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Abstract. The formal definition of the concept of continuity, due to its dynamic essence, is perfectly 
suited to visual representation by software tools. This paper presents the classical teaching approach 
supported by GeoGebra, for teaching and learning very specific and subtle criteria which distinguish 
concept uniform continuity of functions compared to the concept of continuity. Without this software 
tool, in the graphic terms, it would not be possible that students make the distinction between 
sophisticated class uniformly continuous and non-uniformly continuous functions. Also, the 
contribution of this paper is presentation some specifics examples to better understanding the concept 
of continuity vs. uniform continuity at the college levels on the interactive and visual way. 

Introduction 
The representation process includes the use of different models for organizing, memorizing and 
exchanging of math ideas with the aim of solving math problems and for a better interpretation of 
mathematics.  
    Representation, graphic and otherwise, in the function of reasoning has been explored by many 
researchers. Research on learning with representations has shown that when students interact with an 
appropriate representation their performance is enhanced. Computer algebra systems can be used to 
change the emphasis on learning and teaching of calculus away from symbolic techniques and 
methods towards higher-level cognitive skills that focus on concepts and problem-solving. ([1, 2, 3, 4, 
6, 7,11 ]). 
    Mathematical concepts, ideas, methods, have significant support in technology that is intuitively 
representative in different ways. The use of them is very beneficial in the process of learning and 
teaching when solving problems and doing research. The research literature confirms that technology 
can enhance students’ understanding of mathematics concepts ([1, 3, 4, 8, 10,11]) and improve their 
achievement. Learning calculus has been subject of extensive research for a long time. The research 
literature indicates that students have experienced cognitive difficulties in understanding the concept 
of limit, which is the key concept of mathematical analysis ([1, 2, 3]).  

Visualization of Continuity and Uniform Continuity 
In the calculus, where continuity of functions is one of the core concepts, definition of continuity 
should cover two ideas: Graphically, the graph of f  is a smooth curve with no jumps, gaps, or holes, 
and the second, the values of a function )(xf at points near 0x  tend to ).( 0xf  
    Informally, a continuous function is a function for which small changes in the input bring small 
changes in the output of that function. 
    Formally, there are several definitions of continuity which can be used to determine whether a 
given function is continuous or not. 
    Function )(xfy = is continuous at point 0xx =  if the following three conditions are satisfied:  
 

(i) )( 0xf is defined, (ii) )(lim
0

xf
xx®

 exists (i.e., is finite), and (iii) )()(lim 0
0

xfxf
xx

=
®

.   (1) 

 

6

2017 International Conference on Advanced Technologies Enhancing Education (ICAT2E 2017)
Advances in Social Science, Education and Humanities Research (ASSEHR), volume 68



 

    Cauchy-Weierstrass definition (epsilon-delta, or formal definition) of continuity read as follows: 
    A function RDf ®:  on the real domain RD Ì is continuous at the point 0x  if  
 

( ) ( ) ( ) ( )edde <-Þ<-Î">$>" )()(00 00 xfxfxxDx .     (2) 
 

    This Cauchy-Weierstrass definition of continuity of a function )(xf implies very complex levels 
of the layers of quantifiers and is a concept that is very difficult to understand.  
    It was showed, that GeoGebra has many possibilities to help students to get an intuitive feeling and 
to visualize adequate math process. The use of this software’s tools allows students to explore a wider 
range of function types and provides students to make the connections between symbolic and visual 
representations. [10]  
    The function RDf ®:  defined on an interval Dba Ì),(  is said to be uniformly continuous in 
this interval, if for ( )0>"e   there is ( ) )0( >= edd , such that for all pairs of points ),(, 21 baxx Î  for 
which d<- 12 xx , e<- )()( 12 xfxf is true.  
    By comparing these two definitions is obtained: 

- Continuity: For every Ax Î0  and for any 0>e , there is some 0>d  such that )(xf  is 
within e  of )( 0xf whenever x is within d  of 0x . 

- Uniform continuity: For any, 0>e there is some 0>d  such that for every Ax Î0 , )(xf  is 
within e  of )( 0xf  whenever x is within d  of 0x . 

    The difference between uniform continuity and continuity is that continuity of a function is purely 
a local property - for a fixed 0x , if x  within d  of 0x , then )(xf  is within e  of )( 0xf  (for 
appropriate d  and e ), whereas uniform continuity is a global property that applies to the whole 
space - for any 0x , if x  is within d  of 0x , then )(xf  is within e  of )( 0xf , where d and e  are 
independent of the choice of 0x . All uniformly continuous curves are continuous, but the reverse 
does not apply. 
    The sudden increase (decrease) in curves is not possible in uniform continuity, whereas if there are 
no gaps in this curve with the possibility of sudden increase (decrease), then the curve is simply 
continuous. This sudden increase (decrease) disrupts the uniformity of continuous curves (see figure 
2). As x approaches 0 from the right side, the curve increases exponentially, which is not the case of 
uniformity.  
    Since the no break in the function of the interval (0, 1), we conclude that the function is continuous, 
but not uniformly continuous. 
    In what follows it was presented a few examples that help to perceive how visualization may be of 
great help in the teaching and learning continuity and later on it were presented some others which are 
a little more sophisticated – uniform continuity. 
    This provides the following graphical representation created with GeoGebra (for example, for 
function xxy 22 += , see figure 1.): 
 

 
 

Fig. 1Epsilon-delta definition, example created with GeoGebra 
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    In order to provide understanding the notion of continuity of arbitrary function )(xf firstly 
introduces the concept of a rectangular box that is centered on the arbitrary points of the graph 
of )(xf , with a height of e2 and width of d2 , and which sides are parallel to the axes Ox, Oy.  
    To visualize continuity: given any point ))(,( 00 xfx  and any choice of box heighte , there is a box 
width d so that the graph of the function "leaves" the box centered at ))(,( 00 xfx  through its left and 
right sides. Uniform continuity means that there is a choice of δ that will allow sliding this box of the 
graph of the function without the possibility that top or bottom of the box ever intersecting the graph, 
i.e. there is one d  that will satisfy uniformly with all locations ofe .  
    With visualizing, we can conclude that a uniformly continuous function is actually a continuous 
function that changes in a controlled way. In this sense, uniform continuity is a tool used to determine 
how uniformly behaved a continuous function is. For functions defined on a closed interval, uniform 
continuity is equivalent to continuity. 
 

    The function 
x

xg 1)( = is continuous on the open interval (0, 1). Is it uniformly continuous there? 

 
    It helps to look at the graph of the function (applet) created with GeoGebra: In the graphical sense, 
as the e - interval slides up with a positive end of y-axis, the corresponding d -interval on the x-axis 
gets smaller and smaller which indicates that the function is not uniformly continuous (see figure 2). 
If we take values of x  and y  that are arbitrarily close to zero, then we will have to make δ smaller 
and smaller, but )(xf and )(yf  would not be within e  of each other. For uniform continuity, there 
has to be one single d  that satisfies with any possible location of the e  interval of the y-axis. In the 
picture below that is not possible.  
 

 
 

Fig. 2 A Function that is not uniformly continuous on (0, 1), example created with GeoGebra 

Summary 
The focus of the paper is to devise activities that will prepare college students to use technology 
to enhance and extend their students' learning of mathematics. 
    If we incorporate the right combination of available software tools of the classical teaching of 
mathematics, we can achieve that the students develop and strengthen the informal and intuitive 
understanding of certain mathematical concept, which would lead to substantial and deeper 
understanding of the subject matter, and provides students to make the connections between symbolic 
and visual representations. 
    The formal definition of the concept of continuity, due to its dynamic essence, is perfectly suited to 
visual representation by software tools. Given the fact that the formal definition of uniform continuity 
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is different from the definition of continuity in a mathematically subtle way, it would be desirable that 
each teacher designs appropriate software environment and exercises, in order to further motivate the 
students to thoroughly understand these already complex and abstract concepts. 
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