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Abstract—In this paper, we consider function projective lag syn-
chronization of two identical hyperchaotic systems. Impulsive 
control method is employed to design a controller to achieve 
function projective lag synchronization. Based on the Lyapunov 
stability theorem and impulsive control theory, a sufficient 
condition is given for the asymptotical stability of the error 
dynamics. Finally, numerical simulation is provided to show the 
effectiveness of the proposed controller design methodology. 
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I. INTRODUCTION 

During the last two decades, there has been considerable 
interest in the synchronization of chaotic(hyperchaotic) 
dynamic systems since Pecora and Carroll introduced a 
method to synchronize two identical chaotic systems with 
different initial conditions. Many different techniques have 
been proposed, such as variable structure control, OGY 
method, adaptive control, active control, DFC control, back-
steppping technique, and so on. Recently, Li proposed a new 
synchronization scheme, called function projective synchron-
ization, which extended the projective synchronization. The 
idea of function projective synchronization is to synchronize 
the states of the master and slave system up to a scaling 
function. Since it can provide more secure communication in 
application to secure communication, it has attracted attention 
of scientists and engineers. 

In the practical engineering applications, time delay is 
inevitable. For instance, in the telephone communication 
system, the voice one hears on the receiver side at time t is 
often the voice from the transmitter side at time t . So, in 
many cases, it is more reasonable to require the slave system 
to synchronize the master system with a time delay  . 
Therefore, motivated by the existing works and take into 
account of the time delay, a new kind of chaos synchron-
ization is introduced in this paper, which is named as function 
projective lag synchronization(FPLS). 

Impulsive control is a control paradigm based on impulsive 
differential equations. It has attracted the attention of many 
researchers for its accomplish easily, the lower cost and little 
wastage in recent years. The theory of impulsive differential 
equations and impulsive control have been intensively studied, 
see [1-7] and relevant references therein. To the best of our 
knowledge, there are few results in discussing the function 
projective lag synchronization via impulsive control. 

Motivated by the above discussion, our main aim in this 
paper is to discuss FPLS of hyperchaotic systems. Based on 
the Lyapunov theory and impulsive control theory, an 
impulsive controller is designed to achieve FPLS. 

II. FORMULATION OF THE PROBLEM  

Consider the following master systems 

( )= ( ) ( )x t Ax t x ,                                (1) 

where ( ) nx t R is the state vector of master systems. In order 
to achieve the function projective lag synchronization, we 
construct the impulsively controlled slave system as below 
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where ( ) ny t R  is the state vector of slave systems, 
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In general, it is assumed that ( ) ( ) k ky t y t , which means that 

( )y t  is continuous from the left. The impulsive instant 

sequence , 1, 2, kt k  satisfies 1 2 10      k kt t t t  

,  kt as k , and 
kB  denote the impulsive control 

gains, ( ) 0 t for all t  is the scaling function, the constant   
denotes delay. 

Let the error states ( ) ( ) ( ) ( )   e t t x t y t . If, for any 

initial states 0x  and 0y , we have ( )=e t ( ) ( ) ( )  t x t y t  

0( ) t , then these two systems (1) and (2) achieve FPLS. 
Thus the error dynamical systems can be described as  
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The purpose of this paper is to find some conditions on the 
control gains 

kB  and the impulsive distances 1     k kt t  

( 1,2, ) k  for guaranteeing the FPLS of systems (1) and 
(2). 

III. FPLS OF HYPERCHAOTIC LORENZ SYSTEM 

In this section, we choose hyperchaotic Lorenz system as 
the master and slave system. The system is given as follows 

( )= ( ) ( )x t Ax t x                               (4) 

where 1 2 3 4( ) ( , , , ) Tx t x x x x is state vector, 1, , ,a b c k  and 

2k  are real parameters, and 
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We assume that the scaling function ( ) t is a continuously 

differentiable bounded function, and ( )  t , where   is 

a constant. Then we obtain the following Theorem. 

Theorem Let k  and  be the largest eigenvalues of 

( ) ( ) T
k kI B I B  and ( ) / 2TA A , respectively. If there 

exists a constant 1  such that the following condition holds 
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Then the trivial solution of error dynamical system (3) is 
asymptotically stable for 1 e , where   is positive, and 

x , ( )  t , 1 2 3max{ , , }M x x x , 1 1y N , 

2 2y N ,
3 3y N . 

Proof Consider the Lyapunov function 
1

( , ) ( ) ( )
2

 TV t e e t e t . 

When  kt t , the derivative of ( , )V t e along the solution of 

(3) is 

1
( , ) {[ ( ) ( ) ( ( )) ( ) ( ) ( )]

2
            TD V t e Ae t t x t y t x t

( )+ ( )[ ( ) ( ) ( ( )) ( ) ( ) ( )]}         Te t e t Ae t t x t y t x t

3 1 2 2 1 3 1

1
( )[ ] ( ) ( ) ( )

2
       T Te t A A e t x t e e x t e e y

3 3 2 1 2 2 3[ ( ) ] [ ( ) ] ( ) ( ) ( )          Tx t y e y x t y e t x t e t . 

for 1 e , one can conclude that 
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Then, it follows from Theorem 1 in [2] that the origin of 
the system (3) is asymptotically stable. This completes the  
Proof. 

IV. NUMERICAL SIMULATION 

In order to verify and illustrate the effectiveness of the 
proposed method, we show the numerical simulation of the 
hyperchaotic Lorenz system (4). The system is hyperchaotic 
for the parameters 10, 28, 8 / 3   a b c ,and

1 9.3, k  
2 1k  

with initial value 
0 (13.8, 14,13,13) x  as shown in Figure I. 

 
FIGURE I.  THE HYPERCHAOTIC BEHAVIOR OF THE SYSTEM 

By simple calculation, the eigenvalues of the matrix 
( ) / 2TA A  are 14.3387, 25.7299,0.3913 , and 2.6667 , we 

have 
max= (( ) / 2) 14.3387   TA A . To test Theorem, we set 

0.018,  1.05,  1.02  . The impulsive gain matrix 
kB  is 

selected as a constant matrix { , , , }=   B diag diag  
{0.8625, 0.8625, 0.8625, 0.8625}. Then we can easily obtain 
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2(1 ) 0.0189     k
. Hence the estimation of the stable 

region is 0 0.000211   . 

We choose the impulsive interval =0.0002 , which 
satisfies the conditions of the Theorem. In order to show the 
effect of control input, ( )u t  is applied at 10  sec. Figure II 

shows the errors with scaling function ( ) sin 2 1.5  t t , and 
the dynamical behaviors of state variables are presented in 
Figure III. From Figure II and III, we can see that all the states 
variables of the hyperchaotic system achieve FPLS, which 
shows the effectiveness of our method via impulsive control. 

 
FIGURE II.  SYNCHRONIZATION ERRORS OF THE SYSTEM 

 
 

FIGURE III.  DYNAMICAL BEHAVIORS OF STATE VARIABLES OF THE SYSTEM 

V. CONCLUSION 

This paper has investigated the FPLS problem via 
impulsive control. Stability condition is proposed and an 
impulsive controller is also designed. The effectiveness of the 
presented method has been illustrated by numerical simulation. 
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