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Abstract-Modulation Instability, also called B-F Instability, is 

widely recognized as the key reason of nonlinear Freak Wave 

generation. However, the majority of current researches 

concentrated only on the Most Unstable Condition (MUC for 

short). In this paper, systematic study covering various 

occurrence conditions of Modulation Instability has been 

investigated to discuss the wave train evolution characteristics 

corresponding to different initial sideband conditions. The 

results show that under non-MUC, though sidebands grow 

more slowly and generation of Freak Wave takes longer time, 

the maximum wave amplitudes tend to increase linearly as the 

initial ratio of relative spectrum width to wave steepness 

decreasing. It indicates that compared with the MUC, wave 

trains corresponding to narrower initial spectrum could 

produce stronger Freak Waves, also the evolution and 

characteristic parameters of which demonstrate stronger 

nonlinearity under non-MUC. 
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I. INTRODUCTION 

In recent two decades, the existing of Freak Wave as a 
sudden ocean wave disaster has been acknowledged by the 
public and aroused wide attention of many researchers. 

Among various studies, the generation mechanism of 
Freak Wave attracts most concerns. It has gained large 
number of achievements in Modulation Instability which is 
generally accepted as the key reason of Freak wave 
generation. However, the majority of current researches 
concentrated on wave train evolution and characteristic 
parameters only under the Most Unstable Condition (MUC 
for short). 

As a typical nonlinear mechanism, Modulation Instability, 
also called Benjamin-Feir Instability or Sideband Instability, 
is a self-focusing phenomenon imposing disturbances to 
sideband which is unstable during the evolution of uniform 
wave train with finite amplitude. After a certain time scale, 
energy of carrier wave drops down while energy of sideband 
exponentially raises, that is, energy transfers from carrier 
wave to sideband. According to the results of Benjamin and 
Feir, Modulation Instability only works when equation (1) is 
satisfied. 

 
1 02 2r   (1) 

Where 1 0/r k k   , 0 0k k k k k       and k  

is the wave number.  
From previous research, the Freak Wave will appear at 

modulation peaks along the water wave evolution process. 
And it is well known that the water wave evolution process 
will reach the modulation peak within shortest time duration 

if the initial condition satisfies the MUC. For a given 0 , 

there should be a corresponding 1r  (equation (2)) which can 

induce the fastest sidebands growth with the wave train 
reaching to the maximum strength. 
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Where  is the phase difference between carrier 
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wave and sidebands. 
Numerical modulation of Freak Wave generated by 

Modulation Instability has been carried out under different 
conditions, including MUC as well as non-MUC. The 
results show that the maximum wave amplitudes tend to 
increase linearly as the initial ratio of relative spectrum 
width to wave steepness decreasing, though sidebands grow 
more slowly and generation of Freak Wave takes longer 
time under the non-MUC. Due to the research for Freak 
Wave focusing more on its maximum wave amplitude, we 
need to study Freak Wave not only under the MUC, but also 
pay attention to the evolution and the characteristics of 
Freak Wave under the non-MUC. 

II. HIGH ORDER SPECTRA(HOS) 

The high-order spectral method (HOS) developed by 
Dommermuth & Yue(1987)is applied for direct phase-
resolved simulation of nonlinear random wave fields 
evolution. HOS resolves the phase of a large number (N) of 
wave modes and accounts for their nonlinear interactions up 
to an arbitrary high order (M) ncluding broadband non-
resonant and resonant interactions up to any specified order. 
Meanwhile viscous dissipation and wave breaking 
dissipation are modeled in domain. Due to its high efficiency 
and accuracy, HOS is an effective approach for long-time 
and large-space simulation of nonlinear wave-field 
evolutions. At present, the method has been widely applied 
in nonlinear water wave hydrodynamics and a variety of 
applied researches have been carried out. 

III. FREAK WAVE EVOLUTION GENERATED BY 

MODULATION INSTABILITY 

A. Initial Conditions Of Weakly Modulated Wave Train 

For the narrow band modulated wave train, the initial 
conditions we used are as following. 
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where ( ,0)x  and ( ,0)s x  are respectively the free-

surface elevation and potential of a right-going Stokes wave 

of steepness 0  and wave number 0k . Here, 0 0 0k a   and  

0a
 
is the surface elevation of carrier wave. 0k k k    

and  are wave numbers and phases of sideband 

respectively. Those parameters are chosen as the most 
unstable conditions in the initial period. The initial wave 
relative amplitude spectrum and wave surface for 0.05 are 
shown in Fig. 1. For all the cases, the calculation domain is 
100. The parameters for HOS are M=4, N=4096, T/dt=64, 
here dt is the time step for simulation. 
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Figure 1.  Wave amplitude evolutions of different initial sideband loading 

location 

B. Evolution of the First Modulated Maximum Freak 

Wave 

Modulation instability, can also be called Benjamin and 
Feir instability, has been observed and studied in numerous 
physical fields including water waves, plasma waves, laser 
beams, and electromagnetic transmission lines. Benjamin 
and Feir found that the unstable sideband components would 
grow exponentially with a time rate which depends on the 
dimensionless frequency difference between the carrier wave 
and unstable sideband and the initial wave steepness. 

According to results of Benjamin and Feir, Modulation 

Instability works only when 
1 02 2r  . For a given 0 , 

there should be a corresponding 1r  which can induce the 

fastest sidebands growth, and this can be called the most 
unstable condition (MUC), which is the emphasis of many 

current studies. Taking 
0 0.05   the case for example, the 

results are shown in Fig. 1, which is the evolution process of 
wave surface with different initial sideband conditions within 
modulation instability range. It is obvious that the wave train 

with 00 2/  kk is the fastest that reaches the 

modulation peak, while the maximum wave amplitudes tend 
to increase linearly as the initial ratio of relative spectrum 
width to wave steepness decreasing, namely, 

0 0/ 1.6k k   , 
0 0/ 1.2k k    , 

0 0/ 0.8k k   and 

0 0/ 0.4k k   . The maximum wave amplitude is four 

times to the initial value though it takes longer time for 
evolution. 

As shown in Fig. 2, the evolution process of wave 
surface with different initial sideband conditions are put 
together to compare. It is clear to see that the modulation 
instability only works when the initial sideband condition 
satisfying a certain range. Also, the freak wave under the 
MUC turns out not the largest one, while the maximum wave 
amplitudes caused by modulation instability tend to grow 
larger as the initial ratio of relative spectrum width to wave 
steepness decreasing. Relationship between maximum wave 
amplitude and initial sideband loading location parameter 
xxx is given in equation (4), which the correlation coefficient 
is up to 0.98. 
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Figure 2.  Maximum wave amplitudes of initial wave steepness with 

different initial 

In order to analyze the evolution of the first modulated 
freak wave, our study concentrates mainly on frequency 
spectrum, spatial wave field and the variation of the main 

sidebands. Taking for example, 10k   is the most 
unstable sideband in the case. As the initial sideband 

reaching closer to the carrier wave, namely, 10k   

6k  , 2k  , the frequency spectrum, spatial wave 
field and the variation of the main sidebands are shown in 
Fig. 3. The simulation results indicate that, as the initial 
sideband reaching closer to the carrier wave, the interactions 
between the two could intimate more waves participating 
into the energy exchange, the state of which is unable to 
recover. Also, it takes longer time to reach to the first 
modulation state, while the corresponding freak wave height 
is larger and the asymmetry of waveform is more obvious. 
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Figure 3.  Frequency spectrum, spatial wave surface and evolutions of carrier wave and main sidebands at the first modulation time of different initial 

sideband loading location (a) (b) (c) 
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C. Spectral Parameters 

In order to further explore the influence of the initial 
sideband loading location to the wave field evolution, 
simulations under different conditions are carried out to 

analyze the spectral width and gN . In this paper, equation 

(5) is adopted to calculate the spectral width, which is 
relatively simple. 

0

00 )(
P

m

S 
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 PB /1  (5) 

Where 
0m  is 0-order spectral moment, 

0  is spectral 

peak frequency. P is the spectral steepness describing the 
wind wave development, which represents narrower energy 
distribution with larger value. B=1/P, B is the spectral width. 
As shown in Fig. 4, the spectral width of different initial 
sideband conditions that satisfying the modulation instability 
condition are compared. It is clear to see that the spectral 
width with different initial wave steepness tends to grow 
larger as the sideband loading location closer to the carrier 
wave, which means its corresponding energy distribution is 
broader. In the modulation instability working range, there is 
a good exponential relationship between the wave spectral 
width B and the initial sideband loading location parameter 

0 0/ /k k  . 

gN is the ratio of wave numbers that 5% greater than the 

initial wave amplitude to the whole wave number in the 
frequency domain. The definition is given in equation(6). 
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Where in  is the wave of the 
thi  frequency, N is the 

number of frequencies in the calculation range and ia  is the 

wave amplitude of the 
thi  frequency. From the case of 

0 0.05,0.06,0.07,0.08,0.09   in Fig. 5, it is obvious 

that gN  increases as the initial sideband loading location 

closer to the carrier wave, which means there are more 
waves of different frequencies imitated out in the wave field 
at the first modulation moment. 

 
Figure 4.  Spectral width of initial wave steepness with different initial 

sideband loading location 
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Figure 5.  
gN

 
of initial wave steepness with different initial sideband 

loading location 

D. Characteristics of Modulated Freak Wave 

The characteristics of freak wave generated by 
modulation instability are studied in this paper by analyzing 
its waveform parameters, local wave steepness and freak 
degree. Waveform parameters include horizontal symmetry 
and vertical symmetry. The definition of horizontal 
symmetry is the ratio of wave crest to wave height, 

namely /c H . Vertical symmetry is the ratio of wave 

trough duration to wave crest duration, namely ct TT / . The 

results of horizontal symmetry and vertical symmetry of the 

case from 0 0.05   to 0 0.09   are given in Fig. 6. 
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Figure 6.  Horizontal symmetry and vertical symmetry of initial wave 

steepness with different initial sideband loading location  

From Fig. 7, it is clear to see that there are significant 
differences in the freak wave characteristics due to the initial 
sideband loading location. As the initial sideband located 
closer to the carrier wave, for horizontal symmetry, wave 
crest proportion increases with steeper wave crest and 
smoother wave trough. For vertical symmetry, there is larger 
difference in the duration of wave crest and wave trough 
with shorter wave crest duration and longer wave trough 
duration. 

Local wave steepness and freak degree represent the 
nonlinear degree of freak wave. The results of local wave 

steepness and freak degree of the case from 0 0.05   to 

0 0.09 
 
are given in Fig. 7. 

 

 

Figure 7.  Local wave steepness and freak degree of initial wave steepness 

with different initial sideband loading location 

The variation of local wave steepness and freak degree 
are relatively similar as the initial sideband loading location 
changes. As the initial sideband located closer to the carrier 
wave, local wave steepness of different initial wave 
steepness tends to grow and the trend is more significant 
with larger initial wave steepness. For freak degree, its 
variation is inconspicuous with small initial wave steepness, 
while increases with the sideband loading location closer to 
the carrier wave as the initial wave steepness is larger. 

The waveform characteristics, local wave steepness and 
freak degree represent the nonlinear degree of freak wave. In 
all, as the initial sideband located closer to the carrier wave, 
the nonlinear degree of freak wave tends to increase, which 
is more significant when the initial wave steepness is larger. 

IV. CONCLUSION 

In this paper, simulations of Stokes wave train evolution 
corresponding to different initial sideband loading location 
satisfying modulation instability are carried out to analyze 
the evolution and characteristic variation. As the initial 
sideband reaching closer to the carrier wave, the interactions 
between the two intimate more waves participating into the 
energy exchange, the state of which is unable to recover. 
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Also, it takes longer time to reach to the first modulation 
state, while the corresponding freak wave height is larger and 
the asymmetry of waveform is more obvious. Besides, 
comparing to the most unstable condition, under non-MUC, 
freak wave generated by modulation instability tends to 
show stronger nonlinearity, which is more obvious with 
larger initial wave steepness. 
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