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Abstract—In this paper, we investigate function projective 
synchronization for general complex networks with proportional 
delays. With the existence of proportional delays, we design an 
effective error feedback control to attain function projective 
synchronization of networks. Numerical example is provided to 
show the effectiveness of our result. 

Keywords-complex networks; function projective 
synchronization; proportional delays; error feedback control 

I. INTRODUCTION 

Complex dynamical networks(CDNs) [1-4] are ubiquitous 
in the real world, such as the Internet, world wide web, 
ecological networks, social networks, transportation networks, 
communication networks, neural networks, power grid 
networks, and so on. In recent decades, considerable attention 
has been paid to study the synchronization of CDNs because 
of their potential applications in areas such as secure 
communication, image processing, and harmonic oscillation 
generation [5-7]. Many synchronous types and relative results 
are advanced, such as complete synchronization [8], lag 
synchronization [9], generalized synchronization [10], phase 
synchronization [11], anti-synchronization [12], projective 
synchronization [13]. 

Function projective synchronization(FPS) has been 
proposed and extensively investigated [14-24] in the latest. 
FPS means that the drive and response systems could be 
synchronized up to a scaling function [14,15]. Because the 
unpredictability of  the scaling function in FPS can 
additionally enhance the security of communication [16,17], 
FPS has attracted the interest of many researchers in various 
fields. On the basis of an active control scheme, a general 
method of FPS was investigated in [18]. FPS of a general class 
of complex networks with time delay was investigated by 
adaptive control scheme [19]. The work in [20] gives FPS of 
complex networks with time-varying delay via mixed 
feedback control. Ref.[21] investigate FPS in complex 
networks with switching topology and stochastic effects. 
Ref.[22] investigate FPS in complex networks with or without 
external disturbances via error feedback control. Ref.[23] 
investigate FPS in complex networks with asymmetric 
coupling via adaptive and pinning feedback control. Ref.[24] 
investigate FPS between integer-order and stochastic 
fractional-order nonlinear systems. In [25], a hybrid feedback 
control method was proposed for achieving FPS in CDNs with 
distributed delays. 

So far, most studied models of FPS are CDNs with 
constant delays [19,22,23], time-varying and bounded delays 
[20,24], distributed delays [25],etc. However, the proportional 
delay is one of many delay types and objectively existent. 
Unlike constant delay or bounded time delay, the proportional 
delay [26,27] is time-varying and unbounded, less 
conservative, and more widely applied. For example, in Web 
quality of service(QoS) routing decision, the proportional 
delay is usually required [28,29]. 

From the above discussion motivation, we creatively take 
the element of the proportional delays into the model of CDNs 
to realize the FPS. A simple general scheme of FPS in CDNs 
is investigated in this paper, which contains only error 
feedback terms. Compared with the previous proposed control 
method is a simpler and more easily implemented control 
technique for FPS. Considering that external disturbances and 
unmodeled dynamics are always unavoidably in the practical 
evolutionary processes of synchronization, FPS in CDNs with 
proportional delays and disturbances will be investigated by 
the proposed scheme. Finally, a example is given to illustrate 
the effectiveness of our result. 

The rest of this paper is organized as follows. In Section 2, 
we shall make some preparations by giving some definitions 
and a basic lemma. In Section 3, by the way of equivalent 
system, we discuss the synchronization of the complex 
networks by the pinning control method. Finally, the example 
is performed to illustrate our result. 

II. PRELIMINARIES 

Consider a generally controlled complex dynamical 
network consisting of N identical linearly coupled nodes with 
proportional delays by the following equations: 

1

( ) ( ( )) ( ) ( )
N

i i ij j i
j

x t f x t g x qt u t


      (1) 

where 1 21,2, , , 1, ( , , , )T n
i i i ini N t x x x x R      

denotes the state vector of the ith node, : n nf R R is a 
continuously differentiable vector function determining the 

dynamic behavior of the nodes, ( ) n
iu t R  is the control 
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input. ( ) N N
ijG g R    is the coupling configuration 

matrix representing the topological structure of the network, 

where 0ijg   if there is a connection between node i and 

node j; otherwise 0ij jig g  , and the diagonal elements of 

matrix G  are defined by 

1,

, 1, 2, , ,
N

ii ij
j j i

g g i N
 

    

q is proportional delay coefficient and satisfy 0 1q  . 

Furthermore, the complex network described in (1) possess 
initial conditions of 

0 0( ) , [ ,1], ( 1, 2, , )i i ix t x t q x i N     are constants. 

Definition 1. (FPS)The network (1) with proportional delays 
is said to achieve function projective synchronization if there 
exists a continuously differentiable scaling function ( )t  
such that 

lim ( ) ( ) ( ) 0, 1, 2, , ,it
x t t x t i N


    

where  stands for the Euclidean vector norm and ( ) nx t R  

can be an equilibrium point, or a periodic orbit, or an orbit of a 
chaotic attractor, which satisfies ( ) ( ( ))x t f x t . 

In this paper, our goal is to design some simple controllers 

( 1, 2, , ),iu i N  so that CDNs can reach FPS. Because the 

noise of communication between connected nodes during 
signal transmission is unavoidable in a real world, such as 
neurotransmitters and packet loss. In addition, there are 
unmodeled dynamics and inherent disturbances in many 
practical systems. So in order to reflect more realistic 
dynamical behaviors, we will further consider CDNs with 
unmodeled dynamics as well as external disturbances as 
follows:  

1

( ) ( ( )) ( ) ( ) ( )
N

i i ij j i i
j

x t f x t g x qt d t u t


     

where 1 21,2, , , 1, ( , , , )T n
i i i ini N t x x x x R    

  
denotes the state vector of the ith node, : n nf R R  is a 
continuously differentiable vector function determining the 

dynamic behavior of the nodes, ( ) n
iu t R is the control 

input and ( ) n
id t R is the mismatched terms, which could 

exist in many perturbation, noise disturbance. 

( ) N N
ijG g R   is the coupling configuration matrix 

representing the topological structure of the network, and the 
diagonal elements of matrix G are defined by .(2).Eq  

Assumption 1. The derivative of scaling function ( )t is 
bounded, that is  

*( )t a                                           (5)

for all t R , where *a R  is the upper limit of the ( )t . 

Assumption 2. The norm of the mismatched terms 

( 1, 2, , )id i N   are bounded, that is 

*( )i id t d       (6)

where *
id R  is the upper limit of the norm of ( )id t 

In this paper, we denote 1 2 3, ,M M M  are the upper limit 

of the norm of ( ( )) ,f z t ( ) ( ( )) ,t f y t ( ) ( )t y t , 

respectively. ,nQ G I   represent the kroncecker 

product, ( ( ( )), ( ( )), , ( ( ))) ,
N

J diag H z t H z t H z t 

( ( )) ( ( )) / ( )H z t f z t z t    is the Jacobian matrix of  

( ( ))f z t with respect to ( ),z t where 

( ) ( ) ( ).z t t y t max ( )M  denotes the maximum eignvalue 

for symmetric matrix .M  

Lemma 1 ([30]). For any vector , nx y R and positive 

definite matrix ,n nC R   the following matrix inequality 
holds: 

12 T T Tx y x Cx y C y  

III. FPS IN COMPLEX NETWORKS WITH PROPORTIONAL 

DELAYS 

In this section, we propose a error feedback control method 
for realizing function projective synchronization in complex 
dynamical networks with proportional delays. 

Let ( ) ( ),t
i iy t x e  then a couple of networks (1)  

and (4) is equivalently transformed into the following couple 
of complex networks with constant delay and time varying 
coefficients 

1

( ) ( ( )) ( ) ( )
N

t
i i ij j i

j

y t e f y t g y t U t


 
    

 
 
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1

( ) ( ( )) ( ) ( ) ( )
N

t
i i ij j i i

j

y t e f y t g y t D t U t


 
     

 
 

where 1,2, , ,i N  0, ln 0, ( ) ( ),t
i it q D t d e    

( ) ( ),t
i iU t u e and ( ) ( ) ([ ,0], ),i iy t x s C      in 

which 0( ) ,i ix s x [ ,0].s    

　 
Definition 2. The network (9)  is said to achieve function 
projective synchronization if there exists a continuously 
differentiable scaling function ( )t  such that 

lim ( ) ( ) ( ) 0, 1, 2, , .it
y t t y t i N


    

where  stands for the Euclidean vector norm and ( ) ny t R  

can be an equilibrium point, or a periodic orbit, or an orbit of a 

chaotic attractor, which satisfies ( ) ( ( )).ty t e f y t  

Theorem 1. Suppose Assumptions 1 and 2 hold. For a given 
synchronization scaling function ( ),t  if there exist positive 

constants 1 2 3, ,i i ik k k  which satisfy 

1 * 2 3
1 2 3 max

1
, , ( ) ,

2 2

T

i i i i

QQ
k M M d k M k J       CDNs 

with disturbance (9) can renlize function projective 
synchronization via the control law: 

1 2 3( ) ( )sgn( ( )) ( )t
i i i i i iU t k k e e t k e t    

where 1, 2, , ,i N   sgn( )  denotes the sign function. 
Proof. Define  

( ) ( ) ( ) ( ), 1, 2, , .i ie t y t t y t i N           (12) 

where ( )t  is a continuously differentiable function. It 

follows from  .(9)Eq and .(2)Eq  that 

1

( ) ( ( )) ( ) ( ) ( )

( ) ( ) ( ) ( ( ))

N
t

i i ij j i i
j

t

e t e f y t g e t D t U t

t y t t e f y t



 


 
     

 
 









where 1, 2, , .i N  The vector function ( ( ))if y t  is 

linearized as follows in the neighborhood of the goal value via 
Taylor expansions 

( ( ))
( ( )) ( ( )) ( ( ) ( )) (14)

( )i i

f z t
f y t f z t y t z t

z t


   


 

where 1,2, , ,i N  ( ) ( ) ( ).z t t y t Keeping the first-

order terms in .(14)Eq  and substituting in .(13),Eq  we 
have 




1

( ) ( ( )) ( ( )) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ( )) (15)

N
t

i i ij j
j

t
i i

e t e f z t H z t e t g e t

D t U t t y t t e f y t



 


   

   



 

where 1,2, , .i N  Construct Lyapunov function      

1 1

1 1
( ) ( ) ( ) ( ) ( ) (16)

2 2

N Ntt T T
i i i it

i i

V t e e t e t e v e v dv





 

   

The time derivative of ( )V t  along the trajectories of  

.(15)Eq  is  
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1 1

1 1

1 1 1

1 2

1
( ) ( ) ( ) ( ) ( )

2

1 1
( ) ( ) ( ) ( )

2 2

1 1
( ) ( ) ( ) ( ) ( ) ( )

2 2

( ) ( ( )) ( ) ( )sgn( ( ))

N N
t T t T

i i i i
i i

N N
T T

i i i i
i i

N N N
t T T T

i i i i i i
i i i

T t
i i i i i

V t e e t e t e e t e t

e t e t e t e t

e e t e t e t e t e t e t

e t f z t D t k k e e t

 

 

 

 

 



  



  

   

    

    

 

 

  

 




1

3

1

1 1 1

1 1

1 2

1

( ) ( ) ( ) ( ( )) ( ) ( )

( ) ( ( )) ( ) ( ) ( )

1 1
( ) ( ) ( ) ( )

2 2

( ) ( ( )) ( ) ( )

( ) ( ) (

N

i

N
t T

i i i
i

N N N
T T

i i i ij j
i i j

N N
T T

i i i i
i i

N
T t

i i i i
i

t

e t y t t f y t k e t e t

e t H z t e t e t g e t

e t e t e t e t

e t f z t D t k k e

e t y t

 



 

 







  

 







  

  

   

    

 





 

 





 3

1

1 1 1

1 1

) ( ( )) ( ) ( )

( ) ( ( )) ( ) ( ) ( )

1 1
( ) ( ) ( ) ( )

2 2

N
T

i i i
i

N N N
T T

i i i ij j
i i j

N N
T T

i i i i
i i

t f y t k e t e t

e t H z t e t e t g e t

e t e t e t e t



 



  

 

 

  

   



 

 

(17) 

Because chaos systems and the scaling function are 
bounded, ( ), ( )y t t and ( )z t are bounded. Furthermore, f is 
a continuously vector function, there exist the positive 

constants 1M and 2M satisfying 1( ( ))f z t M  and 

2( ) ( ( )) .t f y t M  Because Assumption 1 holds, there 

exists a positive constant 3M satisfying 3( ) ( ) .t y t M   

Because Assumption 2 holds, there exists a positive constant 
*
id satisfying *( ) ( 1, 2, , ).i iD t d i N     

* 1 2
1 2 3

1

3

1 1 1

1 1 1

( ) ( ) ( ) ( )

1
( ) ( ) ( ) ( ( )) ( ) ( ) ( )

2

1
( ) ( ) ( ) ( )

2

N
T t

i i i i
i

N N N
T T T

i i i i i i i
i i i

N N N
T T

i ij j i i
i j i

V t e t M M d k M k e

k e t e t e t H z t e t e t e t

e t g e t e t e t  





  

  

       

  

    



  

 



 

 (18) 

Taking 1 *
1 2i ik M M d   and 2

3 , 1, 2, , ,ik M i N    we 

obtain  

3

1 1

1 1 1

1

( ) ( ) ( ( )) ( ) ( ) ( )

1
( ) ( ) ( ) ( )

2

1
( ) ( ) (19)

2

N N
T T

i i i i
i i

N N N
T T

i i i ij i
i i j

N
T

i i
i

V t e t H z t e t k e t e t

e t e t e t g e t

e t e t

 

 

 

  



 

   

  

 

 





  
Where  

3 3 3 3
1 2min( , , , ).Nk k k k   

Let 1 2( ) ( ( ), ( ), , ( )) .T T T T nN
Ne t e t e t e t R   Then by 

Lemma 1, we have 

3

3

3

3
max

( ) ( ) ( ) ( ) ( ) ( ) ( )

1 1
( ) ( ) ( ) ( ) ( ) ( )

2 2
1 1

( ) ( ) ( ) ( ) ( ) ( )
2 2

1
( )( ) ( ) ( ) ( ) ( ) ( )

2 2

1
( ) ( ) ( )

2 2

T T T

T T T

T T T T

T
T T T

T
T

V t e t Je t k e t e t e t Qe t

e t e t e t e t e t Je t

k e t e t e t QQ e t e t e t

QQ
e t J e t k e t e t e t e t

QQ
J k e t e t



 



   

    

  

   

 
    
 



 

(20) 

Taking 3
max[ / 2] 1/ 2,Tk J QQ    we obtain 

( ) 0V t                                       (21) 

According to the Lyapunov stability theory, the error (15)  is 
asymptotically stable. This completes the proof. 

Corollary 1. Suppose Assumptions 1 hold. For a given 
synchronization scaling function ( ),t  if there exist positive 

constants 1 2 3, ,i i ik k k  which satisfy 

1 2 3
1 2 3 max

1
, , ( ) ,

2 2

T

i i i

QQ
k M M k M k J       

CDNs without 

disturbance (8) can renlize function projective 
synchronization via the control law: 

1 2 3( ) ( )sgn( ( )) ( )t
i i i i i iU t k k e e t k e t         (22) 

where 1, 2, , ,i N   sgn( )  denotes the sign function. 
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By Theorem 1, it is easy to see that a similar proof holds 

for ( ) 0( 1, 2, , ).iD t i N    Thus, the proof is omitted 

here. 

An adaptive scheme is established in order to select the 

appropriate gains 1 2,i ik k  and 3
ik  to realize FPS in CDNs with 

or without disturbances in the following. 

Theorem 2. Suppose Assumptions 1 and 2 hold. For a given 
synchronization scaling function ( ),t CDNs with disturbance 

(9) can renlize function projective synchronization via the 
control law: 

1 2 3( ) ( ( ) ( ) )sgn( ( )) ( ) ( )t
i i i i i iU t k t k t e e t k t e t    

 1 1( ) ( )sgn( ( ))T
i i i ik t l e t e t 

2 2( ) ( )sgn( ( ))t T
i i i ik t l e e t e t

               (25) 

3 3( ) ( ) ( )T
i i i ik t l e t e t                             (26) 

where 1, 2, , ,i N  sgn( ) denotes the sign 

function. 1 20, 0i il l   and  3 0il   are arbitrary positive 

constants. 

Proof. Construct Lyapunov function 

1 1

1 1 2 2 2 2
1 2

1 1

3 3 2
3

1

1 1
( ) ( ) ( ) ( ) ( )

2 2

1 1 1 1
( ( ) ) ( ( ) )

2 2

1 1
( ( ) ) (27)

2

N Ntt T T
i i i it

i i

N N

i i i i
i ii i

N

i i
i i

V t e e t e t e v e v dv

k t k k t k
l l

k t k
l






 

 



 

   

 

 

 





The time derivative of ( )V t along the trajectories of 

.(15)Eq is 

1 1

1 1

1 1 1 2 2 2
1 2

1 1

3 3 3
3

1

1
( ) ( ) ( ) ( ) ( )

2

1 1
( ) ( ) ( ) ( )

2 2

1 1
( ( ) ) ( ) ( ( ) ) ( )

1
( ( ) ) ( )

( ) ( ( ( )) ( ) (

N N
t T t T

i i i i
i i

N N
T T

i i i i
i i

N N

i i i i i i
i ii i

N

i i i
i i

T
i

V t e e t e t e e t e t

e t e t e t e t
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(28) 

Because chaos systems and the scaling function are 
bounded, ( ), ( )y t t and ( )z t are bounded. Furthermore, f is 
a continuously vector function, there exist the positive 

constants 1M and 2M satisfying 1( ( ))f z t M  and 

2( ) ( ( )) .t f y t M  Because Assumption 1 holds, there 

exists a positive constant 3M satisfying 3( ) ( ) .t y t M   

Because Assumption 2 holds, there exists a positive constant 
*
id  satisfying  *( ) ( 1, 2, , ).i iD t d i N  
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1 2 3

1

3

1 1 1 1

1 1
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  

 



 

(29) 

Taking 1 *
1 2i ik M M d   and 2

3 , 1, 2, , ,ik M i N    we 

obtain  
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(30) 

where 3 3 3 3
1 2min( , , , ).Nk k k k   

Let 1 2( ) ( ( ), ( ), , ( )) .T T T T nN
Ne t e t e t e t R   Then by 

Lemma 1, we have 
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3
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

 

(31) 

taking 3
max[ / 2] 3 / 2,Tk J QQ    we obtain 

( ) ( ) ( )TV t e t e t                             (32) 

According to the Lyapunov stability theory, the error (15)  
is asymptotically stable. This completes the proof.         
Corollary 2. Suppose Assumptions 1 hold. For a given 
synchronization scaling function ( ),t CDNs without 

disturbance (8) can renlize function projective synchronization 

via the control law (23) (26).  

By Theorem 2, it is easy to see that a similar proof holds 

for ( ) 0( 1, 2, , ).iD t i N    Thus, the proof is omitted 

here. 

IV. EXAMPLE 

In this subscetion, we will take chaotic Chen system as 
nodes of CDNs to verify the effectiveness of the proposed 
scheme in Theorem 2. 

Consider the following single Chen system: 

1 2 1

2 1 3 1 2

3 1 2 3

( )

( )

x d x x

x x x f d x fx

x x x ex

 
     
  





                    (33) 

where 35, 3, 28.d e f    The coupling configuration 

matrix ( )ijG g  is chosen to be 

1 0 1

0 1 1

1 1 2

G

 
   
   . 

Complex networks with disturbances and propornal delays 
can be described as follows: 

1 2 1 1

2 1 3 1 2 2

3 1 2 3 3

3

1

( ) 35( ( ) ( )) ( )

( ) ( ) ( ) 7 ( ) 28 ( ) ( )

( ) ( ) ( ) 3 ( ) ( )

( ) ( ), 1, 2,3.
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     
              
          

  



  

(34) 

where the controllers ( )iu t  satisfied: ( ) ( ), ( )t
i i iU t u e U t  

can be designed by using Theorem 2 as follow:  

1 1
1 2 3

2 2

3 3
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where 1,2,3.i   We take the initial states 

as  1(0) 4 5 6 ,
T

x   2 (0) 3 2 8 ,
T

x    3(0) 1 3 7 ,
T

x 

 (0) 6 5 8 .
T

x  We 

take 1 10,il  2 30,il  3 500( 1,2,3),il i 
1
1 (0) 3,k  1

2 (0) 2,k 
1
3 (0) 1,k  2

1 (0) 5,k  2
2 (0) 7,k  2

3 (0) 6,k  3
1 (0) 18,k 

3
2 (0) 17,k  3

3 (0) 16,k  0.8,q  and ( ) 4 cos( / 6),t t    

we take the disturbance 
vectors    11 12 13( ) ( ) ( ) sin( ) cos( ) sin( ) ,

T Ttd t d t d t e t t t 

   21 22 23( ) ( ) ( ) cos( ) sin( ) cos( ) ,
T Ttd t d t d t e t t t 

   31 32 33( ) ( ) ( ) sin( ) sin( ) cos( ) ,
T Ttd t d t d t e t t t 

 
According to Theorem 2 we have ( ) 0e t  with .t   
The result show that function projective synchronization takes 
place with the desired scaling function in complex 
networks (34).  
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