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Abstract. This paper propose a novel fractional-order hyperchaotic system, the hyper-chaotic system
is investigated numerically by using linear transfer function approximation. In addition, based on the
stability theorem of fractional systems, adaptive feedback control method is used for synchronization
of fractional-order hyperchaotic systems with unknown parameters. Meanwhile, adaptive
synchronization controller and recognizing rules of the uncertain parameters are designed. The
simulation example is include to confirm validity and synchronization performance of the advocated
design methodology.

1. Introduction

Fractional calculus has a 300-year-old history, as old as calculus itself, but its applications to
physics and engineering have just begun [1]. Many physics and engineering systems have been found
that they display fractional-order dynamics, such as electromagnetic waves [3], dielectric
polarization[5],quantitative finance and diffusion wave [6] and so on. More recently, the chaotic
behavior of fractional-order systems has been investigated [2-7]. Some examples of the systems
include the fractional-order Liu system [8], the fractional-order Chen system [9], the fractional-order
unified system[10] and so on. It has been well known that a hyper-chaotic attractor has more than one
positive Lyapunov exponents which can increase the randomness of the corresponding system and
improve the security of communication schemes by generating more complex dynamics. It is no doubt
that high-dimensi-onal attractors have much wider application. Many scholars proofed the
hyperchaotic behavior does exist in the fractional-order hyper-chaotic systems.

Inspired by above discussions, in this Letter, first of all, a new fractional-order hyperchaotic system
is proposed and analyze the dynamics behavior of the system . On the other hand, we study the
adaptive synchronization of the fractional-order hyperchaotic system based on feedback control
principle. Corresponding theoretical analysis and numerical simulations are presented to verify the
validity and feasibility of the proposed method.

2.Preliminaries and notations

There are several definitions of fractional derivatives [11], the commonly used definitions are
Gunwald-Letnikov (GL), Remann-Liouville(RL), and Caputo(C) definitions.
The Grunwald-Letnikov(GL) derivative with fractional-order q is given by
(-1

D (1) = lim fO(t) = limh™ PRGN (?) f(t—ih), 1)
where [-] means the integer part.

The Riemann-Liouville(RL) fractional derivatives are defined by
1 t
JUf(t) :WL (t—7)f(r)dr, (2)

where T stands for Gamma function,
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I'(z) = j:tz‘le‘tdt. (3)
The Caputo-type fractional-order derivatives can be written as
d“f(®) _ joa 0" (1)
dt” dt"
where n is the first integer which is not less than « and J¢ is the qg-order

(4)

3.Synchronization of fractional-system with unknown parameters based on feedback control

3.1A novel fractional-order hyperchaotic system

Before we study our fractional-order system, the mathematical description of the integer-order
hyperchaotic system can be expressed as
X =a(X, —%)+X,
X, = X X3 = X, (5)
X3 =b— XX, —CX,
Xy = dX, = X, %,
system (5) has a chaotic attractor whena=5,b=16,c=1,d =-0.4.

From the above equation, we improved the derivative operator in Eq.(5) to be with respect to a
fractional-order g . So Eq.(5) can be converted to Eq.(6 )

dx
e =a(X, —X)+X,
d2x, XX, -
dt®2 P (6)
d®x, b
dt_q3 =b—x X, —Cx,
d*x, _q
O X, — XpXg
In the paper, we set order of fractional derivative q=0.993.
Figs.1 display the 2D phase portraits of the fractional-order hyperchaotic system, when
a=5b=16,c=1,d=-04.
15 T o T 15 80
0
Figure 1. The chaotic attractor of system (6) with a=5,b=16,c=1,d =-0.4
3.2 Synchronization of the hyperchaotic system with unknown parameters
Consider the two different fractional-order chaotic systems given by
dx
F=AX+F(X), (7)
dy
FZBY-FG(y), (8)

where 0<q<1 is the real order derivative, x,y R" are state variables of the system, F(x),G(y) eR"are
the nonlinear terms of the system (7) and system (8), respectively. A, B are constant matrices. To
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achieve the synchronization of the above two different systems, via the feedback control, we add
controller ueR" in the system (8). Therefore, we can get the following equation
%:BY+g(y)+u. 9)
Our goal is to design the effective feedback controlleru which can synchronize the states of both

the drive and response systems. The synchronization error variables are defined as e=y-x, then the
corresponding error dynamics can be obtained as following

i—r:Be+(B—A)x+G(y)—F(x)+u. (10)
Lemma 1[7] consider the autonomous system as following
d9x
d? = AX y (11)

where xeR",Ae R™ . when system (1) is asymptotically stable, if and only if |arg(/1)|>“—2” IS
satisfied, where 1 is the eigenvalues of the matrix A.when system (1) is stable, if and only if
|arg(/1)|2a7ﬂ is satisfied, where 4 is the eigenvalues of the matrix A.

Lemma 2 [7]. For the system (10), by choosing suit real symmetric positive matrix P, for state
d“x
dte

Theoreml. For the error system (13), if the controller is designed as below
u=(A-B)x+F(x)-G(y)+DG(x)e+ce, where DG(x) is the Jacobi of G(x), Cis a gain matrix to be
designed later, the synchronization between systems (10) and (11) will be achieved for any initial
values.

Proof : It follows from (10) and (11) that error dynamical system (13) can be written as

variable x, J=x"P=—=<0 is satisfied. In other words, the stats variable is asymptotically stable.

%§=B&MB—MX+GOO—FUM%A—mx+Fuy4xw+DGup+w

(12)
According to the lemma 1 and 2, if arg(/ll(B+C))>q7” ,i=12...,n by choosing suit controller gain
matrix control, then the fractional order chaotic system (5) and (6) can achieve to the synchronization.

In the following part, we realize the synchronization of system (6) via the adaptive
synchronization method, and assume all parameters of the system are unknown. Define the drive

system is system (6) and then the response system with controller u=[u,,u,,u,,u,]’ can be described as
following

d? _
dTlea(yz_yl)‘*'h"'ul
de
dtiz =YY - Y, tU,
(13)
Y gy ey e
e V1Y, —CY3 +U;
dly, -
Tq‘l:dyA_yzys‘FW

Our aim is investigate the synchronization of system (6) and (16). We define the error states
& =Y, —X,8 =Y, — X8 =Y, —X;,€, =y, — X, ,4,b,&d are estimates of unknown parameters a,
b,c,d . The errors of unknown parameters are
e,=d—-ae =b-be =c-ce, =d-d, (14)
Theorem 2. The response system (16) can synchronize the drive system (6) globally and
asymptotically as t goes to infinite, if the controllers are taken as
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u = é(xz _X1)_é(y2 - yl)_e4 -8
Uy =X X3 = Y1Y3

Uy = V1Y, = XX, +Cy3 —CX; — €

Uy = Y, Y5 = XX, —dy, +dx, —e,

and the adaptive laws of unknown parameters are taken as

d’,

dte = (% —%;)&

d',

e

dle,

dtq - X3e3

die,

dte =—X,8
Proof: From Eqgs.(13)~(16), the error dynamical system is

dfe,

qu:ea(xz _Xl)_el

d,

at

de,

qte =8 — X8 —&

d,

F = X49d - 94

According to the Lemma 2, the function candidate is taken as:
From Eq.(13-16)

q q aq q q q q
J_edel de, de, de4+edea d’e, de,

+€

(15)

(16)

17)

d%,

= +
Lt 2t Pt fdtt fdtt °odt® C dte

¢ dte

= el(ea(xz - Xfl_)) +€, (_ez) + es(eb — X6 — 63) +€, (x4ed —84) +€, ((X1 - Xz)e1) +6 (—63) + ec(x3e3) +€ (_X4e4)

2 2 2 2

=-e’-e° -6 —¢’.

That is to say, the origin of error dynamical system (17) is asymptotically stable, the response

system (13) can synchronize the drive system (6) globally and asymptotically.

For this numerical simulation, the unknown parameters of drive system (6) are setto a=5, b =16,
c=1d =-0.4.The initial condition of system(6) and (16) are (3,6,2,7) and (1,1,1,1), respectively. The

state trajectories of the drive system and response system and error signals e e, e, ,e, between
systems (6) and (17), converge asymptotically zero , the estimated values of unknown parameters

converge to 4=5,b=16,6 =1,d = -0.4, which are shown in Figures 2 and Figures 3.
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Figure.2. Synchronization errors between systems (6) and (17) with evolving time t
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Figure.3. Identification curves of the unknown parameters of the response system (17)

4.Conclusions

In the article chaotic behaviors and the synchronization of a new fraction-order system have been
studied. Furthermore, synchronization between two different pairs of hyperchaotic systems with
uncertain parameters has been realized by feedback control. Based on the fractional stability theory,
suitable adaptive synchronization controller and parameter identification rules of the unknown
parameters are designed. Numerical simulations are carried out to demonstrate the effectiveness and
feasibility of the controllers and identification rules.
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