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Abstract. From the basic idea of the real-time Runge-Kutta (RK) algorithm, some parametric 
equations satisfied the general form of the real-time fourth-order RK algorithm are derived. Then the 
coefficients of truncation error are deduced based on the analysis for local truncation errors of 
real-time RK algorithm. Finally a new formula of the real-time RK algorithm is proposed according 
to the related equations of the stability region and truncation errors. The new algorithm formula 
would distinctly reduce the truncation errors for some real-time simulation questions, thus it can be 
applied in a extensive area. 

Introduction 

Initial value problem of ordinary differential equation often occurs in real-time simulation, where 
related real-time algorithm must be taken. The RK4 algorithm, with the advantage of self-starting and 
easy access to error estimation, along with the fact that fourth-order accuracy can be accept in most 
engineering problems, has become a typical numerical calculation method in real-time simulation. 

0 0( ) [ , ( ), ( )] ( )y x f x y x u x y x y                                                                                                   （1） 
Since the RK algorithm is an approximate algorithm based on Taylor Series, it’s necessary to select 

one real-time RK algorithm with small truncation error to meet the demand of real-time performance. 
The common RK algorithm are described in detail in [1-3], while in this paper the real-time RK 
algorithm is discussed, the parametric equations are determined, and a new real-time RK4 algorithm 
is derived. The results might have important theoretical significance and can be applied in an 
extensive way. 

Parametric equations of the real-time RK4 algorithm 

The single-step explicit formula of RK algorithm is extensively adopted in real-time simulation. As 
the order and the coefficients differ, it has different forms.  
To meet the demand of real-time performance, for s level low order RK algorithm, the input sampling 
interval is set to /t h s  , the output interval is set to t h  , including RTRK1 algorithm, RTRK2 
algorithm and RTRK3 algorithm. 

As to non real-time fourth-order RK algorithm, for example the classical four level fourth-order 
RK formula, there exists no one satisfying real-time performance from[4], so here we look for a five 
level fourth-order real-time RK formula, of which the general form is 
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For the convenience of sampling, the input interval is 5t h  , thus 0,1 5,2 5,3 5, 4 5ia  . 
The function ( , )f x y  in ODE (1) can be expanded by Taylor Series of binary functions as follows [5] 
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To make our derivations easier, let D f
x y

 
 
  . 

The basic idea of RK4 algorithm is trying to forecast the slopes ik  of five points in [ 1,n nx x  ] and 
taking the weighted average as the average slope *k  to obtain a formula with higher degrees of 
accuracy. According to Taylor’s expansion 
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On the basis of the idea of real-time RK4 algorithm we have 
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5 51 52 53 54 4 5a b b b b                                                                                                                       （8） 
To make derivations easier, let 
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Expand 2 3 4 5, , ,k k k k  at ( , )n nx y  by using Taylor’s expansion of binary functions; we can obtain the 
following results after some time-consuming calculations 

1k hf                                                                                                                                           （9） 
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By relations of 1 2 3 4 5, , , ,k k k k k  we have 
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Because the  local truncation error of real-time RK4 algorithm is O(h5) and the accuracy is 
fourth-order, the equations satisfied by the parameters in the algorithm can be obtained by comparing 
the coefficients of h、h2、h3、h4 in (4) and (14): 
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By the above analysis, (5)-(8) and (15)-(22) are the 12 parametric equations satisfied by the 

parameters in the general form of real-time RK4 algorithm. 
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A class of new real-time RK4 algorithm 

By analyzing the definite stability region of real-time RK4 algorithm we have [6] 
*
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The maximum area of definite stability region of real-time five level fourth-order RK algorithm is 
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So, we obtain a set of nonlinear equations including 15 parameters and 13 equations. 
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







   

 

    
 

    
 

       7 /120

 

Taking the local truncation error function as 
8

1

( ) i
i

B B 


  ζ                                                                                                                              （26） 

The optimal parametric value and the related  target function value can be obtained by simulated 
annealing algorithm 

*
5c  0.5757， *

54b  0.2760， * *
5 54( , )B c b  0.0072                                                                           （27） 

Finally, the new real-time RK4 algorithm formula is 
1 1 2 3 4 5

1

2 1

3 1 2

4 1 1 3

5 1

(0.1174 0.0112 0.746 0.4279 0.5757 )

[ , ]

[ 1 5 , 1 5 ]

[ 2 5 , 0.00676 0.40676 ]

[ 3 5 , 0.01628 0.236 0.34772 ]

[ 4 5 , 0.2554 0.

n n

n n

n n

n n

n n

n n

y y h k k k k k

k f t y

k f t h y hk

k f t h y hk hk

k f t h y hk hk hk

k f t h y hk

      

   
    
     
     2 1 424749 0.51613 0.27597 ]hk hk hk










 

                                                       （28） 

Example and conclusions 

Suppose an initial value problem 
1 1

, [0,0.6]
2 2

(0) 1

y x y x

y

   

 

  

Of which the precise solution is 0.5( ) 3 2xy x e x   . 
Here we take step h=0.1 and the result is listed in Table 1. Error=y(tn)-yn,, double-precision is  

adopted. For comparison the result of classical RK4 formula is also listed. 
It’s clear from Table 1 that the result of our formula is superior to that of classical RK4 formula, 

has better accuracy and is suitable to real-time simulation. The example shows that the deduction of 
parametric equations and the result are correct and the calculation of the coefficients of local 
truncation errors is accessible, so the new real-time RK4 algorithm may have more extensive 
applications. 
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Table 1  h = 0.1,  simulation error of example 1 
tn Error（RK4） Error（this paper） 
0.1 7.8780719725557e-009 3.66458885459053e-009 
0.2 1.6563978633144e-008 7.70495245383529e-009 
0.3 2.6119848950401e-008 1.21499916794221e-008 
0.4 3.6612055609452e-008 1.70305793911751e-008 
0.5 4.8111495010161e-008 2.23796952081301e-008 
0.6 6.0693868375594e-008 2.82325516298698e-008 
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