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Abstract

Opinion surveys are widely admitted as a valuable source of information which becomes complementary
to the information extracted from data by machine learning techniques. This paper focuses on a challeng-
ing and still open problem which is related to how to handle properly the inherent uncertainty of human
perceptions. Namely, we propose new ways to interpret and analyze fuzzy data coming out from a special
case of survey, the so-called fuzzy rating scale-based questionnaire. This kind of questionnaire is charac-
terized by allowing expressing human perceptions in terms of fuzzy rating scales. The proposed methods
are in charge of capturing and modeling the uncertainty of the answers by varying the heights of the re-
lated fuzzy sets. These methods have been validated in two case studies: (1) a descriptive survey related
to the packaging design of gin bottles; and (2) a comparative survey related to 2015 IFSA-EUSFLAT
conference.
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1. Introduction

Even though we are living in the Big Data era, in

a global and technological world where everything

(and everyone) is highly connected, opinion surveys

are more and more common in our daily live. Sur-

veys are worldwide admitted as the de facto stan-

dard when looking for a way to gather opinions from

groups of people. There are surveys conducted in

almost every research field: Education 1,2, Medicine
3,4, Economy 5, etc. Of course, surveys are also ex-

tensively used by public and private companies with

the aim of gaining insight into the degree of satisfac-

tion of customers with the products and/or service

they offer 6,7. Nowadays, information derived from

surveys provides a humanistic view that is comple-

mentary to information extracted from Big Data 8.

It is worthy to note that the success of classi-

cal surveys is mainly due to their several advantages

and benefits 9, such as cost-effective trade-off (on-

line surveys are extremely low cost), reliability of

reported results that is supported by strong statistical
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background, and so on. However, surveys also have

some drawbacks and weak points to pay attention.

Their lack of flexibility is argued as their main dis-

advantage. Respondents are usually asked to choose

an answer among a small set of options (commonly

expressed by linguistic terms and ordered in the so-

called Likert scales 10). In addition, there is no way

to tell neither how truthful respondents are being nor

how much thought they have put in 11. Even worse,

understanding properly the meaning of the involved

linguistic terms depends on the context and back-

ground of each respondent. In consequence, the va-

lidity of the results derived from a survey strongly

depends on how carefully it was designed in order to

avoid bias and minimize ambiguity, imprecision and

uncertainty in the given questionnaire. Notice that,

uncertainty is a characteristic inherent to human per-

ceptions and opinions are always subjective.

Fuzzy Logic, introduced by Zadeh in 1965 12, is

ready to cope with imprecision and uncertainty. It

is acknowledged for its well-known ability for lin-

guistic concept modeling mainly due to its semantic

expressiveness close to expert natural language, us-

ing linguistic variables and rules 13. Fuzzy sets and

systems are able to formalize, in an approximate but

even precise way, vague concepts (like tasteful, ele-

gant, exclusive, and so on). In contrast to classical

(crisp) sets where only two values (0/1, false/true,

etc.) are admissible, fuzzy sets are characterized by

the assignation of a membership degree to each ele-

ment in the set, in such a way that low values (close

to zero) represent low membership to the set, while

high values (close to one) represent high member-

ship.

In the last fifty years, the fuzzy research commu-

nity has kept on growing, yielding as a result many

successful applications along with novel theoreti-

cal developments and extensions 14,15. Fuzzy rating

scales, introduced by Hesketh et al. 16 in 1988, al-

low a respondent to give a flexible answer by select-

ing any value in a continuous line, along with two

additional values which represent a certain interval

of preference. Thus, it becomes straightforward the

generation of a triangular fuzzy set which charac-

terizes the uncertainty attached to the given answer.

From a psychometric point of view, fuzzy rating

scales make easier the assessment of the diversity,

subjectivity, imprecision and uncertainty that are in-

herent to human opinions 17. In addition, the use of

fuzzy sets and systems paves the way to pass from

computing with numbers to computing with words

and perceptions 18. Thus, the Computational The-

ory of Perceptions, introduced by Zadeh in 2002 19,

provides a framework to compute with imprecise de-

scriptions of the world (expressed through linguis-

tic expressions close to natural language) in a sim-

ilar way to how humans naturally do. In the con-

text of Computational Theory of Perceptions, it be-

comes essential dealing with subjective judgments
20. Consequently, it results natural passing from

questionnaires based on the usual Likert scales to

fuzzy rating scale-based questionnaires 17, i.e., ques-

tionnaires based on fuzzy rating scales. Moreover,

the recent advances and developments in Statistics
21 have yielded new statistical techniques ready to

deal properly with this kind of questionnaires.

In this paper, we propose the use of fuzzy rating

scale-based questionnaires in the context of the de-

scriptive and comparative analyses which are popu-

lar in surveys related to sensory evaluation practices

and consumer science 6,7. On the one hand, we first

introduce a new interpretation of fuzzy data coming

out from fuzzy rating scales. Instead of considering

the usual normal fuzzy sets, we work with triangular

fuzzy sets with height modulated in accordance with

the amount of uncertainty attached to each given an-

swer. Then, we cope with the aggregation of sev-

eral answers related to the descriptive analysis of a

given sample (object under evaluation) along with

the related statistical tests. Novel graphical repre-

sentations are also proposed in order to make easier

the interpretation and understanding of the conclu-

sions derived from the conducted statistical analysis

even for non-expert readers. On the other hand, we

extend the usual method for conducting comparative

analysis which is based on asking respondents for a

mere ranking of samples. To do so, we propose the

use of fuzzy rating scales with the aim of refining the

given ranking, i.e., respondents are asked for quanti-

fying the similarity between each pair of consecutive

samples in the given ranking.
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In short, the following points highlight the main

contributions in this paper:

• Treatment of the uncertainty associated to each

answer in a fuzzy rating scale-based questionnaire

by better modeling it through fuzzy sets with vari-

able heights. Such heights will slightly change in

accordance with the respondents confidence.

• Enhancing the expressiveness of comparative sur-

veys by adding fuzzy peer comparisons, i.e., con-

secutive objects in a given ranking will be also

deeply compared two by two. The comparative

data collected this way can be effectively trans-

lated into highly expressive descriptive data.

• Novel graphical visualizations of outcomes de-

rived from both descriptive and comparative

methods.

The remainder of this paper is structured as fol-

lows. In Section 2, we introduce preliminary con-

cepts about fuzzy logic and survey methods. Sec-

tion 3 is the core of this work. It describes two

new procedures to deal with human perceptions

(from descriptive and comparative analysis view-

points) gathered through fuzzy rating scale-based

questionnaires. The usefulness of both procedures is

shown in Section 4 where two illustrative case stud-

ies are discussed. Some concluding remarks and fu-

ture work are given in Section 5.

2. Preliminary concepts

This section is devoted to provide introductory con-

cepts that are necessary to the good understanding

of the rest of this paper. It has been split into two

subsections. Firstly, fuzzy concepts used along the

paper are provided. Secondly, we focus on the study

of already existent methods to conduct a survey and

to analyze the obtained data.

2.1. Fuzzy logic

This logic serves as a way to model frequently used

terminology that the classical set theory can not

properly handle. To do so, each element is assigned

a membership degree to the set.

Definition 1. Let X be a non-empty set. A fuzzy set

A in X is given by its membership function

μA : X → [0,1],

where ∀x ∈ X , μA(x) represents the membership de-

gree of the element x to the fuzzy set A.

Along this paper, we use FS(X) to denote the set

of all fuzzy sets in X .

Different extensions of fuzzy sets have been de-

veloped and widely applied 14,22, such as interval-

valued fuzzy sets 23,24, intuitionistic fuzzy sets 25 or

type-2 fuzzy sets 13,26, although in this work only

the original definition of fuzzy set is considered.

Among the most used fuzzy sets are the trape-

zoidal and triangular fuzzy sets 27, which are given

as follows.

Definition 2. Let X be a non-empty set, a,b,c,d ∈X
and h ∈ [0,1] such that a � b � c � d. The fuzzy set

A = (a,b,c,d;h) given by the membership function:

μA(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, if x � a,

h
(

x−a
b−a

)
, if a < x � b,

h, if b < x < c,

h
(

d − x
d − c

)
, if c � x < d,

0, if x � d,

is a trapezoidal fuzzy set of height h with core [b,c]
and support [a,d].

Remark 1. Consider a trapezoidal fuzzy set of

height h, A = (a,b,c,d;h),

• if b = c, then A is a triangular fuzzy set of height

h, usually denoted by A = (a,b,d;h),
• if h = 1, then A is a normal trapezoidal fuzzy set,

usually denoted by A = (a,b,c,d),
• if b = c and h = 1, then A is a normal triangular

fuzzy set, usually denoted by A = (a,b,d).

Note that the used notation for a triangular fuzzy set

along this paper is the usual one, i.e., A = (a,b,c;h)
(or A = (a,b,c) if it is a normal one).

In a survey supported by fuzzy rating scales, an-

swers are given in the form of fuzzy sets. In order

to summarize several answers, a way to aggregate
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fuzzy sets is necessary. Aggregation of trapezoidal

fuzzy sets can be done by particularizing Aumann-

type mean 28, widely admitted as the gold standard,

as follows.

Definition 3. Let A1, . . . ,An ∈ FS(X) be

normal trapezoidal fuzzy sets such that Ai =
(ai,bi,ci,di),∀i = 1, . . . ,n. The sample Aumann-

type mean of (A1, . . . ,An) is the normal trapezoidal

fuzzy set given as

1

n

n

∑
i=1

Ai =

(
1

n

n

∑
i=1

ai,
1

n

n

∑
i=1

bi,
1

n

n

∑
i=1

ci,
1

n

n

∑
i=1

di

)
.

In addition, there exist more general processes

to aggregate several fuzzy sets which are not trape-

zoidal fuzzy sets, centered in the definition of aggre-

gation operator.

Definition 4. A mapping g : [0,1]n → [0,1] is an

aggregation operator if it satisfies

• monotonicity: if x1 � y1, . . . ,xn � yn, then

g(x1, . . . ,xn)� g(y1, . . . ,yn),

• boundary conditions: g(0, . . . ,0) = 0 and

g(1, . . . ,1) = 1.

Among them, Averaging Operators 29 and Or-

dered Weighted Averaging Operators 30 are the most

widely known. In this work, we focus on the former.

Definition 5. A mapping g : [0,1]n → [0,1] defined

by

g(x1, . . . ,xn) = p

√
1

n

n

∑
i=1

xp
i , (1)

with p ∈ R\{0} is an averaging operator.

Finally, we need to introduce a fuzzy subsethood

measure for making self-contained the rest of the

manuscript. The one provided by Kosko in 1990 31

has been selected.

Definition 6. Let X be a non-empty set, and A,B ∈
FS(X). The degree to which A is a subset of B is

defined by

S(A,B) = 1−
∑
x∈X

max(0,μA(x)−μB(x))

∑
x∈X

μA(x)
. (2)

2.2. Survey methods

As it has been already stated, the use of surveys has

been applied in a wide range of fields. One of the

most usual procedures to collect answers from re-

spondents is based on the so-called Likert scales,

that were introduced in 1932 10.

Likert proposed asking respondents to evaluate a

given statement with respect to their level of agree-

ment. An example of this kind of scale with five

values (the most usual number of values) is shown

in Figure 1(a).

(a) Likert scale

(b) Fuzzy rating scale

Fig. 1. Example of scales.

An increase of the number of choices is meant to

provide more informative results 32. Moreover, the

concept of fuzzy rating scale was provided by Hes-

keth et al. 16 in order to broaden this idea. They

take advantage of the properties of fuzzy logic to

extend the number of choices to a continuum. The

main idea behind fuzzy rating scales is that the re-

spondent provides a graphical answer in such a way

that it gives a preferred point, and the possibility of

drawing lines to both sides of such point indicating

certain degree of preference. An example is shown

in Figure 1(b), where the preferred point is given by

v, and the interval that allows certain degree of pref-

erence is given by points min and max.

This type of answers is turned naturally into tri-

angular fuzzy sets, where the three points assigned

by the respondents are the parameters that shape the

sets. Formally, A = (min,v,max). Two examples are

provided in Figure 2, where two answers with dif-

ferent levels of confidence are shown.
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(a) Confident answer

(b) Doubtful answer

Fig. 2. Answers with different degrees of confidence.

As a consequence, the treatment of this type of

data requires the adaptation of statistical techniques

to the fuzzy case. The SMIREa Research Group is

very productive and has developed several statistical

results 17,33,34 around an extended concept of fuzzy

rating scale, where the preferred value can be an in-

terval instead of just a point. Thus, they deal with

trapezoidal fuzzy sets instead of triangular ones. It

is worthy to note their effort to provide the fuzzy

community with the free software R package called

SAFDb. The interested reader is referred to 35c where

a thorough review of fuzzy systems software is pro-

vided.

3. Descriptive and comparative surveys
supported by fuzzy rating scales

In this section, we propose two novel approaches to

conduct surveys of two types: descriptive and com-

parative. The innovative part of the former is the dif-

ferent treatment given to the data obtained through

fuzzy rating scales. The latter introduces an original

method applying fuzzy rating scales as well.

From here on out, we refer to the objects of study

in a survey as samples, and to the different features

analyzed about them as attributes.

3.1. Descriptive surveys

The proposed method in this subsection is based on

the fuzzy rating scale, but the process to treat data is

different to the original one given by Hesketh 16.

The main issue is the fact that a very undecided

answer (wide amplitude) treated as a normal trian-

gular fuzzy set (as suggested by Hesketh) becomes

as important as a more confident one (narrow am-

plitude), or even more if the usual aggregation op-

erators are considered. For instance, consider two

answers A = (a,b,c) and B = (a′,b′,c′), such that

a < a′ � b = b′ � c′ < c, then respondent B is more

confident than A. However, μA(x)� μB(x), ∀x ∈ X ,

and as a result, the influence of B in the aggregation

is weaker than the one of A.

In order to provide a way to overcome such

drawback, the collection of data is done in a similar

way as shown in Figure 1(b). However, the inter-

pretation of the information provided by the respon-

dents is not straightforwardly done to a triangular

fuzzy set of height 1 as it is usually done. On the

contrary, this height should slightly change in accor-

dance with the whole range covered by the answer.

Formally, we propose that, given the three val-

ues that characterize an answer a,b,c, the result-

ing fuzzy set is a triangular fuzzy set of height h
A = (a,b,c;h) where

h =

⎧⎨
⎩

1, if c−a � k,
k

c−a
, if c−a > k,

(3)

with k a constant value, which determines the thresh-

old from which the height starts to decrease. This

constant is chosen depending on the type of con-

ducted survey and the values that the answers can

take.

In Figure 3, the same five answers are treated in

two different ways. On the left, the usual approach

a SMIRE stands for Statistical Methods with Imprecise Random Elements. This is the name of the research group in the University of

Oviedo (Spain) that is headed by M.A. Gil, one of the most well-known researchers in the field of Statistics and Soft Computing.
b SAFD stands for Statistical Analysis of Fuzzy Data (https://cran.r-project.org/web/packages/SAFD/index.html).
c http://sci2s.ugr.es/fss
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(a) Fixed heights (b) Variable heights (k = 10)

Figure 3: Comparative of triangular fuzzy sets (grey lines) and their aggregations (dashed black lines) with fixed

and variable heights.

is illustrated. There, answers are turned into nor-

mal triangular fuzzy sets. On the right, answers

are turned into triangular fuzzy sets with variable

heights (k = 10). Dashed lines represent the aver-

aging operator for p = 1, i.e., the arithmetic mean.

It is easy to appreciate how the mean in the first case

is less representative than in the second one when it

comes to the answers provided in the survey. Notice

that a greater accumulation and certainty is shown

in accordance with the three answers closer to 100.

This fact is better represented in Figure 3(b) since

the mean for variable heights properly fits.

The selection of parameter k is based on how

much the researcher wants to penalize the doubt in

the answers. The larger the value of k, the weaker

the penalization of doubtful answers.

The proposed procedure in this subsection is

based on characterizing every answer by triangular

fuzzy sets with variable heights, and summarizing

them through an averaging operator. Once this ag-

gregation has been done, the study of this new map-

ping is carried out searching for one or more answer

accumulation areas. The computational procedure is

as follows:

Step 1: Conduct the survey and collect the three val-

ues (Figure 1(b)) that characterize each answer for

each attribute and respondent.

Step 2: Build the triangular fuzzy sets of variable

heights (Figure 3(b)) for each answer through the

Equation (3), once the suitable value of constant k
has been set.

Step 3: Aggregate the answers of all respondents for

each question using an aggregation operator.

Among the averaging operators from Definition 5,

an example with p = 1,2,3 and 4 is displayed in

Figure 4. Averaging operators with p = 1 and p = 2

get similar normalized aggregations, where the ac-

cumulation area on the right of the space is more

noticeable than the left one. On the contrary, p = 3

and p = 4 make the difference between both areas

less marked, and as a result, the doubtful answers

from Figure 3 get greater importance than neces-

sary. Thus, the averaging operators that provide bet-

ter representation of the confident answers are those

ones for p = 1 and p = 2, as an increase in the pa-

rameter makes the difference between accumulation

areas less noticeable, and as a result, provides less

informative data.
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Fig. 4. Representation of normalized averaging operators.

Step 4: Group those points in the scale with the

greatest aggregated values until a fixed threshold of

the total is reached.

Figure 5 shows an example where threshold is set to

70%. It is worthy to note that such threshold must

be set beforehand for each survey. In this example,

the threshold value has been selected after several

experiments with different options, being 70% the

value that allowed us to obtain the clearer results to

identify the accumulation areas.

Fig. 5. Points with 70% of total of the aggregation.

Step 5: Build the interval or intervals that shape

the set of points. If two or more intervals are close

enough, then they are fused into a single interval.

This fusion depends on a parameter of configuration

that is selected by the researcher.

With the aim of being effective, this parameter

should be neither too small (so this fusion would be

effective only in some situations), nor be too large

(as it would result into huge intervals). Considering

5% of the total space as fusion threshold, we have

achieved a good trade-off in our experiments.

Step 6: Build a trapezoidal fuzzy set associated to

each interval and the aggregation of answers given

in Step 3. Let I = [i, i] be an interval computed as

in the previous step, M : X → [0,1] be the aggre-

gation and q ∈ [0,1] be a parameter that determines

the proportion of the total that should be covered.

Let us suppose that X = [0,100]. Consider the nor-

mal trapezoidal fuzzy set A = (a,b,c,d) to be built.

Then, the core is given by the interval I, i.e.,

b = i, c = i.

On the other hand, a and d are obtained as the values

in [0,b] and [c,100], respectively, such that

∫ b

a
M(x)dx+

∫ d

c
M(x)dx � q

∫ 100

0
M(x)dx, (4)

and there does not exist another pair (a′,d′) in

[0,b]× [c,100] such that Equation (4) is satisfied and

d −a > d′ −a′. Formally,

(a,d) = argmin
(a′,d′)∈[0,b]×[c,100]

{
d′ −a′|

∫ b

a′
M(x)dx+

∫ d′

c
M(x)dx � q

∫ 100

0
M(x)dx

}
.

The parameter q selected in our experimentation has

been q = 0.2r, where r is the proportion of the total

that is associated to the core of the trapezoidal fuzzy

set. It is worthy to note that in this way, the support

is not much wider than the core.

Step 7: Calculate the number of answers charac-

terized by each trapezoidal fuzzy set generated in

the previous step. We make use of the subset-

hood definition S(A,B) given in Equation (2). Let

A ∈ FS(X) be the given trapezoidal fuzzy set, and
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(a) Samples well-represented by score (b) Samples not faithfully represented by score

Figure 6: Example of ranking of 13 samples.

A1, . . . ,Am ∈ FS(X) the answers provided by the re-

spondents. Then, the number of answers character-

ized by A is given by:

pA =
m

∑
i=1

S(Ai,A).

Figure 7 shows both intervals and percentages of in-

dividuals characterized coming from Figure 5.

Fig. 7. Intervals and their associated percentages obtained

from points shown in Figure 5.

Step 8: Compute the aggregated score associated to

each attribute. We use the center of gravity of the

trapezoidal fuzzy set associated to the interval with

the greatest percentage. Given a normal trapezoidal

fuzzy set A= (a,b,c,d)∈FS(X), the center of grav-

ity is calculated as follows:

COG(A) = min{y ∈ [a,d]|
∫ y

a
μA(x)dx � 0.5}.

Once all previous steps have been carried out, all

generated graphics are integrated into a global report

that summarizes the results of the survey. In addi-

tion, if several samples are analyzed in the survey,

they can be compared with respect to each attribute,

obtaining this way a ranking associated.

To do so, the scores obtained in Step 8 are taken

into account, so the samples are ranked with respect

to such values. However, it does not always faith-

fully represent the sample depending on the consen-

sus of agreement. In order to distinguish such situ-

ations, those samples without faithful scores are set

“in quarantine” and separated from the rest. Fig-

ure 6 shows an example with 13 samples. A first

group of seven samples is shown on the left, ordered

increasingly with respect to the associated score.

On the right, the non-trustful samples are separated

from the rest. A color code is used to identify three

groups:

� the interval with the greatest associated per-

centage does not characterize a big enough

number of individuals,
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� the interval with the greatest associated per-

centage is too wide,

� there exists a second interval whose associ-

ated percentage is big enough.

Obviously, these three criteria depend on some

thresholds that must be set by the researcher, for

each specific survey. This selection influences the

graphical representation of data, but not their obtain-

ing, as the analysis remains the same.

3.2. Comparative surveys

In this kind of surveys, the usual process consists in

asking respondents to simply sort the samples under

study. However, this way of doing has a main draw-

back. Namely, a respondent may think that two sam-

ples are too close and are indistinguishable in his/her

opinion, but he/she is forced to rank one higher than

the other.

In order to overcome this problem, we pro-

pose an extended version (supported by fuzzy rating

scales) of the classical procedure. Firstly, respon-

dents rank the samples as usual. After that, they are

asked to assess the difference between every pair of

consecutive ordered samples. To do so, the answer

is given in a fuzzy rating scale (Figure 1(b)), where

the extreme values are “Both samples are equal” and

“Both samples are completely different”. In this

way, if a respondent considers that two samples are

indistinguishable with respect to the provided rank-

ing, the value assigned between them will be the

lowest possible one, while if he/she considers that

they are not similar at all, the highest value will be

chosen. This procedure enriches the semantic of the

answers, allowing the user to better express his/her

opinion.

The main task from here on out in this subsec-

tion is to analyze how to compute a final ranking

from the single ones given by all respondents. As it

was done in the descriptive case, we will detail the

process step by step:

Step 1: Conduct the survey and collect the rank-

ing of samples and the three values (Figure 1(b)) of

the comparisons between every pair of consecutive

samples from each respondent. Let us suppose that

X = [0,100] without loss of generality.

Step 2: For each respondent, assign weights to each

sample in accordance with data collected in the pre-

vious step. Let s1, . . . ,sn be the samples to rank, and

r1, . . . ,rm be the respondents in the survey. Consider

sσi(1) > · · · > sσi(n) the ranking provided by the i-th
respondent, where σi is a permutation of {1, . . . ,n},

and (di
j,d

i
j,d

i
j) the three values characterizing the

difference between the j-th and j+1-th ranked sam-

ples, ∀ j = 1, . . . ,n− 1, corresponding to (a,b,c) of

a triangular fuzzy set. Then, the weights assigned to

each sample with respect to the i-th respondent are:

wi(sσi( j)) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

100, if j = 1,

100− 1
n−1

j−1

∑
k=1

di
k, if j �= 1.

(5)

In other words, the ranking and the differences pro-

vided by each respondent are turned into weights for

each sample, where the best ranked sample is as-

signed a total weight (100), and for the others, 100

minus the sum of the values of the previous consec-

utive differences is assigned.

Step 3: Compute aggregated weights for each sam-

ple from the ones obtained in Step 2 from each re-

spondent.

w(si) =
1

m

m

∑
j=1

w j(si), ∀i = 1, . . . ,n, (6)

where w j(si) are obtained as in Equation (5), ∀i, j.
Step 4: Compute the final ranking. Consider

w(s1), . . . ,w(sn) the weights for each sample ob-

tained by Equation (6). Then, the ranking obtained

by aggregating all the responses is calculated by or-

dering decreasingly the weights of the samples. For-

mally,

sσ(1) > · · ·> sσ(n)

is the aggregated ranking, where σ is a permutation

of {1, . . . ,n} such that

w(sσ(1))> · · ·> w(sσ(n)).

In case that ∃ j ∈ {1, . . . ,n−1} such that w(sσ( j)) =
w(sσ( j+1)), then sσ( j) ≡ sσ( j+1).
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Figure 8: Quale R© software architecture.

The process described above allows us to obtain

the aggregated ranking. However, the fuzzy infor-

mation provided by the respondents have not been

used yet, as only the central value of the pairwise

differences has been considered in the previous pro-

cess.

Actually, some extra outcomes can be obtained

from this type of comparative surveys, taking into

account the fuzzy part of the answers. Indeed, it is a

parallel process to the one described in the previous

subsection, in order to obtain graphical representa-

tions like Figure 7. First of all, we have to define

a procedure to build a fuzzy set associated to each

sample and respondent in a similar way to how we

did in Subsection 3.1.

To do that, an analogous procedure to the one

explained in Step 2 and Equation (5) is carried out

with the lower and upper values of each difference

between consecutive samples (i.e., d j, d j). With the

same notation, the fuzzy set associated to each re-

spondent (∀i = 1, . . . ,m) is given by:

wi(sσi( j)) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

100, if j = 1,

100− 1
n−1

j−1

∑
k=1

di
k, if j �= 1,

(7)

wi(sσi( j)) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

100, if j = 1,

100− 1
n−1

j−1

∑
k=1

di
k, if j �= 1.

(8)

Consequently, Wi(s j) = (wi(s j),wi(s j),wi(s j)) is

the triangular fuzzy set associated to i-th respondent

and sample s j, ∀i = 1, . . . ,m, ∀ j = 1, . . . ,n.

Once we have built these triangular fuzzy sets,

then Steps 3 to 8 of the descriptive procedure can be

carried out with them. It must be noted that, instead

of aggregating the answers of the users with respect

to each attribute in Step 3, we aggregate them with

respect to each sample. In this way, a graphic like

Figure 7 is produced with the aggregation of the an-

swers with respect to such sample.

Both procedures introduced in this section pro-

vide different fuzzy approaches to conduct descrip-

tive and comparative surveys.

4. Experimental analysis

This section presents two use cases where we have

tested and validated the proposals made in this pa-

per. Both cases have been developed with the help

of the software called Quale R© 36.
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Figure 9: Ranking of bottles according to perceived exclusivity.

Figure 8 sketches Quale R© software architec-

ture. It follows a Model-View-Controller archi-

tectural pattern. Firstly, the Model is stored in

a database (with the definition of samples and at-

tributes to evaluate along with the profile of required

respondents). Secondly, the View is implemented in

the form of two alternative user interfaces regarding

survey configuration and analysis (desktop applica-

tion) but also online data capture (web page survey).

Finally, the Controller consists of a report genera-

tor module. It is in charge of automatically process-

ing data coming out from fuzzy rating scale-based

questionnaires. Moreover, it produces a report made

up of a set of graphs and texts in a user-friendly

style which can be customized in accordance with

the reader’s preferences. This report is generated

combining packages from softwares R and LATEX.

The rest of this section goes in depth with the

two selected use cases. The first case focuses on the

descriptive analysis of human perceptions while the

second one tackles with its comparative counterpart.

4.1. Descriptive survey

The Poshmakersd, a well-recognized multi-sectorial

product and services creator, proposed in 2011 the

creation of the most desired premium gin brand

named Ish London Dry. The challenge was to build

up a new brand from scratch, presenting a superior

notoriety that favored its commercial introduction.

The product specification remarked the need for no-

toriety but without prejudicing against its credibility

and confidence in a high competitive niche. Mone-

tary limitations constrained the quantity and quality

of the labeled, packaging elements, and communi-

cation campaigns. The interested reader can get de-

tailed information at 36.

With the aim of validating the packaging of Ish
London Dry, we conducted a descriptive survey re-

garding 24 gin bottles available in the market. Re-

spondents were asked, using fuzzy rating scales,

about aesthetic attributes of the bottles such as:

British character, exclusivity, gender, glamour and

originality. The answers were defined in the space

X = [0,100]. For illustrative purpose, here we will

focus only on the analysis of exclusivity.

We collected responses from 50 valid respon-

dents that answered the survey. Moreover, they were

asked about additional information (country, sex,

etc.) in order to make group analyses later.

The parameter k from the variable heights (given

by Equation (3)) selected for this experiment has

been k = 10, representing that an amplitude lower

than 10% of the space has maximum height, and it

starts to decrease from this point on.

Figures 9 and 10 present the ranking of bottles

for the attribute exclusivity with respect to the asso-

ciated score.

d http://www.theposhmakers.com/
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Table 1: Table with scores associated to each sample for attribute exclusivity with respect to the Aumann-type

mean (Definition 3) in the first row and the new approach proposed (Subsection 3.1) in the second row. Third

row provides the absolute differences between them. Fourth row, shows the variance of the answers for each

sample with respect to exclusivity.
Sample Bayswater Goa Brokers Bulldog Origin G’Vine Bathub Ginmare
Aumann 61.88 62.22 54.5 66.22 61.08 69.72 60.10 71.18

New approach 69 69.25 63.25 74.5 67.5 73 63.5 75.25

Abs. dif. 7.12 7.03 8.75 8.28 6.42 3.28 3.4 4.07

Variance 385.59 380.17 346.55 267.84 405.52 254.12 544.16 247.31

Sample N0 Edinburgh Ish Monkeys Hendrick’s Bombay Oxley Beefeater 24
Aumann 67.84 60.38 67.54 46.48 63.40 49.80 65.06 58.52

New approach 70.25 61 71 60.5 72.5 66 69.5 73

Abs. dif. 2.41 0.62 3.46 14.02 9.1 16.2 4.44 14.48

Variance 234.12 437.88 307.99 633.35 430.19 572.21 341.99 433.5

Sample Botanist Old Lady’s London Beefeater Gordons Greenalls Whitley Neill Caorunn
Aumann 54.68 60.76 65.72 24.92 18.14 51.94 49.84 58.96

New approach 58.75 65.75 69.25 17.5 14.25 60.75 33.25 69.5

Abs. dif. 4.07 4.99 3.53 7.42 3.89 8.81 16.59 10.54

Variance 504.44 495.44 197.3 432.92 191.01 373.33 471.65 376.3

Figure 9 shows that bottles with the least exclu-

sivity are Gordon Gin (14.25) and Beefeater Gin
(17.5). However, between the others (without tak-

ing care of the isolated ones in Figure 10) the score

is really close with respect to such attribute (from

60.75 to 75.25). Ish London Dry is the sixth in the

ranking. This fact means that respondents consider it

among the most exclusive gin bottles in the market,

as it was desired by The Poshmakers. Moreover, the

same analysis with respect to the other considered

attributes (British character, gender, glamour and

originality) reflected that Ish London Dry is always

in the top part of the related rankings even though it

is not pointed out as the best one for none of them.

Fig. 10. Bottles that require careful attention.

As it has been stated, samples which are not

faithfully represented by the attached score are iso-

lated and plotted separately as shown in Figure 10.

The color code depends on some thresholds as it

has been aforementioned. In this experiment, these

thresholds are as follows:

� the interval with the greatest associated per-

centage does not characterize at least 40% of

individuals,

� the width of the interval with the greatest as-

sociated percentage is over the 40% of the

whole range,

� there exists a second interval whose associ-

ated percentage is at least half the percentage

of the first one.

In order to provide a numerical comparison, Ta-

ble 1 shows the reported scores with respect to the

attribute exclusivity. The first row reports values

coming out of the Aumann-type mean given in Def-

inition 3. The second row provides the values com-

puted by the proposed process described in Subsec-

tion 3.1. The absolute differences are calculated in

the third row. Finally, the variance associated to

the answers for each sample can be found in the
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(a) Ish Gin (b) Bombay Gin

Figure 11: Graphical representation for bottles Ish Gin and Bombay Gin of normalized mean with fixed heights

(dashed curve) and variable height (continue curve). In addition, Aumann-type mean (�) and score obtained by

the proposed procedure (�) are also displayed.

fourth row of the table. This variance is obtained

through the function Bvar of R software package

SAFD, which computes it using Bertoluzza distance
37.

With the aim of analyzing deeply the possible re-

lation between the absolute differences and the vari-

ance associated to the answers for each sample, we

have computed the correlation between them. The

result is a correlation of 0.51, which means that 26%

of one variable is explained by the other. In other

words, the variance of the answers is related to a

certain extent to the difference between both meth-

ods, thus getting more dissimilar results when there

is less consensus among respondents.

Figure 11 shows two particular examples for Ish
Gin and Bombay Gin, where the normalized mean

(averaging operator for p = 1) is displayed for both

fixed (dashed curve) and variable heights (continue

curve), along with the values obtained with both pro-

cedures, the one with Aumann-type mean, and the

proposed one in Subsection 3.1.

Figure 11(a) (Ish Gin) illustrates a single accu-

mulation area. The results provided by both proce-

dures are similar (67.54 for Aumann-type mean, 71

for the new procedure).

On the contrary, Figure 11(b) (Bombay Gin) re-

flects the ability of the proposed method to iden-

tify groups of opinion in situations with more than

one accumulation area. The new method associated

score is 66, and as it can be observed, it is in the cen-

ter of a clear accumulation answers area. However,

the Aumann-type mean gets the value 49.8, which

does not represent any area with a big amount of an-

swers accumulated. This is due to the existence of

two main accumulation areas, one around 20 and an-

other around 60. As the procedure of Aumann-type

mean is the average of the central value, it is not

surprising that sometimes it may end up in an area

with a small number of individuals associated, what

presents a clear drawback.

We have carried out similar analyses for specific

groups of respondents. Figure 12 shows an exam-

ple with Botanist Gin with respect to the group Sex.

Both displayed graphics show the results provided

by the procedure in Subsection 3.1, but only tak-

ing into account the respondents in the respective

group: men or women. It is remarkable the fact that

Botanist Gin is perceived as more exclusive for men
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Men Women

Figure 12: Graphical representation of attribute exclusivity for bottle Botanist Gin with respect to group sex. For

men and women, respectively.

than for women in this case, which is reflected in the

generated intervals. It must be noted that although

this bottle is an isolated sample (see Figure 10), its

group analyses with respect to feature Sex are faith-

fully represented by the score.

These group analyses can be made as long as the

number of respondents in each group is representa-

tive. In case several groups have small number of

respondents, then they may be fused to form another

more representative group.

As it has been previously stated, the main advan-

tage of the proposed procedure is its ability to iden-

tify the greatest accumulation area of answers even

if there is another important one. On the other hand,

the Aumann-type mean is not sensitive to these sit-

uations, as it has been shown in Figure 11. If the

aim of the survey is to find groups of opinion, this

new approach successfully allows their identifica-

tion with the score associated, unlike the Aumann-

type mean.

4.2. Comparative survey

The following experiment was carried out in the

2015 IFSA-EUSFLAT Conference, where a com-

parative question was proposed to the participants.

We asked about the goodness of the different activi-

ties of this conference, Coffee Breaks, Parallel Ses-
sions, Plenary Talks and Social Events, in terms of

networking. Answers were given as exposed in Sub-

section 3.2. Respondents first ranked the four activi-

ties, and then, they evaluated the difference between

every pair of consecutive activities using a fuzzy rat-

ing scale. The differences were defined in the space

X = [0,100].

We collected answers from 70 valid respondents

in this survey. Information about them (country, type

of institution, etc.) was also collected in order to

make group analyses later.

As in the descriptive experiment, the selected pa-

rameter k from Equation (3) has been k = 10. Thus,

an amplitude lower than 10% of the space has max-

imum height, decreasing from this point.

In Figure 13, the obtained ranking of the four ac-

tivities in terms of networking is shown. The values

in the black bars are the ones calculated through the

steps described in Subsection 3.2. Note that the or-

ders obtained by this new approach and the classical

one of simply adding the positions of each sample

in all the orders provided by the respondents do not
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Figure 13: Ranking of conference events in terms of networking.

necessarily match, although in this example they do.

As it has been developed in Subsection 3.2, some

extra data is obtainable taking into account the fuzzy

information provided by respondents. Figure 14

shows four graphics, associated to each activity to

rank. These graphics represent the aggregated mean

of the triangular fuzzy sets previously computed for

each respondent by Equations (5), (7) and (8), as

well as the intervals and associated percentages re-

sulting after running the process described in Sub-

section 3.1. They are in accordance with the ranking

given in Figure 13. Coffee Breaks was chosen as

the first option by most respondents, as a 63% are

characterized by the single point 100. Assessments

related to Parallel Sessions yield a high concentra-

tion in the higher values of the range. The goodness

of Social Events and Plenary Talks is similar since

they have similar aggregated curves.

As it has been done in the descriptive use case,

a group analysis can also be carried out in the case

of comparative surveys. Similar graphical represen-

tations to Figure 12 would be provided, using the

fuzzy weights calculated in Subsection 3.2 instead.

The main advantage that this method presents

with respect to the classical approach is the capabil-

ity to allow respondents to determine, in an intuitive

way, that two samples are similar and avoid strict

orders if desired. In this way, the inclusion of fuzzy

rating scales allows to obtain more insightful infor-

mation.

5. Conclusions and future research

This paper introduces a novel approach to conduct

and analyze survey questions, both descriptive and

comparative. Starting from the usual way of work-

ing with fuzzy rating scales, we have proposed a

different procedure to treat answers, where the ob-

tained fuzzy sets are not normal fuzzy sets anymore,

but ones with variable heights in function of the am-

plitude of the answers. In the case of comparative

questions, an additional step of providing the differ-

ence between consecutive ranked samples is intro-

duced, where the same modification of fuzzy rating

scales is used as well.

Different ways to display the obtained informa-

tion have been proposed. Furthermore, an exper-

iment for each type of survey has been explained

in order to illustrate the aforementioned processes,

pointing out their advantages with respect to the

classical approaches.

The descriptive proposal identifies the greatest
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Coffee Breaks Parallel Sessions

Social Events Plenary Talks

Figure 14: Detailed analysis for each activity (Coffee Breaks, Parallel Sessions, Plenary Talks and Social Events)

in terms of networking.

accumulation area of answers even if there are more

than one, unlike the usual procedure. The proposal

for comparative surveys allows respondents to de-

termine the similarity between the ranked samples,

opposed to the classical method.

The optimization of the different parameters de-

fined along the work is an important part of the fu-

ture research, as a variation of some of these param-

eters can result into different outcomes of the proce-

dures. Another open point is the application of these

methods to big data examples in order to check and

validate their complementary behavior to machine

learning techniques. Moreover, we will also explore

the automatic generation of self-explaining text at-

tached to each graph.
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D.S. Sánchez, P.F. Suárez, J. Mingot, V. Iglesias,

“QUALE R©: A new Toolbox for Quantitative and
Qualitative Analysis of Human Perceptions”, Pro-
ceedings of the 16th World Congress of the Interna-
tional Fuzzy Systems Association and the 9th Con-
ference of the European Society for Fuzzy Logic and
Technology (IFSA-EUSFLAT), 659–666 (2015).

37. C. Bertoluzza, N. Corral, A. Salas, “On a new class of
distances between fuzzy numbers”, Mathware & Soft
Computing, 2, 71–84 (1995).

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors

467



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


