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Abstract

The interval-valued intuitionistic fuzzy set (IVIFS) generalizes Atanassov’s intuitionistic fuzzy set (A-IFS) with the
membership and non-membership degrees being intervals instead of real numbers, so it can contain more
information. In this paper, we study the derivatives and differentials under interval-valued intuitionistic fuzzy
environment. Firstly, we discuss the four change directions (the addition, subtraction, multiplication and division
directions) of the interval- valued intuitionistic fuzzy values (IVIFVs); Secondly, we propose four kinds of limits
(the addition, subtraction, multiplication and division limits) for different sequences of IVIFVs, and then we define
the concepts of interval-valued intuitionistic fuzzy function (IVIFF) and study the continuities of IVIFFs; Thirdly,
we develop two kinds of derivatives (the subtraction and division derivatives) of IVIFFs and give an equivalent
condition for the existence of the derivative of an IVIFF. At last, we define the concepts of two kinds of
differentials (the subtraction and division differentials) of IVIFFs and discuss the approximate computations of

IVIFFs by the developed differentials.

Keywords: Interval-valued intuitionistic fuzzy set (IVIFS); Interval-valued intuitionistic fuzzy function (IVIFF);

Limit; Continuity; Derivative; Differential.

1. Introduction

As an important generalization of fuzzy set !,

Atanassov’s intuitionistic fuzzy set (A-IFS) 2 has
attracted lots of attention. It is added a degree of
hesitance compared to the classic fuzzy sets for
characterizing the uncertainty in humans’ consciousness.
Up to now, it has been applied in many fields, such as

decision making 33, clustering ®7, medical diagnosis &,
image fusion , and so on. A large number of research
results under intuitionistic fuzzy environment have been
derived from various directions, such as intuitionistic
fuzzy probability !°, intuitionistic fuzzy approximate
reasoning ' and intuitionistic fuzzy algebra >3 etc.
Recently, Lei & Xu '* discussed the generalizations of
derivative and differential under intuitionistic fuzzy
environment, obtained some useful results and pointed
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out a new direction for the study of infinitesimal
calculus. Lei & Xu 'S further studied the definite
integral of intuitionistic fuzzy functions (IFFs), and
gave the Newton-Leibniz formula under intuitionistic
fuzzy environment, and then discussed the basic
properties of intuitionistic fuzzy calculus. Lei et.al '
proposed a series of general integrals to aggregate
continuous intuitionistic fuzzy information based on
Archimedean t-conorm and t-norm. Apart from the
above researches, Xu and Yager !7 first proposed the
concept of intuitionistic fuzzy value (IFV) and gave the
operations of IFVs. Some authors paid attention to the
methods of ranking IFVs in Refs. '$2. Moreover,
Atanassov presented the interval-valued intuitionistic
fuzzy set (IVIFS) 2! whose membership degree and non-
membership degree are all intervals instead of two real
numbers aiming at the case where the membership
degree and the non- membership degree cannot be given
conveniently by crisp numbers.

By using the theory of IVIFSs, many scholars have
put forward an amount of methods dealing with
interval-valued intuitionistic fuzzy information in
various fields, including decision making 2%,
information fusion 242, linear programming 26, AHP 27,
and so on. Furthermore, the rankings of interval-valued
intuitionistic fuzzy values (IVIFVs) have also attracted
attention in Refs. 2%, By introducing parameters,
Zhang et al. 3° generalized the IVIFS into a new one
which was proven to be a closed algebraic system as the
IFS and the IVIFS. However, no one has so far
attempted to study the derivative and differential of
IVIFSs, which are very necessary for further developing
the theory of IVIFSs. In this paper, we shall focus on
investigating this issue. To do that, we give some
preparations for the whole work in Section 2, and define
the concepts of the change values of IVIFVs in Section
3. Then, we define the concept of convergence of
sequences of IVIFVs and give a necessary and sufficient
condition for the convergences of sequences of IVIFVs
in Section 4. Moreover, we discuss the continuity and
differentiability of interval-valued intuitionistic fuzzy
functions (IVIFFs) in Section 5, and explore the
differentials of IVIFFs in Section 6. Finally, we
conclude the paper in Section 7.

2. Preliminaries

As a preparation for further discussions, we first review
the related concepts and operations about IVIFSs and
IVIFVs.
Atanassov and Gargov defined the concept of
interval-valued intuitionistic fuzzy set (IVIFS) as
follows:

21

Definition 1 2. An IVIFS 4 over X is an object
having the form:

A= {< X, i1 (x),V5(x) > x € X}
where ﬁ; (x) <[0,1] and \7; (x) <[0,1] are intervals, and
for each x € X :

sup fi-(x) +supVv(x) <1

Especially, if each of the intervals 1. (x) and ¥ (x)
contains only one number, i.e., if for any x € X :

p; (x) =inf 2z (x) = sup pi- (x)

vi(x)= infv- (x) = Supv_(x)
Then the given IVIFS A4 is reduced to an ordinary
intuitionistic fuzzy set (IFS) 2.

On the basis of IVIFS, Xu 2 introduced the notion
of interval-valued intuitionistic fuzzy value (IVIFV):
Definition 2 %, Suppose that Z:{< X, 7L (0,7, () > x € X}
is an IVIFS, then the pair (ﬁ;(x),ﬁz(x)) is called an
IVIFV.

Xu % expressed an IVIFV as ([a, bl.[c.d ]) , where
[a,b] c [O,l], [c,d] c [0,1], b+d<1
and let ® be the set of all IVIFVs. Then Xu ¥ gave

some operations of IVIFVs:

Definition 3 *. Let ¢ =([a.b].[c.d]) and
a, =([a,.b,].[c,.d,]) be any two IVIFVs, then

(1) & ®a, =([a,+a,-aa,,b +b, —bb,].[cc,.dd,]) ;
Q) @,®a, =([aa,.bb,].[c,+c,—cc,.d +d,—dd,]) ;
3 26, =([1-(1-a) 1-(1-5)" | [/, ]).2> 0

@) @’ =([af,bﬁ],[1—(1—cl)*,1—(1—d1)q),/1>o.

All the above computing results are also IVIFVs 28,
Based on Definition 3, Xu 2® further verified the

operation laws as follows:
Proposition 1 . Let ¢ =([a.b].[c.d,]) and

a, =([a,.b,].[c,.d,]) be arbitrary two IVIFVs, then
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() ¢ ®a,=a,®4,;

Q) ¢,®a,=d ®d;

(3)2(q ®d,)=2d, ®Ad,,A>0;

@) (¢ ®a,) =a ®a;,A>0;

(5) 4@, ® G, = (A + 2, )G 2 20
6) a" ®a"> =(&, )", 4,2, 20.

In order to investigate the derivative and
differential operations of IVIFVs, we should first define
the subtraction and division operations of IVIFVs.
Motivated by the subtraction and division operations of
IFVs 4 below we define these two basic operations of
IVIFVs:

Definition 4. Let d1=([a1ab1]’[cwdl]) and

a, =([a,.b,].[c,.d,]) be two given IVIFVs, then

(1) The subtraction operation of IVIFVs is defined as
follows:

if a2a,, b2b,,c <c,,d <d,

[[g%“i%}] and ¢, >0,d, >0
“ 2L @ and ¢,(1-a,) <c,(1-qa,),
d,(1-b,)<d,(1-b,)

([0,0], [1,1]), otherwise
(2) The division operation of IVIFVs has the following
forms:

if a, <a,, b <bh,, ¢ >c,d >d,
4 bjlaze d-d || and a, > 0,b, >0
l-c, 1-d,
and a,(1-¢,)<a,(1-¢,),
b(1-d,)<b,(1-d,)

otherwise

([0.01,[11).

By Definitions 3 and 4, we can easily verify that
the inverse operation of “@®  is the operation “© 7, that
is to say, if ¢ and f are IVIFVs, then a® SO =a .
Similarly the division operation “@ ” is the inverse of
the multiplication operation “® .

Enlightened by the partially ordered set (L,<,)
put forward by Deschrijver and Kerre 3!, we develop the
following simple method for comparing any two

IVIFVs:
Definition 5. Let d =([a.b].[¢.4]) and

a, =([a,.b,].[c,.d,]) be two IVIFVs, then

(1) If a>a,, by2b, and ¢ <c,, d <d, , then
a, 2, a,;

2 If a<a,, <b, and ¢ 2c,, d 2d, , then
a, <, 4y

3) If a=a,b=0b and ¢ =c,, d =d, , then
a =a,.

Additionally, we introduce two
aggregation techniques for IVIFVs 28:

common

Definition 6 *. Assume that @ =([a,.5].[c..d])
(j=12,...,n) are a collection of IVIFVs, and let
IIFWA: ®" — © , then the function:

l}

WA (@,,d,.....4,)=®(,d,)

=
is called an IIFWA operator, where o = (@, ®,.,...,®, )T
is the weight vector of &, (j =1,2,...,n), with @, >0,
(j=12,...,n), Za)j =1, and the aggregated result by

J=1

the IIFWA operator is an IVIFV:
UFWA (,,d,,....d, )=
[{1—1‘[(1—%)”"J—H(l—bj)”’} {Hc;“znd?’f D
Jj=1 Jj=1 Jj=l Jj=l
Definition 7 *. Suppose that &, =([a,.5].[c,.d])
(j=12,...,n) are a set of IVIFVs, let IIFWG:
®" — O, then the function:

II] V‘VGw(algaza""an) i—1 ;)]
j= E

is the weight vector of

is called an operator,  where
wz(wl,a)z,...,a)n)r
a,(j=12,...,n), with @, 20, (j=12,...,n),
Za)j =1, and the integrated value by the IIFWG
j=1

operator is also an IVIFV:

IFWG  (d,.6,.,....d, )=

(|:ﬁa(;)’ ’ﬁb;‘)/ :|’ |:l _ﬁ(l _cj)(‘)j ,l _ﬁ(l _ dj)(u/- :| J

3. The change values of IVIFVs

We all know that any two real numbers can be
expressed for each other almost unconditionally by their
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basic operations: addition, subtraction, multiplication
and division in real number field. While in intuitionistic
fuzzy number field, any two IFVs can only be expressed
for each other by their four basic operations under
certain conditions '*. After introducing the four basic
operations of IVIFVs in Section 2, we naturally want to
know what will happen in the field of IVIFVs. In the
following, we will investigate this issue. We first give
the notation of change values of IVIFVs:

Definition 8. Let & ,d, and f be three IVIFVs, if
G =0dy08, and 0 {®,®, 0,0}, then we call & the

change value of ¢, .

Below, we shall set about finding out in what
conditions two IVIFVs can be expressed for each other
by the addition, subtraction, multiplication and division
operations. Now we consider the addition operation:

Suppose that ¢, is a given IVIFV and B is an
arbitrary IVIFV, we are concerned about the value of
a, ® B , and discuss it from the following two aspects:

() If B =([0,0],[1,1]), then it is clear that @, ® 5 =4 .

Q)If B+ ([0,0],[l,l]) , then we let &, ® =& , where
a, =([a.by].[c-dy]) and @ =([a,b].[c.d]).

Considering that @ is the inverse operation of the

operation © , we get [; =a0d, Because
B+ ([O, 0],[1,1]), then by the operation © of IVIFVs,
there’re some constraints between @, and & :
azay,c<cy,C >0,c(l—a0)£co (l—a)
and
b>bhy,d<dy,dy>0,d(1-by)<d,(1-b)

For a given IVIFV ¢, we collect all the IVIFVs
a satisfying the above constraints into a set and denote
. @
itby Ag :
&, =|dlaza, b>byc<cp, d<dy,c > dy>0c(l-c) <cp(1-a). d(1-h) <ch(1-b)}

In fact, 215?0 can also be expressed by
A7 ={ala=a,®p,vp o]

where V. means “for arbitrary”. In other words, in the
set 215?0 , the IVIFVs ¢, and ¢ can be expressed for
each other by the addition operation of IVIFVs.

Similarly, we can get

(1) 4y ={ala=a 0 p,vpe0)|

and
A, =|dasa,b<h.c2q,d2dyc>0, d>0,¢(1-a) <c(l-a), dy(1-b) <d (1|

(2) 45 ={d|a =, ®B.Vp < O}
and
4, =|da<a, b<h,c>c,d>dy, 6 >0, by >0 a(l-¢) <ay(1-c), b{1~dy) <h(1-d)|

(3) 47 ={ala=a,op.vB 0|

and

A, =|da <a b <hc zc,dy2d,a>0, b>0,a(1-¢) (1), by(1-d) <b(1-dp)|
Definition 9. We call 215?0 the addition region of ¢,
ZID% the subtraction region of @, |, 215?0 the
multiplication region of &, , and ZID% the division
region of ¢, , respectively.

The relations of these four sets 215?0 , ZID% , N?{) ,

and ZID% derived from ¢, and the set of all the IVIFVs
® can be shown by the following figure:

Firgue 1. The relations of the addition, subtraction,

multiplication and division regions

Based on the above results, we give the following
definition:

Definition 10. Assume that ¢;, @, , @; and @, are
~ ~® ~ ~ ~ ~®

four IVIFVs. If g, A&O , O, € Agti , O3 € A&O , and

a, € ‘le?(, , then ¢, is called an addition change value for

d, , O, a subtraction change value for ¢, , a; a
multiplication change value for ¢, and ¢, a division
change value for ¢, , respectively.

If ged; , Gyed, , ayed; and g ed; ,
then there must exist the IVIFVs ﬁ] , [}2 ,[;3 and [}4,

such that &, =G, ® f,, G, =Gy OBy, Gy =Gy ® f; ,
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and @, = d, @ B, . Therefore, an IVIFV has four change

directions which can be shown visually by Figure 2.
This is quite different from a real number which has
only two change directions.

o @

R

® 5

Figure 2. The four different change directions

4. The sequences of IVIFVs

4.1. Various sequences of IVIFVs

Definition 11. Suppose that{c,} (n=1,2,---) area

sequence of IVIFVs, that is to say, every d,, is an

IVIFV in the sequence. If 3N e N* ,and Vn> N,

a, € A;ao , where “3” means “there exists” and “V ”
means “for any”, then such {a,} is called an addition
sequence derived from ¢, ; If Vo> N, a, € AD% , then

{c,} isa subtraction sequence derived from ¢, .

According to the above concepts, for a fixed
IVIFV @, we can always find the unlimited elements

of an addition sequence derived from ¢, , which are all
contained in 215?0 (see Figure 3); and the unlimited
elements of a subtraction sequence of ¢, completely

contained in ZID% (see Figure 4):

Figure 3. An addition sequence of ¢,

Figure 4. A subtraction sequence of &

Definition 12. Assume that {¢,} (n=12,---) are a
sequence of IVIFVs. If INe N*, Va> N, @, € ;11?0 ,
then we call {¢,} a division sequence derived from ¢ ;
If Vva>N , a,c« ;l,% , then we call {a,} a

multiplication sequence derived from ¢, .

Similarly, from Figure 5, we can see that there are
unlimited elements of a division sequence derived from

d, which are all in the set ZID% . At the same time, from

Figure 6, we can see the unlimited elements of a
multiplication sequence derived from ¢, which are all

L o®
n Ado :

Figure 6. A multiplication sequence of &,
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4.2. The limits of various sequences of IVIFVs

In real number field, we use the distance | 5—a| of two
real numbers a and b to describe their approaching
degree. The smaller the distance |b—a| is, the closer
the two numbers are. a is infinitely approaching b if
and only if the distance | b—a | is infinitely approaching

to zero. How to describe the approaching process of two
IVIFVs by using their basic operations? For arbitrary

IVIFV & , becaused ®([0,0],[L1])=d, ¢ ®0 > a if
only both the membership degree interval and the non-
membership degree interval of @ approach to those of
the IVIFV ([0,0],[L1]) .

following limit process &, = &, :

Therefore, we define the

Definition 13. For an addition sequence derived from
d,, denoted by {a,}(n=1,2,---), if

Vé = ([az,b:],[cz,d:1) >, ([0,0],[1,1]), IN e N™,
when Vn > N, we have

a,o0d,<; €
Then we call ¢, the addition limit of {&,} asn — +o,

@

. ~ _ ~® ~ ~
denoted by lim @, =a, or a, >a .

n—>+00

Definition 13 that
a, ©d, —([0,0],[1,1]), we have @, — & . Similarly,

shows when
we give the following definition if each element ¢, of a
sequence is contained in 43 :

Definition 14. Let {c,} be a subtraction sequence
derived from ¢ . If

V§ = ([a' b']’[c‘g’sdé]) >L ([Os 0]3[131]) B ElN € N+a s

E27¢E

when Vn > N, we have
a,0a,<; €
then ¢, is called the subtraction limit of {c,} as

n— +o, denoted by lim @, =a, or a, > a" .
n—>+o0 0

We have considered the situations o, € Zlgf) and

a, e ;l(% , and defined the addition and subtraction

limits respectively. Next we shall consider the situations

when ¢, € Aéi and «a,e A(?O Because

d®([1,1],[0,0])=d , G®6 —> @ so long as both the

membership degree interval and the non-membership
degree interval of  approach to those of ([1,1],[0,0]),

in the following, we shall give the other two limit
definitions:

Definition 15. Suppose that {¢,} is a division sequence
If V(é::([aé',bé],[c‘é',dg])
<, (1.1],[0,0]), 3N € N*, when Vn> N, we have

a,oa, > &

derived from ¢,

then @, is the division limit of {&, } as n— +oo
0 n

denoted by lim @, =a, or @, —>a” .

n—>+0 0

Definition 15 that
@, @a, —([1,1].[0,0]), we have @, — d; .

shows when

Definition 16. Assume that {¢,} is a multiplication
sequence derived from &, . If V& = ([az,b; ].[c;.d; )
<, (1.1],[0,0]), 3N € N*, when Vn > N, we have

a, 6, >
then ¢, is the multiplication limit of {c,} as n— +o0,

®

. ~ _ ~® ~ ~
denoted by lim @, =a, or a, >a .

n—>+o0
Next, we shall give an equivalent characterization
of Definition 13. We first make an analysis on
Definition 13. Because {c,} is an addition sequence
derived from ¢, , we can get

G o =||@"% ba=b | dnll g
nore l—ay " 1-b, || ¢, d,

Then Definition 13 shows that for any given
as >0, b: >0, c; <1, d; <1, we have dn % <ag,
—a,
b, —b, d ..
n 0 <h, and <1 > ¢z, —+>d; . Thus by Definition
1-5, < d,
13, we know a,-a,—0,b,-b,—>0 and
c

d .
- —1, - —1 simultaneously. Therefore, we can get
=) 0
the following equivalent characterization of Definition
13:

Theorem 1. Let {¢,} be an addition sequence derived

from @, , with @a,=([a,.b,][c,.d,]) and
dy = ([ao,bo],[co,do]) , then lim &, =@y if and only
n—>+0
if  lim a,=ay, limb,=b, and lim ¢, =c,
n—>+o00 n—>+0 n—+90
lim d, =d,.
n—>+0
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Proof (Sufficiency). Suppose that
lim a, =ay, lim b, =5, and lim ¢, = ¢,
n—+o n—+owo n—+wo

lim d, =d, . By the definition of limit in real number
n—>+o0

field:
(1) V& >0, 3N, e N*, when Vn > N,, we have
a,—a, <(1-ay)g
(2) V&, >0, 3N, e N*, when Vn> N,, we have
b, =by < (1=by)e,
(3) V&3 >0, 3N; e N*, when Vn > Ny, we have
l—c—”<.93:>c—”>1—.93
% %
Similarly, Ve, >0, 3N, e N*, when Vn>N,, we
have

d d
l-—L<g,=>"L>1-¢,
0 dy
Let N =max(N,,N,,N;,N,), then when Vn> N,
- b, —b
we have In— % <g,1—<g, and
1-a, 1-b,
c, d, . .
- >1-g5,—>1-g, . In this case, if we take
% dy
é=(e.e ). [1-&5.1-¢4], then lim @, =dy .

n—>+00

(Necessity). If lim @, =dy , by Definition 13,

n—>+0
Vé=(az,bs).[cs.d: ) >, (0,0],[L1]) , INeNT ,
when Vn > N, we have
a,0d,<; €
That is,

a, —q bn _bO Cn dn
= On=20 |} En En - b ) [es d;
(|: 1—51() ’ 1—b() :|’|:CO ’ dO :|J<L ([ag g] [Cg ‘9])

As {a,} is an addition sequence derived from ¢,

- b, —b
D= g, 0<T op and
1-a, 1-5,

then O0<

d
1> ¢zl >d—” >d; . By the squeeze theorem of

Co 0
limit in real number field, we can get
lim a, =a,, lim b, =5, and lim ¢, = ¢,
n—>+o0 n—+00 n—>+o0

lim d, =d,. Thus we complete the proof of Theorem
n—>+o0

1.
Furthermore, when {c,} is a subtraction sequence,

a division sequence or a multiplication sequence derived

from ¢ , we have the similar conclusion.

5. The continuity and differentiability of
IVIFFs

5.1. The concept and properties of IVIFFs

Suppose that @ = ([a, bl.[c, d]) ,and F is a function of
IVIFVs, that is,

F(@)=([f,(a.b,c.d), fy(a,b,c.d)].[g(a.b,c.d), g, (a.b,c,d)])

If 0< fi(a,b,c,d)<1, 0< g;(a,b,c,d)<1,i=12,
andO0 < f, (a,b,c,d)+ g,(a,b,c,d) <1, then we call the
function F(@) an interval-valued intuitionistic fuzzy
function (IVIFF) of & .

For brevity, we denote any given IVIFF
F(@)=([fi(a.b,c.d). fy(a,b,c.d)],
[g] (a,b,c,d), g,(a,b,c, d)])
as F = ([f]afz]’[g]!gz]) .
Because F(a)© F(¢,) isn’t always an IVIFV, for
the purpose of discussing the derivatives of IVIFFs, we

want to know in what conditions F (&) © F(a,) will be

an IVIFV. This question relates to the subtraction
operation of IVIFV:

Definition 17. Let
F(@) =([f,(a,b,c,d), fy(a,b,c,d)],

[g] (a,b,c,d), g,(a,b,c, d)])
a= ([a, bl.[c, d]) , then we denote

be an IVIFF of

S@(dO,F)z{dmezg,

0< g(a,b,c,d) 1- fi(a,b,c,d)
gi(ag,by,cy,dy)  1- fi(ay,by,cy,dy)
0< gz(aabacnd) < 1_Af2(a7bacad) <1

g2(ay,by,co,dy) 1= fr(ag,bysco.dp)

as the addition area of F(a) at ¢, .

Using the subtraction operation of IVIFV, we can
get

F(&)© F(dy) = ([/i(a.b,c,d), fy(a,b,c,d)],[g(a,b,c,d), g (a,b,c,d)])
Q([f](ao’bo’co»do)» Sa(ag,by,cq.dy)],[ &1 (g, by, co.dy), gz(a()aboa%sdo)])
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_ﬂfl(a,b,c,d)—ﬁ(ao,bo,co,do> fz(a,b,c,d)—fz(ao,bo,co,do)}
= filagbyscordy) 1= falagbyscondy)

{ g@abed  glabed }
gl(aoybo,coydo),gz(aoyboscoado)

From the analysis above, we know that
vaeS®d,,F), F(@)OF(d,) is still an IVIFV
when a © ¢, is an IVIFV.

Definition 18. Suppose that

F(@)=([/i(a.b,c.d). fy(a,b,c,d)],
[g] (a,b,c,d), g,(a,b,c, d)])

a= ([a, bl.[c, d]) , then we denote

s an IVIFF of

ga(dO,F):{&megé;, OSg](ao,bo,co,do) < 1 fi(a9,by,¢9,d0) <1,

! g](aabacad) l—ﬁ(a,b,c,d)
Oggz(%ab()a%ado) < 1= f5(ay 59595 dp) <1
g,(a,b,c,d) 1- f5(a,b,c,d)

as the subtraction area of F(@) at ¢, .

By Definition 18, we know that V@ e §° (ay.F),
F(a,)oF(a) is still an IVIFV when ¢, ©d is an
IVIFV.

Like the addition and subtraction areas of F (&) at
d, , we can define the corresponding division and
multiplication areas:

Definition 19. Assume that

F(@) =([/i(a.b,c.d). fy(a,b,c,d)],
[g] (a,b,c,d), g,(a,b,c, d)])

a= ([a, bl.[c, d]) , then we denote

is an IVIFF of

s@(do,F)={d|deA;1,
0< S1(a9,by,¢94p) g (a9,b9,¢9,dy) <1

- - — b

f](a,b,c,d) 1_g](a,b,C,d)

0< Sa(ag,by,¢p,dp) < 1-g5(ay,by,¢,dp) <1

frla,b,c,d)

as the division area of F(&) at ¢ .

1_g2(a!bscsd)

Definition 20. For an IVIFF
F(@) =([f,(a,b,c,d), fy(a,b,c,d)],

of a , we denote
[g] (a,b,c,d), g,(a,b,c, d)])

$%(ap. F)={alaeig,

0< fila,b,c,d) < 1-g,(a,b,c,d) <
Silag.by,co,dy)  1=gi(ag.by,cy,dy)
0< frla,b,c,d) 1-g,(a,b,c,d)

< < <1
fr(ag,by,co-dy) 1= g5(ay,by,co,dy)

as the multiplication area of F(&) at ¢, .

From Definitions 19 and 20, we know that
VaeS9d,,F), F(d)oF(d) is still an IFV when
G,0a is an IVIFV, and VaeS®G,.F) ,
F(a,)@F(a) is still an IVIFV when g, ©d is an
IVIFV.

In the following, we shall investigate the
relationships of the previous results by some simple
examples:

() If F(a@)=a, then fi(a,b,c,d)=a, f,(a,b,c,d)=b

and g (a,b,c,d)=c,g,(a,b,c,d)=d . If Va e 47,

1-
then we can get 0<S<—"%<1 and
c l-a
Osigl_bgl.Soneﬂg,wehave
dy 1-b, 0
0< g(a,b,c,d) 1- f(a,b,c,d) <1

_gl(%abOaCo’do)_1—f1(510sb0s00sd0)_
and

< g,(a,b,c,d) < 1- f,(a,b,c,d) <1

&,(ag,by,cody) 1= fr(ay,by,co,dy)

that is, $€ (¢, F)= 212 . Similarly, we can also get
SUGy, F)= A5, $7(Gg, F) = 47 , §%(G,,F) = 4,

(2) If

F(X)=X®a, =([a+a —aa,b+b —bb],[cc,dd,])
where X = ([a,b].[c.d]) and & =([a,.b].[c;.d|]) .
Let

fila,b,c,d)=a+a, —aq,
fr(a,b,c,d)=b+b —bb,

and
g (a,b,c,d)=cc;, g,(a,b,c,d)=dd,

.= 1-
For any & € 45 , we have 0<sS<—% <1 and
0 c l-a
d 1-b . .
0<—< <1, which are equivalent to
dy 1-b,
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0< S8 o 1-(a+a —aaq))

coep  1=(ag +a,—aya)

<1

and
dd, 1—(b+b, —bb, )
< <
dod, 1—(by+b — bOb])

respectively, which means that the following
inequalities hold:
g(a,b,c,d) 1- f(a,b,c,d)
1(ag, by, o, dy) 1= fi(ag,by,co-dy)
g,(a,b,c,d) < 1- f,(a,b,c,d) <1
82(ay, by, co.dy) 1= f1(ag,by,co.dy)

Therefore, S®(d,,F)= ;12

0<

0<

Similarly, we have
SO (5 70

S (ay,F)= Ado .

(3) For the case that

ITFWA W(d],dz,...dn) =

Hl—H(l—a,-)““’,l—n(l—b,-)wf } {HCf’,de’D
j=1 Jj=1 Jj= Jj=

where d] ([a],b]] [cj,dj]),jzl,Z,...,n . For

~' ~® ! !
Va; e i, > with &', —([a],b]] [ ],dj]) we can get
' ' i w; ' W]»
P L Y e/
¢; (l-a ¢ l-a;
v oW, n w; twW; n w,
(c;)” lg ¢’ (=a;)” ig(l—ai) i
i#] < i#]
wj ﬁ Wi - 1 wj ﬁ 1 w;
G (I=ay)” Hd-a)
i#] i#]
and
' ' NG ' W]»
i<(1_bj)<:> d_] < l—bj -
d, (1-b;) d; 1-b;

(d)" T1d"  (1-b)" H(1-b)"
i=1 i=1

i#j < i#]
n - n
dj TLd  (1=b;)" T1(1=5)"
i i#]

Then we get S® (a 1IF WA) ;1;3]_ . Similarly, we have

5© (dj,[[FWA) =A;]_.

(4) For the case that
HFWGW(d],dz,...dn) =

Hna;“’,l'[bf’ } {1 ~TI(-c))" 1-T1(~d;)" } j
Jj=1 Jj=1 Jj=1 J=1

where djz([a],b]] [cj,dj]),jzl,Z,...,n . For

va, e, with @) =([a).b)][c}.d;]) it follows

7295 12| €29
that
ﬁ<1_cj<:> ﬁwj< l_cj Wj<:>
a'j _l—c'j a'j B l—c'j
(aj)jiéalw’ (1 c)’i:](l )"
i#] < i#]
(aj)]il;{alw’ (1 c)]l](l )"
i#] i#]
and
s ) -
b, 1-d,; b; 1-d;
)" fiar (1) fi-a)
i#] < i#]
(6;)" IH]bW (1-4,)" 11(1 d;)"
i#] i#]

then S° (d-,[[FWG)=;1§_ . We can also obtain
J

5@ (a IIFWG) ~-l_ in a similar way.

o

5.2. The continuity of IVIFF

In real number field, the continuity of a real function
f(x) is a very important property. If f(x)— f(x,) >0
when x — x;, then the function f(x) is continuous.

After defining the convergence of sequences of IVIFVs,
it is natural for us to ask what the continuity of an IVIFF
is. In the following, we shall focus on this issue:

Definition 21. Let F(X) be an IVIFF of X . If
([as’ s] [cs’ 5]) >L ([0 0] [1 1]) >
=([a5,b5],[c(5,d5]) , for any X eS®(X,,F) ,
when ([0 0].[1, 1]) <, X0X,<, 6 , there is

F(X)o F(X )<, &, then F(X) is continuous at X
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in the addition area, denoted by lim F(X) = F(X, 0)-
XX9

Definition 21 shows that if F(X) is continuous at
)N(O in the addition area S ()N(O,F ) , then when
XoX, - ([0,0],[l,l]) , we
F(X)OF(X,)— ([0,0],[1,1]).

have

Definition 22. Suppose that F(X) is an IVIFF of X .
If VE =([az.b:].[cs.d:]) >, ([0.0].[11]) :
35=([a5,b5],[05,d5]),makingV/\N’ego(/\N’o,F) and

([0,0],[l,l]) <, X,0X<, 6 , such that

F()?O) OF(X)<, &. Then F(X) is continuous at )N(O
in the subtraction denoted by

lim F(X)=F(X,).
XXy

area,

Definition 23. Assume that F(X) is an IVIFF of X . If
VE =([az.b: ].[cs.d;]) <, ([1.1].[0,0]) :
36 =([ag.bs].[cs.ds]) . such that X € §7(X,,F) and
5 <, Xy0X <, ([11].[0,0])
F()?O)®F()?) >, €, then F(X) is continuous at )N(O

satisfy

in the division area, denoted by lim F(X)= F(X, 0) -
XXy

Definition 24. For a given IVIFF F(X) of X , if
V& = ([ag, b |, [ez-d:]) <, ([1.1],[0,0]) ’
36 =([ag.bs].[cs.ds]) . for arbitrary X e §®(X,,F)
when 6<, X0X,<, ([1,1],[0,0]) , the inequality
F()?)@F()N(O)>L £ holds, then F(X) is continuous

at X, in the multiplication area, denoted by
lim_ F(X)=F(X,).
X>X¢

5.3. The differentiability of IVIFFs

As we all know, in the real number field, the
derivativeness of a real function f(x) at a real number
x depends on the existence of the following limit:

JACHRNAC)

x'—x

lim
x'>x

If 7(x)- f(x)-» 0, then the above limit might be
equal to the worthless infinity. But, if f(x) is
JACORNAC)

X —x
constant, and then we can gain the derivative of the
function f(x) at areal number x :

continuous, then lim
x'—=x

might be equal to a

df(x) . S-S

dx x'>x

X —X

Under interval-valued intuitionistic  fuzzy
environment, we try to use the idea of gaining the
derivative of a real function to define the derivative of

an IVIFF. We first analyze the value of
lim w. From Definition 13, we know
a'—a® a oa

that @ ©d — ([0,0],[1L1)) when & —a® . Then
based on the subtraction operation of IVIFVs introduced

in Section 2, on the one hand, if
F(@)oF@) -+ ([0,0],[L1]) . then the value

lim LOOF@ o cual to the  IVIFV
a'—»a® aoa

([0,0],[1,1]) that takes no information about the divisor

and the dividend, and is given only for satisfying the
closure of division. On the other hand, so long as the

function F(&) is continuous, the value F (d')G)F (a)

({0.01.[1.1])

adoda— ([0,0],[1,1]) . So in this case we can catch the

will approach when

F(@)OF ()
aoa
equal to the IVIFV ([0,0],[1,1]).

lim

im , which would not always
a'—a

value

After the above analysis, we first give the
derivative of an IVIFF at an IVIFV ¢ in the addition
direction:

Definition 25. If lim w

a'—a® a oa
the function F () is called to be differentiable at ¢ in
the addition direction, and the limit value is called the
derivative of F(Q) at a .

is an IVIFV, then

Then we give the following necessary and
sufficient condition for the differentiability of an IVIFF
F(a):

Theorem 2. Let
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F X = !b! !d 2 !b! !d b
(@) ([f](a ed). hlabc )] be an IVIFF of
[g] (a,b,c,d), g,(a,b,c, d)])
7 =([a,b].[c.d]), then F(a) is differentiable in the

addition direction of & , if and only if
ofi(a,b,c,d) _ ofi(a,b,c,d) _ ofi(a,b,c,d) 0
ob oc od
of,(a,b,c,d) _ of,(a,b,c,d) _ of,(a,b,c,d) 0
da oc od
0g,(a,b,c,d) _ 0g,(a,b,c,d) _ 0g,(a,b,c,d) 0
da ob od
0g,(a,b,c,d) _ 0g,(a,b,c,d) _ 0g,(a,b,c,d) 0
da ob oc
and

< 1-a 6f1(a,b,c,a')Sl
1- fi(a,b,c,d) oa
< c 0g,(a,b,c,d) <1
g (a,b,c,d) oc
1-b of,(a,b,c,d) < d
1- f,(a,b,c,d) ob

0g,(a,b,c,d) <1
a g,(a,b,c,d) od a

Under the above sufficient and necessary condition,

and  F(@)=([A(a). £ (b)].[ 1 (c).2:(d)]) . the

derivative F(@) at @ can be calculated as follows:

dF(a) l1-a /
= b
da [L—f](a)f()l fz(b)fZ()}
11— g/(e)1-
{ g](c)g](c) (d)gZ( )D
Proof. Let

a'= ([a+Aa,b+Ab],[c+Ac,d+Ad]) =
([a',b'],[c',d']) eS® (a,r)
then
F(&")=([fi(a"b'c"d), £ (a', B¢\ d) ],
[ (a\b',cd"), g, (a',b,c',d)])

For brevity, we use the following notations in the
proof process:

(I =(d"b',c"\d"), (I)=(a,b,c,d)

Thus,

dF(a)
da a'—>a a

- lm ([/‘1 (1), :I [gl( .82 ( ])0([f (1) :I [gl & ( :I)
o ([a".8][¢"a"]) e

b'—>b
c'>e
d'—d

({f](”)—f](’) fz(")—fz(])}
-£(1) ° 1-A0)

= lim

- lim [{ﬁ(”)—ﬁ(’) 1-a A5 () 1—b}

1-£(1) d-a 1-f() b -b|

A=A 1m0 AE)=5(1) 1-8
a'—a l—f]([) a'—a’[c)l::g l—fz(]) b'-b

c'=c c'=c
d'—>d d'—d

b

a(l)_¢

&(I')_d

I) ¢ 1 d
lim gl(), , lim gz(),
a'—a C a'—a d
psb 1=—  pp 1
c'—>c C c'—c d
d'—>d d'—d

We first consider the left endpoint of the
membership degree interval:

CAU-AD) e tea A=A
Z:Z 1-£(I) d-a Z:'jgl—fl(l) a'—a
4 dd

_ lim l-a f](a',b',c',d')_f](a,b',c',d')+

1-£ (1 a'—a a—a
aa A1)

¢'=c

d'—d

filab'cd) flabed)\b-b
b'—b b—b

fi (aabac,’d,) _ fi (a’bscsd,)j C,—C +

'
a—da

!

c'—c c'—c a'-a

fila.be,d')  fi(ab,ed)\d'-d
d—d d'—d

a'—a
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__tma (D) ) bb
1-£(I)| oa ob a-aa'-a
c':c
d'—>d
NI iy e=e AU)  d'—d
Oc d-aa —a od d-aa-a
b'—b b'—b
Cc —>C c —>C
d'—d d'—>d

Similarly, we can get the right endpoint of the
membership degree interval:

o AL b A()-A)

Z::Z l—fz([) b'—b Z":ta;l_fz(l) b —b
¢'—>c ¢'=c
d'—>d d'—>d

1-b_|36() A0 a'=a

b'—b
'
d'—d

of, (1 c'—c oI d—-d
fz()hm - +f2()11m -
Oc d—ab' —b od d—a b'—=b
b'—b b'—b
c'—c¢ c'—c
d'—>d d'—>d

Next we calculate the part of the non-membership
interval. We first consider the left endpoint of the non-
membership degree interval:

& (1,)_0'

1 [’ ’
1imL),c= lim{ ¢ g]( ,) c :
Z::Z 1-< ,‘;j[‘)‘ g]([) c—c' c-c
c'>c Cc c'>c
d'—>d d'—>d
= lim {— {g‘ (a'.b'.c\d") - g (ab'c.d")

AUt c=c
c'—c
d'—d
+g1(a’,b’,c,d’)—g](a,b’,c,d’)g_g'
a-da' c—c'
L&i(abhed)-g (abed)b-b
b-0b' c—c'
+g1(a’b’c’d’)_gl(a>b,0,d)d—d'+g1(a,b,c,d) B c’'
d—d’ c_c' C_C’ C_Cl

a'—a
=1- 7 5 | - +
c a d—ac —c
g(1) h
c —C
d'—>d
1) . bv-b og(l),. d-d
gl()hm - +gl()hm -
0b a—ac'—c od d—a c'—c
b'—b b'—b
d'—c c'—c
d'—d d'—d

Likewise, we get the right endpoint

of the non-

membership degree interval as follows:

o) da
hm g2 ([) - d — llm d ng (I)_ d,
a'—a 1_1 a:%a gZ(I) d-d d-d
b'—b b'—>b
¢'>c¢ d ¢'—>c¢
d'—>d d'—d
L4 (&) (D) aca,
g (1) od Oa a d-d
c'—c
d'—>d
O (1) o b= (1) e
ob a—ad'—d Oc d-ad —d
b'—b b'—b
e d>c
d'—>d d'—>d

To ensure the derivative to be only the IVIFV,
which doesn’t change with ¢ , we have

ofi(a,b,c,d) _ ofi(a,b,c,d) _ ofi(a,b,c,d) 0
ob oc od
of,(a,b,c,d) _ of,(a,b,c,d) _ of,(a,b,c,d) 0
da oc od
og,(a,b,c,d) _ og,(a,b,c,d) _ 0g,(a,b,c,d) 0
da ob od
0g,(a,b,c,d) _ 0g,(a,b,c,d) _ 0g,(a,b,c,d) 0
oa ob oc
and
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l-a 6]‘1'(a,b,c,d)Sl
1- fi(a,b,c,d) oa
< c 0g,(a,b,c,d) <1
g,(a,b,c,d) oc
1-b of,(a,b,c,d) < d
1-f5(a,b,c,d) ob g,(a,b,c,d) od

Thus (@)= ([ fi(a). £2(b)].[ & (c). &2 (d)]) . and

then
dF(d)_ 1—61 ’
da [L—f](a)f( e fz(b)fz( )}

d
1- d
{ 2(©) gi(c),1 2(d) ——g5( )D

which completes the proof.

In a similar way, we can get the derivative of
F(a) at & in the subtraction direction. When

G@'eS°(a,F), we have

dF@ _ . F@OF@)
da @' —a° aoa'
d
, b ©), d
[[1 f()f()l A(b)ﬁ()H g(c)g‘(c) a@ )D

dF (@)
a
derivative of F(a) at & in the subtraction direction.

If the value

is an IVIFV, then we call it the

We find that the derivative values of F(&) at & in

the addition and subtraction directions are exactly the
same if f},f, and g,,g, are derivable. So we shall

unify the two kinds of derivatives into one.

Definition 26. If the IVIFF F (&) is differentiable at &
in its addition and subtraction directions, then we call

dF(d)z l1-a ’ b
da [L—f](a)f()l fz(b)fz()}

d
1-—5 gl(e),1-
{ g](c)g](c) 2(d)g2( )D

the subtraction derivative of F(a) at & .

Theorem 2 gives a condition for the existence of an
IVIFF’s subtraction derivative. This is just like the “C-R
condition” in the complex number field.

In what follows, we shall study the subtraction
derivatives of some special IVIFFs:

5g2(a,b,c,d) <1

() If F(X)=d, =([ag.b, |.[co.dp]) - then
fi(a) =ay, 1,(b) = by, g(c) = ¢y,

) =, 0 (0.0} 1)

Q)If

F(X)=X ®d,=([a+a,—aa,.b+b,-bb,].[cc,.dd,])
, then

(@) =a+ay—aay, f,(b) =b+by —bby, g (¢) = ccy, g, (d) = dd,

dF (X l-a 1-b
@ S . R—
dx l1-a-a, +aa, 1-b—by +bb,

{1—ic0,1—d%)doD =([1.1].[0,0])

ccy

(3)If
F(X)=a,®X =([aga,byb.[cy +c—coc.dy +d —dyd])
, then

Si(a) =aya, f,(b) =byb,
gi(c)=cy+c—cyc,g,(d)=dy+d—dyd

dF (X) l1-a 1-b
— = ay, by |,
dx l—aga ~ 1-byb

{1—;(1—%)’1‘#‘]_@1(1_%@

¢y +c—cyC
|| @ —aga by —byb TN d
- l—aga " 1=byb || cy+c—coc dy+d—d,d
=(["0ab0]a[‘70ad0])®

l-a 1-b - c - d
l—apa’1-byb || cy+c—coc’  dy+d—dyd

(a) When do=([a0,b0],[co,do])=([1,1],[0,O]) , we
get

dF () {E:Z’iﬂ’[o’oﬂ=([1’1]’[0’0])

ax

(b) When &, =([ag.b,].[c.dy]) = ([0.0].[L1]) , we
have
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d}:lE\N’X) =[[O’O]’{ C +cl—c ¢’ d +dl—d d}}
0 0 0 0

=([o.0],[ 1.1])

Because
ao—aoazao l1-a _ao,bo_bob=b0 1-b <k,
1-aya 1-aya 1-byb 1-byb

0

=¢y 2 ¢,
c+cy—c¢yC c+cy(l-c)

il =d, ! >d,
d+dy—dyd " d+dy(1—d)

and

Then we can get

ay —ayga by —byb I d,
I—aga " 1-bpb || co+c—coc dy+d—dyd
<L ([%abo]a[%ado])
4 If
F(X)=2-% =([1-0-a),1-(-b)" ][ *,d" ]}, 0 < 2 <1
, then
fil@=1-(1-a)", f(b)=1-(1-b)", g(c)=c", g, (d)=d"

dF()?) l—a -1 l—b -1
—t = | —A01- —A(1-b 1-1,1-4
e [[a-ay (1-a) i (1-b) },[ , ]]

=([4, A].[1-2,1=4])

The examples (5) and (6) below show that in
interval-valued intuitionistic fuzzy environment, for
F(X)=KX+d&  and
G(X) =KX + 8 whether K is an IVIFV or a positive
dEX) _dGX) -y

dx dx

conclusion is similar to the one in the real number
field.

any  two functions

real number, we have

B)If G(X)=G®X @ f3, then
G®X®pf=([a,a+as—a,agab,b+by—b,bsb],

[cﬁc+cacﬂ —CuCpC dgd +d,dg —dadﬁdJ)
fla)=a,a+ag—ayaga, f,(b)=b,b+bs—b,bgh

gi(c)=cpetc,ep —cycpe, gr(d)=dpd+d,dg —d,dpd

dG(X) l1-a
= (a, —azag),
dx 1-(a,a+ag —a,aga)

1-b
1= (byb + b —bybyb)

(ba - babﬂ ):| P

c
1- (cp —cqcp),
CRC+CoCp —Chlhe

1- d (dy —dadﬂ)D
dgd+d,dy —d,dyd

|| ay—a,a b,—b,b Cy d,
l-a,a " 1-bb || c, +c—c,c’ d, +d—d,d
dG(X) dF(X)
dX dx

Let F(X)=a® X, then we get

6)If GX)=AX® B, 1>0, then
/l)?@ﬁz([l—(l—a)’l raz(1-a),

1=(=b) +by(1-b)" [Py d*dy )
fil@=1-(-a) +a;(-a)", fo(b)=1-(1-b)" +by(1-b)"
g ()= Clcﬂ’ g (d)= didﬂ
dG(X)

0 (A -2-2)

Let F(X)=AX, then we get %zdF(){)

dX

At last, as a special IVIFF, we examine the
derivative of the IIFWA operator:

(7) If
UFWA  (d,.G,..... 0, ) =

[{1 [10=a,)" 1-T10-5,)" } {ﬁc}” 147 D

J=1 =l j=1 j=1
then

ﬁ(aj)zl—r[](l—aj)m’, fz(bj)=1—1j](l—b,-)“”;
J= J=
& (c;) = H]c;)j’ g:(d;) = H]d;'oj

Jj= J=

where dj = ([a b-],[cj,d

s j]),andthen

d(LIFWA, (&, -,4,,))
da;
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a.: n
= | —a 1l0-a)” 1-a)"",
[1(1-a;)" o
i

1-b; n . ol
0, 1a-b)" (-1 |,

n -
1a-)"

As defined before, the change value for an IVIFV
has four different change directions: the addition,
subtraction, multiplication and division directions. We
have discussed the addition and subtraction derivatives
for an IVIFF. In the following, we shall consider the
differentiability of an IVIFF in the multiplication and
division directions:

L(})Q%j is an IVIFV, then

a-i’\ Fla") «

Definition 27. If lim (

we call F(a) to be differentiable at ¢ in the division

direction, and the limit value is called the derivative of
F(a) ata.

Theorem 3. Suppose that
F(@)= ([ﬁ (a.b,c.d), f,(ab,c.d)].| g (a.b.c.d).g, (a,b,c,d)])
is an IVIFF of @ =([a,b].[c.d]) ., then F(a) is

differentiable at ¢ in the division direction if and only
if

ofi(a,b,c,d) _ ofi(a,b,c,d) _ ofi(a,b,c,d) 0
ob oc od

of,(a,b,c,d) _ of,(a,b,c,d) _ of,(a,b,c,d) 0
oa oc od

og,(a,b,c,d) _ og,(a,b,c,d) _ 0g,(a,b,c,d) 0
da ob od

0g,(a,b,c,d) _ 0g,(a,b,c,d) _ 0g,(a,b,c,d) 0
da ob oc

and

a ofi(a,b,c,d) <1
B fila,b,e,d) Oa B
< I-c ag](aab’csd)gl
1-g,(a,b,c,d) oc
1-d 0g,(a,b,c,d) < b

< <
1_g2(asbscsd) od fz(a,b,c,d) ob

Under such sufficient and necessary condition,
F(a) can be expressed by

F@) =([fi(a)./>(6)].[&(c).2(d)]). and then the
derivative F(&) at @ in the division direction can be
computed as:

Mzﬂl ¢y i-—2 fz’(b)},

é  fi(a) f(b)
1-¢ 1-d
! , ! d
1—g](c)g](c) l—gz(d)gZ( )D

When a' e S®(a, F), similarly, we have

IF@) _ (F(oz')O zj

la F@) a
b
= [1-=2— fla)1-—— f3(b) |,
ﬂ = )}
1-¢ 1-d
’ , ’ d
L—gl(C)gl(C) l—gz(d)gZ( )D

If the limit value is an IVIFV, then we call it the
derivative of F(a) at & in the multiplication direction.

As we can see, there are exactly the same
derivative values in the division and multiplication
directions if the functions f,f, and g,g, are

derivable. So we also unify the two derivatives into one:

Definition 28. If the IVIFF F (&) is differentiable at &
in the division and multiplication directions, then

IF(&) =H1_L f]’(a),l—szl(b)}

la Si(a) /2 (b)
l-c 1-d
’ , ’ d
L—gl(C)gl(C) l—gz(d)gZ( )D

is called the division derivative of F(&) at & .

In the following, let’s see the division derivatives
of some special IVIFFs:
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(1) If F(X)=d, =([ay.b,].[cs.dy]) . then IF(X) —([1- 1]
fit@)=ay. f,(b)=by, g (e)=cy, *
IF(X) { 1=¢ a—ept 129 50 _gp-
d) =dy, —=2=([1,1],[0,0 (=)™, (-4
g2( ) ZX ([ ] [ ]) (1_0)}. (l_d)l
Q) If F(X)=d,® X, =([1-2.1-2],[2.4] )
= ([ay +a—aga,by +b—byb],[coc,dyd]) then 5) If
Ha)=ay+a—-aya, f,(b)=>5by+b—byb,
g (c)=cye, gy(d)=dyd FWG (d,.d,,....d, )=
IF(X " o M, n o; n o;
X _ -——2 (1-q), {Ha,-’,r[b,-’Hl—H(l—c,-) S1-T1(-d;) }
IX ap+a—aya Jj=1 j=1 Jj=1 =l
then
1—L(l—bo) ’ ico’ido "y, "o
by +b—byb l-cye ~ 1-dyd NMa)=Tla;”, f,(b)=T11b;",
j=l j=l
3 ay by ¢y —coc dy—dyd n o, n o,
Ly +a—apa by+b—bb || 1=coe ~ 1=dod (@ =1-111-c)", &)=1-111~d))"
= ([ag- 0], [co-dy ]) [(HIFWG,,(6),65,,d,)) _
la;
all1- a 1- b ’ l-¢ ’ 1-d
ay+a—aya  by+b—-byb | | 1-cyc 1-d,d
ai n ; . — bj 4 ; ;—
>, ([%abo]s[%sdo]) 1-— ~ wil_:[]aj a7 - - a)il_:[]bj 07,
[a i 167 i
(3) If LA =
F(X)=d, ®X =([aya,byb].[co +c—coe,dy +d —dyd]) ,
1—c¢; n o; _
then T (A=) (=)™,
Si(@)=aya, f5(b)=byb, Ma-c)” 4
gi(c)=cy+c—cyc, g,(d)=d,+d—dyd L=
IF(X) a b
o 1l-—a,,1-—4, |, 1-d, " ®,; o
IX H aa b } O, F_I](l—dj) (1=d)*
[a-d)”
1-¢ 1-d Jj=1
{—(l_%)’—(l_d())D
l-c—¢y+cyc 1-d-d,+dyd =([1_wi’1_wi]’[wi’wi])
- (j0.01[11)
6. The differentials of IVIFFs and their
4 If

~ ~ applications in approximate calculation
F(X)=X" =([a‘,b’1], . .

In real-life applications, we often encounter some
[1 —(1-o)' 1-(1-d)* J)’ 0<Ai<1 ’ complicated functions. If we compute the function value

with the function itself, we shall need great effort. In

then B B some cases, we only need the approximate function
filay=a", f,(b)=b", value instead of the precise value. Using the differential,
g (c)=1_(1_c)’l, 2, (d):l_(l_d)’l we can do it. In the following, we shall discuss the

approximate calculation methods under interval-valued
intuitionistic fuzzy environment.
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To begin with, we give the concept of differential
for IVIFFs. In the last section, we have defined two
kinds of derivatives (the subtraction derivative and the
division derivative), so we shall define two differential
operations accordingly:

Definition 29. For a given IVIFV & =([a, bl.[c, d]),

we call A(@)=a and B(a)=b the take-value
functions of membership interval and
C,(a)=c, Dp(a)=d the take-value functions of non-
membership interval.

In what follows, we give the first kind of
differential-the subtraction differential:

Definition 30. Assume that

Y =F@)=([fi(a).£o(b)].[ 2 (c).g2(d)]) is an
IVIFF and A& =&’ ©a , then the concrete form of the
subtraction differential of F(a) is defined as
dF (&)

I ®Aa , denoted by dY , that is,
da

The subtraction differential of the independent
variable @ isequal to Aq . In fact,

da =dF(a) =dz—g)®m = ([L1].[0,0])® AdG = Ad

So the subtraction differential of arbitrary IVIFF F (&)
can be rewritten as:

Theorem 4. Let

¥ =F(@)=([£(a). 2 (b)].[ &1 (c).2:(d)]) be an
IVIFF, if F(&) has the subtraction derivative at & , and
G'eS®(@a,F), then we have

- F(a I

F(@hoF(a) zd—(f”)®(a'@a)
a

that is AY ~dY , which satisfies the following
conditions:

A(AY)— A(dY) i B(AY)— B(dY)

lim =0, =0
Aa—0 Aa Ab—0 Ab

lim C(AY)-C(dY) ~0, lim D(AY)—D(dY) 0
Ac—0 Ac Ad—0 Ad

Proof. For any ¢ € (@, F), we have

Aa=a'od =([a,b],[c,d"])o([ab].[c.d])

_ [a'—a b'—b} c_’i’}
\1-a’1=b]"c"d

and
dF(d) _ 1—61 '
da Hkﬁ@f(%.mwﬁo}

d
1—— d
{ g (c )g](c) (d)gZ( )D

So we can get

= dF(@) . . ad-a . = b'-
dy = ®Ad =
a [L_f](a)f( ). fz(b)fz( )}

d-d'
1-
{ g (c )gl() 2(d)g2( )D

F(d)@(dp—@md}([ﬁ (a). /2 (8)] [ &1 (). ()])

®[[ @ O ﬁ(b)fz(b)} [ P el 2<3)g2( )D
= ([A@)+(a'~a) (@), /,(B)+(b' =) £(B) ],
[g1(©)+(c'~¢)gl(e). &> (d)+(d'~d) g3(d)])
=([h@+ f@)- fi@) +o(a'~a), fo(b) + f3(b) - fr(b)+0(b' ~b)],
[g1(e)+g{(e)—gi(e)+0(c'~c), g:(d) + gy (d) — gy (d) +o(d'~d) ])

= ([f]’(a)+o(a'—a),fz'(b)+o(b’—b)l

[gl(e)+o(c'~c), gh(d)+o(d'~d)])
~F(a')

~ F(a
Thus, we have F(a")© F(a) zd_(f’)
a

®(a'oa), that
is, AY ~dY , and

A(AY)— A(dY) B(AY)—B(dY) _

lim =0, lim

Aa—0 Aa Ab—0 Ab

lim C(AY)-C(dY) 0, lim D(AY)—D(dY) 0
Ac—0 Ac Ad—0 Ad

Similarly, we have

dF (a)

F(Q)OF(@@')~ ®(a©d') when @' S°(a,F).

Below, we compute the approximate values of
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some IVIFFs to demonstrate the effectiveness of
Theorem 4:

Example 1. Let f=F(d)=/l-d,(0<l£l) , SO

fh@=1-(1-a), f,(b)=1-1-b)*
g (o) = o, g,(d) = d*. By the definition of derivative
of IVIFF, we have

and

) _([.2][1-21-2])

da

Furthermore, by Theorem 4, we can get
F(@®Aa)oF(@)~([4,A[1-2,1-1])®Ad

On the other hand, by the operational laws of
IVIFVs A(q, @ a,) = Ad, ® Ad, , we have

F@®AG)OF(G)=MG®AG)O LG = MG

Suppose that Ad =([0.01,0.02],[0.96,0.97]) , and
A =0.3, then
dY = ([2,A).[1-2,1-2])® Aa
=([0.003,0.006],[0.988, 0.991])
AY = Ad =([0.0030,0.0060],[0.9878, 0.9909] )
From the above results, we can find that the value of

dY is very close to the one of AY .

Next, we consider a common decision making
problem:

Example 2. Assume that three experts give their
evaluation values using the IVIFVs:

a, =([0.2,0.3],[0.3,0.4]), @, =([0.1,0.2],[0.2,0.5]) an
day= ([0.1,0.2],[0.2,0.3])for an alternative, and their

weight vector is @ = (0.2,0.4,0.4)" . Using the IIFWA
operator, we can calculate their overall value:

IIFWA, (d,,a,,85) =

3 ; 3 ; 3 @; 3 @;
(|:1_H(l_a]) ]al_H(l_bj) ]:|s |:Hc]]st]]:|j
j=1 j=1 j=1

J= j=

- ([1 —(1-0.2)"2 x(1-0.1)*4 x (1-0.1)*4,
[1 —(1-03)"2x(1-0.2)" x(1 —0.2)“],

[0.30-2 %0204 %0.204 0.4°2 % 0.5%4 x 0.304 ])

=([0.121,0.221],[0.217,0.390])

But if some of the experts, for example, the first
expert would like to adjust the value of &, slightly and

gives the new assessment ¢ , then we can deal with the
information aggregation as follows:

If ¢ € §°(q,,F), then there must exist an IVIFV
B, such d =a, ®p
a; =([0.3,0.4],[0.2,0.3]) e $¥(a,, F) :

that Assume  that
then
B =aj ©a, =([0.125,0.143],[0.667,0.75])

and

IIFWA,(4],4,,05) =~ IFWA, (&,,d,,d5)

(oo ].[1-0.1-0])® @@ oq)
=([0.121,0.221],[0.217,0.390]) ®

([0.2,0.2],[0.8,0.8]) ®([0.125,0.143],[0.667,0.75])
=([0.144,0.245],[0.2,0.368])

Based on the division derivative, we shall define
the other kind of differential--the division differential:

Definition 31. Suppose that
¥ =F(@)=([£(a). 2 (b)].[ & (c).g:(d)]) is an
IVIFF and Va=a'oa =a7 , then the division
a
. . . F(a -
differential of F(&) is defined as ll(—Na)®Va ,
a
denoted by 1Y , that is,
1Y = ZF(—“) ®Vva
la
Similarly, for the identity function

F(@)=a =([a,b].[c.,d]), when computing its division

differential, we have /& =Va , so the division

differential can be rewritten as:

Yy =M@1d
la
Theorem s. Let
Y =F(@)=([fi(a).£»(b)].[2(c).g2(d)]) be an

IVIFF, if F(&) owns the division derivative at & , and

G'eS®(a,F), then we get
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F(d’)@F(d)zWZ(Td)®(d’®d)

F(a"
F(a)
Vé=a'»a , we have VY ~IY , satisfying the
following conditions:

Noting that VY =F(@")oF (@)= and

- A(AY)— A(IY) o, im B(AY)—-B(IY) o

li 0, i

Aa—0 Aa Ab—0 Ab

lim C(AY)-C(Y) 0, lim D(AY)-D(IY) 0
Ac—0 Ac Ad—0 Ad

When @' e §7(&, F), we have

F@oF@) =2 (@od)

Example 3. If the IVIFF F(d)=a",(0< A <1), that is,
filay=a", f,(b)=b" : g@=1-(1-a)",
g, (h)=1-(1-b)*, and
IF(X)
—2 - ([1-2,1-2],[ 2,2
=2 =(1-21-21[4.4])
By Theorem 5, we have
F(@®Va)
F(a)

Because (¢, ®d,)" =&, ®a,”, then we have

~([1-4.1-4],[2,4] )@ Va

F@a®va) _(a ®va)'

F@) o= (vay

If we suppose V& =([0.90,0.92],[0.03,0.05]) and
A =0.4,then we can get
([1-2,1-2],[4,4] )®Va =([0.96,0.968],[0.012,0.02])
and

(Va)" =([0.959,0.967],[0.012,0.020])

which shows that the approximate degree of replacing

(V)" with([1-2,1-2],[2,4] )® V@ is very high.
From the proof process of Theorem 4, we can

further derive the following conclusion:

Theorem 6. Let

Y =F(@)=([fi(a).£»(b)].[2(c).g2(d)]) be an

IVIFF which satisfies the conditions:
fla)=fy(b)=gl(c)=gi(d)=0 and &' S®@a,F),
then

F@)oF(a)=

dF@) ., -
e ®(a'oa)

The same holds true for @' € S°(a,F), @' € S®(a,F)

or @'eS8Y(a,F).

Proposition 1 in Section 2 has shown several
operation laws for IVIFVs, such as the commutative law
and the  distributive law  between  the  scalar
multiplication and addition operations. But the existence
of the distributive laws between the multiplication and
addition operations is still unknown. In the following,
we shall discuss this question:

Example 4. Assume @, =([a.b).[co.d,]) .

@ =([a,b],[c.d]) and &' =([a’,b'],[c".d"]) are three
arbitrary IVIFVs, and let the IVIFF F(a)=¢a,®a , in
which Si(@)=aya, f,(b) =byb and
g(c)=cy+c—cyc, g,(d)=dy+d—dyd . Obviously,
flla)=f)(b)=g{(c)=g5(d)=0 . So by Theorem 6,
we have

F(d@d’)@F(d)z%@d’

dF (&)

Thatis, F(G®G')=F(G)® ®d'.

By the example in Section 5, we can get

dF@) _ - of] 1=a 1-b
da " \|1-aya’ 1-bp |

e g4
core—coe’  dy+d—dyd

Then the following equation holds:

l-a 1-b - c - d
l—aga’1-bb |'|  cy+c—coc’  dy+d—dyd

The above equation shows that
ad,®a@®a)#xa,®ada,®a’ , ie., the
distributive laws between the multiplication and
addition operations is not correct.
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7. Conclusions

In this paper, we have firstly presented the concepts of
the change values of IVIFVs, based on which, we have
classified the sequences of IVIFVs and given the limit
definitions of these sequences respectively. Moreover,
we have introduced the concept of IVIFF. After all these
preparations, we have studied the continuities and
derivatives (the subtraction and division derivatives) of
IVIFFs. To make the concepts of derivatives of IVIFFs
easier to be understood, we have illustrated them by
some special [VIFFs. Based on the derivatives proposed
previously, at the end of the paper, we have investigated
two differential operations (the subtraction and division
differentials) of IVIFFs and applied them in estimating
the values of IVIFFs.
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