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Abstract. In this paper, a two-degree of nonlinear vibrating system of landing gear is studied. A
delayed velocity feedback is applied to suppress the vibration of the landing gear structure. The
dynamical behavior of landing gear system is investigated when the 1:3 internal resonance and
primary external resonance occur simultaneously. Two cases of primary resonance are analyzed when
the external frequency nears to the first and second mode frequency of the system. The effects of
delayed feedback gain and time delay on the vibration of the landing gear system are investigated. The
results show that the suppression ability is improved when the value of delayed feedback gain is
increased. However, the unstable range of the system is enlarged with the value of delayed feedback
gain increases. Another result is that the amplitude of the landing gear system can be suppressed to a
minimum value if the time delay is chosen properly.

Introduction

The fundamental function of landing gear structure is to reduce the external excitation during
landing and taxiing. The aircraft taxiing track irregularity results in the vibration of landing gear
structure. This kind of vibration may lead to lower aircraft life, poor stability, difficult operation and
lower passenger comfort. In 1937, landing gear system is modeled as a linear spring damper system by
F. Michael modeled ™. K.Schlaefke 2! optimize the linear spring damper landing gear system based
his previous experimental study. K. Schlaefke and W. Kochanowsky ! simplify the tire into a linear
spring while neglecting the damping and impact of load during landing and taxiing. E. Marquard and
W. Meyer Capplengon “linvestigate the nonlinear spring damper landing gear system. W. Flugge [°!
analyze the linear spring damper system in detail, and also investigate the nonlinear buffer structure.
His results show that nonlinear system can simulate the actual motion state of aircraft better during
landing and taxiing. I.Ross ®! discussed the application of active control technology in the semi-active
control field in some military landing gear system. In fact, aircraft landing gear system is actually a
nonlinear vibrating system composed of nonlinear absorber, tire and bars. In the present paper, the
authors used the delayed feedback control to suppress the vibration of nonlinear landing gear
vibrating system. The results show the performance of vibration suppression is perfect.

The Differential Equation of Landing Gear System

A two-degree of freedom nonlinear landing gear vibrating system with delayed feedback control is
shown in Fig. 1. The differential equation of vibration with the delayed feedback control is

m1y+ C1(y1 _yz) + kl(yl _yz) + 8o(yl _yz)2 +61(y1 _yz)3 +gy(t _T) =0 (1)
mzyz _Cl(yl - yz) - kl(yl _yz) _80 (yl _3/2)2 _81(y1 _yz)3 _gy(t _T) + kzyz +CzS’z = FCOS((Dt) (2)
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Fig. 1: A two-degree of freedom nonlinear landing gear vibrating system with delayed feedback control

In this system, m, is the mass of the buffer structure of aircraft landing gear, m, is the mass of the
machine wheel and wheel set. y, and y, are represent the vertical displacement of landing gear and

wheel set. The relationship between force and displacement satisfies the condition of
F =ky+38,y° +8,y°,k, and k, are the linear spring stiffness coefficient, 5, and &, are quadratic and

cubic nonlinear spring stiffness coefficients respectively. ¢, and c, are the linear damping

coefficients of the landing gear and wheel set. The landing gear system is excited by road irregularity
external excitation y, =Fcos(Qt), F is the amplitude corresponding to the external excitation, Q is

the frequency of external excitation, t is the time, and (-)=d( )/dt. g is the linear damping feedback
gain of the delayed feedback control signal K, =gy(t—r), t is the time delay, and y(t—t)=y..
Egs. (1) and (2) can be expressed as

m, +1/m, 0 d, .\ k, —2rk, +r>(k, +K,) 0 a,
0 m, +r;m, | |d, 0 k, —2r,k, +r7(k, +k,) |0,

+8{ (1_ rl)(qlt + qzr) + (1_ I'1)60 (ql +0,-1q, - r2q2)2 + (l_ rl)Sl(ql +0,-nhq, - erz)3 }
(1_ rZ)(qlr +C]21) + (1_ r1)80 (ql +Q,-1q, - r2q2)2 + (1_ r2)61(q1 +q,-1q, - rzqz)3

N ¢, —2rc, +17(c, +¢C,) C,—IC, —N,C +hh,(C,+C,) | [ G r,f cos(wt) @)
€ T r=¢€
c —rc —rc +rr(c,+¢c,) ¢ —2rc +ri(c,+c,) |4, r,f cos(wt)
. I m
where o, and w, are the first and second modal frequency of the vibrating system, r, =1—k—1m12,

1

) x] [1 17q
I =1_k_1103221 C,=¢Cy, G, =¢C;, §=¢g, F=ef, |:Xj:{l‘1 I’j|:Qj.

Perturbation Analysis

In this section, the method of multiple scales is applied to obtain the second-order approximate
solutions of Egs. (3) using the following form

0, (t,€) =0y, (T, Ty, -+) + €0, (Tg, Ty - 0) +- (@)
0, (t,€) =0y (To, Ty +) + €05, (To, Ty Fo0) 4 5)

Oy, = Oy (To =7, T, T,y )00y, (T — T, Ty, Ty ) + €040, (T — T, Ty, Ty, 0)
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g1’
+ T Dlqulr (TO -1, Tl! T2 L ) _ SZTqulzr (TO —1, Tl’ T2 o ) 4een (6)
Or = Uppe (T =0 T, Ty )-8TD, 00 (T — 7, T, Ty ) €D, 0 (T — 0, Ty, Ty )
82'[2
+T Dquth (TO - T, Tl’ T2 , ) — SZTquZZ’[ (TO -7, Tl’ TZ' .. ) 4. (7)
Substituting Egs. (4)-(7) into Eq. (3), and equating coefficients of like powers of ¢ yield
80 :
ngll + 0)12q11 =0 (8)
D3d,; + @50, =0 ©
81:

(ml + rlsz)nglz + [kl - 2r1k1 + r12 (k1 + kZ)]qu = _2(m1 + rlsz)DOqull _[Cl -
2I’1C1 + r12 (Cl + Cz)]Doqn _[Cl —hC =G +0h, (Cl + CZ]D0q12 - (1_ rl)[g(DOqllr (10)
+Dy0y,.) +8,(0, + 0, — 1,0, — r2q2)2 +8,(q, +d, — 10, - erz)a] +1,f cos(wt)

(ml + rzzmz)D(z)%z + [kl - 2r2k1 + rzz(kl + kz)]qzz = _Z(ml + rzzmz)Doquzl _[Cl —hC -

r,C, + 1l (Cl + Cz)]Do%l - [C1 - 2r2(:1 + I’22 (Cl + Cz]Doqzl - (1_ r2)[g(D0q111 + D0q12r) (11)
+ 80 (ql +0,—hq; - r2q2)2 + 61(q1 +0,—hq; - rzqz)g] + rzf COS(OJ'[)
Where o’ = k1—2r1k1+r1§(k1+k2) ol K, — 21k, + rzzz(k1 +k,)

m,+rm, m, +r,m,
The solutions of Egs. (8) and (9) can be expressed as

0, = A(Tl)eiwlTo + A(Tl)e_ioﬂo (12)
0y, = B(Tl)eiszo + E(T1)e-isz° (13)
Substituting Egs. (12)-(13) into Egs. (10)-(11), we can obtain
1 i i, Ty i Ty i(0+0,) Ty i(0—0)Ty
D2y, + ®iq,, = P {k, €T + K, + k¥ 4k e/ rre)To 4k gl (T
k6e2icozT0 + k7e3ic01T0 + ksei(Zu)l+m2)T0 + kgei(mz—Zml)TO + kloei(2m2+col)T0 + kllei(sz—ml)TO + k12e3iw2T0 (14)

iy (Ty—1) i, (Ty—1) ioT,
+k,e 0 + K, e T ke + Ky +CCY

1 i i i i (0,
Déqzz + (ngzz = 2 {k17elm1TO + klselmZTo + klgeZImlTo + kzoel(mﬁu)Z)T0 + k21e|(m2 T
m, +r,m,
kZZeZiszO + k23e3ic01T0 +k246i(2u)1+m2)T0 + kzsei(mz—Z(nl)To + kzﬁei(2m2+ml)T0 +k27ei(2w2—ml)To +k28e3iw2T0 (15)
Ko 4 ke (o 1k, e + kg, +cc}
where cc denotes the complex conjugate terms, and k, - k,, are the coefficients, the express of k, -
k,, IS omitted due to space limitations.
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In the following section, primary resonance and 1:3 internal resonance is considered. The nearness
of the internal resonance is represented by a detuning parameter o, defined as ®, = 3w, +&c,. Two
cases of external resonance are analyzed. The first case is the external excitation frequency nears to
the first mode frequency of the system. The second case is the external excitation frequency nears to
the second mode frequency of the system.

For the first case of @ — o, to describe the nearness of the external resonance quantitatively, a
detuning parameter o, is introduced as = o, + o, . Setting the coefficients of the secular terms to
zero into Eqgs. (14)-(15), and yield the solvability conditions which are given by

1 . _
DA= —c, —2rc, +r(c, +¢,)]ioA—68 (1-r)?(1-r,)°BBA
1 2(m1+r12m2)iml{ [c, G+ (€ +C))lio, (1-r)"A-r,)

(16)
-35,(1-1)* A"A-35,(1-1) (-1, ) A’Be"" —i(l-1)gm,Ae ™™ +%rlfe“’1Tl}
l - —_—
= —c, —2r,c, +r2(c, +¢,)]iw,B—68,(1-r,)*(Ll-r.)>AAB
2Un1+w§n5)koz{ [c, =2r,¢, +1, (¢, + ¢, )], A-1,)"(A-n) an
_381 (1_ r2)4 BZE _ 81 (l— r1)3(1_ rZ)A3e7i63T1 _ |(l— rz)g(DZBe—imzr}

D,B

Introducing the polar notation A(T,) :%a(Tl)e“’l‘Tl) and B(T)) =%b(Tl)ei92”1> into Egs. (16) —(17) and

setting the coefficients of the real and imaginary parts to zero yield the algebraic equations as
2
a'= —12 {——a@1 [c,—2rc, +1/(c,+cC,)]+ sab 8,(L-1)*(L-r,)sin ¢,
(m+rm)o, 2 8 (18)

—% (1-r)gm, cos(m,t) + % rfsing,}
2 3
ad, :+{(m1 +17m,)m,ac, —ﬂal(l-rl)z(l—rz)2 -3151(1—r1)4
(m +r'm,)o 4 8
1 1 2 1
3a’b

(19)

8,(L-r)*(L-r,)cos ¢, —%(1— r,)go, sin(w,t) + % r.f cos¢,}

, 1
b'= 5
(m, +1r;m,)o,

bw 3a° .
{_ 22 [C1 _2r2C1 + r22((31 +C2)]_?81(1_ r1)3(1_r2)sm¢1
] (20)
_E (- rz)g('oz COS(COZ’C)}
1 3a’b
£3(m, +r’m.)o.b(c, —o.) -
(m1+r22m2)w21 (m, +r;m,)w,b(c, —o,)
3a° 5 b .
- ?81(1_ r) (L-r,)cosd, _E (1-r1,)gw, sin(w,7)}

Where a and b are the amplitude of the first and second mode, ¢, =30, -6, —c,T,,¢, =c, T, —0,.

The response of the absorber and primary system can be approximately express as follow:
y, =acos[w, T, +0,(T,)]+bcos[w, T, +6,(T,)], vy, =r,acos[w,T, +6,(T,)]+r,bcos[w,T, +6,(T,)].

81(1_ rl)z(l_ rz)z

b(¢; +3¢;) =
(21)

3b?
_?61(1_ I’2)4

The Effects of Delayed Feedback Control on Amplitude — Frequency Response Curves
(0> )

The equilibrium solutions can be obtained by setting a'=¢;=b=¢), in Eqs. (18)-(21). The detail
process is omitted due to space limitations. The parameters are chosen as follows:
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m, =65 00kg , m, =1248kg, k, =1.2x10°N/m,k, =2.1x10°KN/m,c, =20 KN-s/m,
¢, =1.2KN-s/m,f =63520N .

Fig. 2-Fig. 10 show the amplitude-delay response curves of landing gear structure with different
values of gain and external detuning parameters, where vy, represents the amplitude of landing gear

structure.
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From Fig. 2-Fig. 7, it can be observed that as < increases, the amplitude of landing gear structure
increases in the beginning. Then the amplitude of it decreases as t increases. Fig. 8-Fig. 10 show that
as t increases, the amplitude of landing gear structure decreases then increases. The effect of time
delay on amplitude of landing gear structure is periodically. It can be observed that there are some
interval for time delay the amplitude of the landing gear structure can be suppressed to a minimum
value with different gain of time delay feedback. These time delay interval we called it “vibration
suppression time delay interval”. However, the system will lose its stability at other interval of time
delay. These time delay interval we called it “unstable time delay interval”.

Form Fig. 2-Fig. 10, we observe that as the gain of delayed feedback increases, the minimum value
of amplitude of landing gear structure is decreased, it means the ability of vibration suppression is
improved. However, as the gain of delayed feedback increases the unstable range of time delay is
increases, it means the stability of the system is decreased.
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The Effects of Delayed Feedback Control on Amplitude — Frequency Response Curves
(0> ,)

For the second case of ® —> w,, it can be obtained ®w=w, +¢c,,0, =3w, +&c,. Setting the
coefficients of the secular terms to zero into Egs. (14)-(15), and yield the solvability conditions which

are given by
The average equations are as follow.

1 . =

D,A= —[c, —2rc, +r7(c, +¢,)]ioA—-638,(1-r)*(1-r,)’BBA

A= e, Tl 26 (6 elieA-65,(- 1) (1-r) -

~35,(1-1)*A’A-35,(1-1,)°(L-1,)A’Be" —i(l-r)go,Ae "}
1 . =

DlB = 2(ml N I'szz)i(!)z {_[Cl - 2r2C1 + rz2 (Cl +C2)]I(DzB - 681(1_ I’Z)Z(l— 1)2AAB (23)

-35,(1-1,)'B*B-8,(1-1)*(A-r,)A% ™" —i(l-r,)gw,Be " + % r,fe'™"}

Introducing the polar notation A(T,) :%a(Tl)e“’l‘Tl) and B(T)) =%b(Tl)ei92”1> into Egs. (22) —(23) and

setting the coefficients of the real and imaginary parts to zero yield the algebraic equations as

, 1 am 3a’b .
a :—2{__1[C1_2r1C1+r12(01+cz)]+ 81(1—r1)2(1—r2)sm¢1
(ml +1 mz)(Dl (24)
a
_E (1- rl)g(’ol COS(COlT)}
r_ [ 2
al Bz o1 g em,)ea@ %)+ 3 5 qonya-r)?
3 (my+1r'm,)o, (25)
3a° 3a’b a )
+?61(1— r)* +T61(1— r)>(—r,)cosd, + E(1— r,)go, sin(w,7)}
1 bo 3a° .
b' = {——2Jc, -2r.c, +r’(c, +¢,)]-—2&,(1—-r,)*(L—r,)sin
e g e 2 R e e)] - Ao ) sing, -
—g (1-r,)g90, cos(w,t) + % r,fsing,}
. 1 3a’b 3b°
b((l)z) = f{(ml + I’22m2)0)2b61 __81(1_ rl)z(l_ I’2)2 T e
(m +r,m,)o, 4 8 27)

3
81(1_ r2)4 - 3%81(1_ r1)3(1_ rz) cos ¢1 _g(l_ rz)ng Sin(mzr) + % rzf cos ¢2}
where ¢, =36, -0, —c,T,,¢, =0, T, -0, .

Fig. 11-Fig. 13 show the amplitude-delay response curves of landing gear structure with a fixed
gain and different values of external detuning parameters, where vy, represents the amplitude of
landing gear structure.
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Fig. 11-Fig. 13 show that the amplitude-delay response curves of landing gear structure is affected
by internal detuning parameters, the response curve shifts left and right with the variation of internal
detuning parameters.

Numerical Simulation

In the following parts, we give some examples of numerical simulations to prove the above
analytical results in quantitatively. Fig. 14 - Fig. 17 show the time history response curves of landing
gear with different gain and time delay.
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Fig. 14: Time history response curve (g =0,7=0) Fig. 15: Time history response curve (g =3000N.s/ m,t=0)
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Fig. 16: Time history response curve Fig. 17: Time history response curve
(g=3000N.s/ m,t=0.27s) (g=3000N.s/m,t=0.4s)

Fig. 14 shows the passive control system. Fig. 15 shows that if the feedback control without time
delay, the vibration of the landing gear system is increased. Fig. 16 shows that if the gain and time
delay are appropriate chosen, the vibration of the system is suppressed well. Fig. 17 shows that if the
gain and time delay are not appropriate, the landing gear system is unstable.
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Summary

In the present paper, a delayed feedback control is employed to control the vibration in landing gear
structure. When the system is in 1:3 internal resonance, the dynamical behavior of the system is
complex. We investigate two cases which the external excitation frequency nearing to first and
second mode frequency. The effects of gain and time delay on vibration suppression of landing gear
system are analyzed. It can be observed that the ability of vibration suppression is improved when the
gain is increased. However, the unstable range is enlarged when the gain is increased. The effect of
time delay on amplitude of landing gear structure is periodically. It means that if we choose
appropriate values of time delay, the vibration of the landing gear structure can be suppressed to a
minimum value.
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