment. It is shown in Figure 7 that the distribution of the normal load applied on each sprag 

is changed with the azimuth Angle. It can be concluded that every sprag are applied on normal 
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contact load, where the load applied on the sprag locating in the top and bottom of Y axis direction 

is the maximum value and the load applied on the sprag locating in X axis direction is the minimum 

value. 
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Figure 7. The change rule of dynamic contact force under different azimuth of sprag.  

Figure 8 shows the influence of external torque T on the normal contact stiffness of sprag clutch. 

With increase of the external torque T, the normal contact stiffness in X and Y axis direction 

increase non-linearly. When the external torque T is increased from 100 N.m to 1326.26 N.m, the 

normal contact stiffness in X axis direction will increase 1.44 times, and the normal contact 

stiffness in Y axis direction will increase 1.45 times. 

 

0 200 400 600 800 1000 1200 1400
0.4

0.6

0.8

1

1.2

1.4

1.6

1.8
x 10

9

Torque：T/(N.m)

C
o
n
ta

c
t 
s
ti
ff
n
e
s
s
：

K
/(

N
.m

- 1
)

 

 

Kx

Ky

 

Figure 8. The change rule of radial contact stiffness under different torque T.  

Figure 9 shows the influence of working speed of sprag one-way clutch on its normal contact 

stiffness. As it is shown that when the speed is increased from 1000r/min to 7200 r/min, the normal 

contact stiffness in X axis and Y axis remains the same value. It means that the effect of sprag 

centrifugal force can be ignored, when the contact stiffness of the clutch is calculated. 
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Figure 9. The change rule of radial contact stiffness under different revolution nw.  

Conclusions 

 The smaller eccentricity e, the more sprag number of Z and the smaller radius difference J of 

between inner race and outer race will result larger stiffness. 

(2) The working torque has the biggest influence on the contact stiffness of clutch. The greater 

the torque T is, the greater the normal contact stiffness in X and Y axial direction is. The rotational 

speed has very small influence on the normal contact stiffness. 

(3) When there exists eccentricity e between the centers lines of the inner ring and outer ring, the 

normal load applied on each sprag is not equal. The normal contact load applied on the sprags 
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located at the top and bottom of the Y axis direction is the maximum value, the two sprags located 

in X axis direction. 
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