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Abstract-It is well known that Bernstein type inequalities play
as an important role in analysis mathematics and some other
areas, and which have been studied extensively and used
widely. In this paper, we intend to extend these inequalities to
fuzzy mathematics, namely establish fuzzy Bernstein type
inequalities.
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I INTRODUCTION

It is well known that Bernstein type inequalities on
derivatives of polynomials play as an important role in
analysis mathematics and some other areas, which have been
studied extensively and used widely.

Suppose

P(x)= Zakxk
k=0

is a real polynomial of N degree, then a Bernstein type
inequality on arbitrary interval (e, f) is as follows.

xe(a,B):

nll Pl ,

VB-X)(x-a)
where

P, Ik, 1= sup | P(X)
ke Sue

In particular, if &« =0and £ =1, then the inequality
turns into
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JX([AL=Xx)

In 1960, Szegd in [1] extended the Bernstein type
inequality into the following more generalized form

(x=a)(B-X)(P/(X)’ +n’P2(X) <n’[ PIE
X €le, Bl
Obviously, when =0, # =1, the inequality becomes
into
XAL—=X)(P/(x))* +n*P2(x) < n?l I -
x €[0,1].
The main purpose of this paper is to extend these

inequalities in fuzzy mathematics, namely establish so-called
fuzzy Bernstein type inequalities. In the next section 2 we

x e (0,1).

Chun-Juan Yang

School of Mathematical Sciences,
Capital Normal University,
Beijing 100048, China
E-mail: yangchunjuan125@163.com

will introduce some preliminaries of fuzzy mathematics
involved in this paper, while our main results will be
presented in section 3.

Il. PRELIMINARIES OF FUZZY MATHEMATICS

Fuzzy real number (briefly called as fuzzy number) was
first introduced by Dubois and Prade (1978) [2], later it was
modified by Goetschel and Voxman (1983) [3] as follows

Definition 2.1 A fuzzy number is a fuzzy set

1:R—>[0,1]
with the following properties:
(1) 4 is upper semicontinuous on R , i.e., for any x eR

and &£>0, there exists x, neighborhood V(X,) such as

H(X) < u(X,) + €, foreach x e V(x,).

2 u(X) =0 outside of some interval [C, d ]

(3) There are real numbersa and b,c<a<b<d
such as u is increasing on the interval [C,a], decreasing
on the interval [b,d] and z(x) =1on [a,b].

We denote by F the set of all fuzzy numbers as defined

above. A popular definition of fuzzy number from [4] is
below

Definition 2.2 Let #:R —[0,1] with the following
properties:
(1) i is normal, i.e., there exists X, € R suchas

H1(%) =1.
(2) forany X,y €R and A €[0,1], there holds
p(Ax+ (1= 2)y)) = min{u(x), u(y)}-

(3) w is upper semicontinuous on R , i.e., for any

X, € Rand & >0, there exists X, neighborhood V (X,)
such as
H(X) < u(X,)+ ¢, foreach X e V(X,) .

(4) The support set SUPP( ) is compactin R , where

supp(u) ={x e R| u(x) >0}

We use F to denote the set of all fuzzy numbers as
defined here. In fact, the definition 2.1 and 2.2 for fuzzy
number is equivalent, That is that we have the following
proposition.

Proposition2.3 F=F.
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Proof Since it is obvious that F < F , we only need to
show that F > F . According to definition 2.2 (4), we
suppose Supp(u) =[c,d] , that is z(x)=0 for all
X €[c,d] . Let

p={xelc,d]| u(x) =1,

then /11 is a

close interval (see [5]).
Suppose 1 =[a,b], then obviously [a,b] = [c,d]. Now
let

X,ye[c,alandx <y,

by definition 2.2(2), we have that for any A €[0,1],
there holds that

u(Ax+1L-1)a) > u(x).

Owing to that y €[, a], thus there exists a 4 € [0,1]
such that

AX+(1-A)a=y,

it follows that

u(y) = u(Ax+(1-4)a) = u(x).

The remainder is may proved similarly.

Letu e F ,for r €[0,1] we define that
) {{XGRZ/J(X)ZF} 0<r<1

supp(x) r=0.

In [5] and [6], we can find that [«]" is a closed and
bounded
interval of IR, therefore which is determined completely

by the endpoints of the interval [££]", so we can denote
directly a fuzzy number with

p=lu] =[ul, 1],

where 0 <1 <1and ' () is the left(right)endpoint

of [££]". By means of this representation of fuzzy numbers

we can define fuzzy addition and scalar multiplication as
below.

Definition 2.4 For x,v € F with

p=p] = v =01 =P v]]
(0<r<l)and ceR.
Let (1) fuzzy addition:

u®v=[udv] =[u] +IvT
=[p+viul+vi]

(2) Fuzzy scalar multiplication:
cou=[cou] =clu]
_Jledt,cp] €20
_{[cui,cﬂi] c>0
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Remark 2.5 If for u,veF , there exists a fuzzy
number @ such that 4 =v @ @, then we call ® as the
fuzzy difference of 1 and v, and denoteby w = u! v.

We denote the zero element in F with 0= Koy (the

characteristic function at X = Q). Since there is no negative

element in F , it is not a linear vector space. If being

endowed in F with the following measure D , then it

becomes a metric space, but not complete (see[3]).
Definition 2.6!® For arbitrary ££,v € F with

p=lpl = w1y =01 =V v

(0<r<1).
Let
D(u,v) =supmax{ p" —v'l,| uf —v[}.
In particular,OSrSl
D(u,0) :(?uplmax{l 'l ull}
<r<

This measure has the following properties.
Proposition 2.7 For arbitrary 1,v,m,y € F ,a e R,
there hold

1) D(u®wv®w)=D(uv);
@ D(a@ou,acv)=|a D(uv);
B) D(u®v,0®y)<D(u,®)+D(v,y).

With this measure D , we can induce a measure in F as
follows.

Definition 2.8 For arbitrary gz € F , let
Jadl = DG42,0) = sup max{l 4:1] 41

We use C[0,1] to denote the space of all real and
bounded functions on [0,1] with the following properties

(1)  f(x) isleft continuous at X € (0,1];
(2) f(x) exists right limitation at x €[0,1) ;
(3) f(x) isright continuousat X =0.

Obviously, there holds C[0,1] = C[0,1] (where
C[0,1] is the space of all continuous functions on
[0,1] and endowed with uniform norm). For the set of fuzzy
numbers F , one can find the following embedding theorem
in [7].

Theorem 2.9 For arbitrary &z € F , if writing

ju) =, pl) (0O<r<1),

then j(F ) is a close convex cone with the vertex point
at the origin and

j:F > C[0,11xC[0,1]
satisfying the following conditions:
(1) Forarbitrary u,v € F,s>0,t >0, there holds
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jp+tv) =sj(u)+1j(v).
@ D(uv) =l j() = i)l

From this theorem, we can know that if
u', 1t €Cl[0,1] and 4" < !’ forany re[0,1],
then the preimage j “(x', 4.) under the embedding
map ] is afuzzy number 4 and
u(x)=sup{re[0,1]: x' <x<u} xeR,
thus in the sequel we directly denote a fuzzy number u

with a vector (u', u!).

Next, we turn to fuzzy functions.
Definition 2.10° Suppose | = R, then the map

f:1 >F

is referred as a fuzzy functionon | , and let
F09=(F (%), £ (%)
where x € I,r €[0,1], f"(x) (f (X)) s the left(right)
endpoint function of the interval [ f (X)]". In particular, for
a.,b eF k=012,---,n,

we call

.00 =(3)a, 0x

and -~

T.(X) = (i)* (a, ©coskx ®b, O sinkx)

k=0
as fuzzy algebraic and trigonometric polynomial of n

degree respectively, where (Z)* denoting fuzzy sum.
Let G (l) be the space of all continuous fuzzy
functions on | , and define the measure

D*(f, §) =sup D(f(x), G(x)).

xel

Specially, let

D(f, 0) =l fI.

For a fuzzy function f e G (1), we define the H-
derivative below.

Definition 2.11" Let X e | = R and suppose for any
sufficiently small positive number h such as

X+h,x—hel

the fuzzy difference

f(x+h)! f(x)and f(x)! f(x—h)

exist, if there exists a fuzzy number 1z € F such as

Iim%@(f(x+h)! f(x)=u

h—0"
and
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lim EQ(F(x)! f(x=h)) = 4,

h—0" h

then we say the fuzzy function f at X H-differentiable
and call the fuzzy number w4 as the H-derivative of the
fuzzy function f at X denoting by = f, (X), where the
limitation is taken under the metrics D . Similarly we can

define higher order H-derivatives f,” (X) .

From this definition we can see that H-differentiable is
more strict than ordinary differentiable. In this paper, we
need the following properties of the H-derivative.

Proposition 2.12!% (1) Suppose

f(X)=x"Ou, xeR, ueFadneN,
then f (X) is H-differentiable on [0, +00) and
fl(x)=nx""Ou.

(2) Suppose that fuzzy functions f~, g are H-
differentiable, then for arbitrary u,v € R there holds
(uofevoq), =uof,evog,

(3) Suppose that | — R is a closed interval,

g:1 >R

is differentiable and strictly increasing, and

fg(l)>F

is H-differentiable, then (f~og)’H (X) exists and for
each X € |, there holds

(fog), (x) = f(9(x)0g'(x).

Proposition 2.13558 Suppose that f 11 - F is a fuzzy
function, let

f)=(f"(x), ') xel.

If f(x) is H-differentiable, then f"(x) and f'(x)
are differentiable at X for each r €[0,1], and

i 00 =((FY (), (£1)(%).

Corollary If f(X)eF is H-differentiable of p order

at X, then f7(x) and f(x) are differentiable of p order
at X and

£ () = (£ ((x), (F)P (x).

1. MAIN RESULTS
Let

FN)n(X):(Z)*ak @Xk a, eF ,k:011,...’n
k=0
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be a fuzzy polynomial of n degree, where (Z)* is
fuzzy sum.

Theorem 3.1 The following fuzzy Bernstein type
inequality holds
-, NP oy
D (P} (%), o)sﬁ
X(1-x)

where (P.)},(X) is the H-derivative of the fuzzy

xe(0,1),

polynomial If’n(x).
Proof Let's assume that @, = ((a,)",(a,). ), then

n

5,00 =()3, 0x =3 ((8) (@) )¢

k=0

(Smre S
=((R)" (), (R (%)).

By Proposition 2.12 we know that the fuzzy polynomial
P,(x) is H-differentiable on [0,1] and

(B 00 = () (), (R ()
= (R, ((R)L)(x)).

Using the Bernstein type inequality, for any r € [0,1]
we have

nI(R,) Moy

(EY O =IEYY0 <~ 27=
x € (0,1)

and

(B ()I=I((R,)}) ()] < a-x

xe(0,1).
It is follows that for X €[0,1],r €[0,1] there holds
D((R)().0)
~ sup max {I(B)” GOL (B ()
0<r<1
< supmax| MY oy TGy
0<r<1 \/X(l— X) \/X(l—X)
0B oy

JX[@A-X) '
The proof is completed. ¢
Corollary For any closed interval [«, ] [0, ), the

following inequality holds that
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D((R)} (), 0)< 10, o
(), )_«/(X—a)(ﬂ—X)
xe(a,p). S

Proof Let
X=(f-a)lt+a, t[0,1],

obviously which is strictly increasing, thus we have
P.0) =R ((B-a)t+a), xela,pl.
Writing

LO=P(B-at+a), te[01],

then by Proposition 2.12 (3) we can get

(B () =——0E),0). te[01].
p—a
On account of

1 €l =1 Py 1l g
and

- - nllEl
D(()}, (t),0) < ——=2
(€0 ®,0) Ty
therefor for arbitrary X € (e, /), we have

D((B), (x),6)=ﬂ%ao((fn); ®.0)
1 Gy

= L—a Jtd-t)
NP T

Jx=a)(B-x)

That is the proof of this corollary. ¢

Similar to the extension of Bernstein type inequalities as
stated in section 1 above, now we extend the fuzzy
Bernstein type inequalities.

Theorem 3.2 Suppose I5n(x) is a fuzzy polynomial of

te(0,1),

n degree, then for arbitrary X €[0,1] the following
inequality holds

X2 3D (0.0)) +n? (D(B,00,0)

<20’ ||P, By

Proof According to the generalized form of the
Bernstein type inequality which have been stated in section

1 above, for arbitrary X €[0,1],r €[0,1] we have
X(L=((B)D) (F +n*((B)1)* (%)
<0’ 1P oy
and
X(L=3I((R)L) )P +n?((B,)1)* (x)

2 S 112
<n° IR, lfoy
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it follows that for arbitrary X €[0,1],r €[0,1] there
hold

X(L=X)I(P)LY OO <n[1B, Iy,

n?((R)")*(x) <n* I B, I
and
X(L=X)I((R)1) (P <n* || B, I{5 .

n*((P)))*(X) <n? [P, 1y
Recalling

(B 00 = (B (0, (BN} ()
= (RO, ((R)LY(X)),

therefore we have that for arbitrary X €[0,1],
X(L—x) sup max{l((P)” ()P, (BN (01}

<n? || I3,
and ~ _
sup max{I((P,)" ()%, I((R,)} (x)F}

2 S 112
<n”[| B, oy

Adding the two sides of the two inequalities above
respectively, which will complete the proof of Theorem 3.2.
¢

Using the same technique as in the proof of Corollary of
Theorem 3.1, it is no difficult to show the following
conclusion.

Corollary Suppose [e, ] < [0,%0), then for arbitrary
X € [a, B] we have

(x-a)(B-x)(D((B) (9.0)) +n? (D(,(x).0)
<2n? || P, [io.

Remark 3.3 It still is an open problem whether or not
the constant 2 of the right side in above inequality can be
improved into 1.
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