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Abstract—A priori bounds are established for periodic solutions 
of a nonlinear differential equation with delay. By means of these 
bounds, an existence theorem for periodic solutions can be 
obtained by means of Mawhin’s continuation theorem. Our work 
generalizes the known result. 
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I. INTRODUCTION  
In [1], continuation theorems were introduced and applied 

to the existence of solutions of nonlinear equation. In 
particular, a specific example was given in [1](see also [2]) on 
how periodic solutions can be obtained by means of these 
theorems for the nonlinear 
equation. ,0))(,())(()( =+′+′′ txthtxftx where f  is a real 
continuous function defined on R such that 0)0( =f , h  is a 
real continuous function defined on RR× , π2 -periodic in t  
and 0),( <xxth  for rx ≥||  and ]2,0[ π∈t . In the course of 
derivations, it is realized that once appropriate a priori bounds 
for the π2 -periodic solutions of the following equation 

0))(,())(()( =+′+′′ txthtxftx λλ  are known for each 
)1,0(∈λ , then standard procedures will allow these theorems 

to imply existence of periodic solutions to the nonlinear 
equation. 

In this paper, we will be concerned with a similar equation 
with an additional delay  

)()))((()())(()( tpttxgtxtxftx λτλλ =−+′+′′ , )1,0(∈λ ,   (1) 

where pgf ,, and τ  are real continuous functions defined 
on R  such that 0)0( =f , τ  and p  are periodic with period 

π2 , and 
0)(

2

0
=∫

π
dttp

.We will establish a priori bounds 
for solutions of this equation under relatively simple 
conditions on f  and g . Once these bounds are obtained, 
existence of periodic solutions can be demonstrated for the 
equation 

)()))((()())(()( tpttxgtxtxftx =−+′+′′ τ         (2)  

We remark that there are a number of studies which are 
concerned with the existence of periodic solutions of 
differential equations by means of establishing a priori bounds 
(see [3]). Other related results can be found in [4-7]. 

II. MAIN RESULTS 

Theorem 1Suppose there are positive constants DM , , 
1<a  , and nonnegative constant K  such that  

[A] aKxf ≤|)(| , for any Rx∈ , 

[B] 0)( >xxg  and |||)(| xKxg >  for Dx ≥|| , 

[C] 
M

x
xg

x
≤

−∞→

)(lim
, and  

[D] 
1)

11
(8 2 <

−
+

− a
M

a
aKπ

. Then for any π2 -periodic 

solution )(txx =  of (1), 2|)(| Dtx ≤′  and 

a
D

a
Dtx

−
+

−
≤

1
2

1
|)(| 2π

 for some positive number 2D .Proof    
Let )(txx =  be a π2 -periodic solution of the equation (1). 

Since )2()0( πxx = , there is some ]2,0[0 π∈t  such that 
0)( 0 =′ tx . In view of (1), we see that for any ]2,0[ π∈t , 

∫∫ ′′≤′′=′
π2

0
|)(||)(||)(|

0

dssxdssxtx
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π

π
τπ
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s π

π
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+
                               (3)  
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We assert that 

|)(|max2|)))(((|
20

2

0
txKadtttxg

t π

π
πτ

≤≤
≤−∫

ρπ
πεπ gtxM

t
4|)(|max)(4

20
+++

≤≤
                (4) 

for some positive numbers ερ ,  and 
=ρg

 
|)(|max

||
tg

t ρ≤ . 
Indeed, integrating equation (1) from 0 to π2 , we see that 

0)))}((()())(({
2

0
=−+′∫

π
τ dtttxgtxtxf

      (5)  

Thus there is some ]2,0[1 π∈t  such that 

)))((()())(( 1111 ttxgtxtxf τ−−=′ . 

10 .0=K  If Dttx >− |))((| 11 τ , [A] and [B] implies 

that. This contradiction establishes .|))((| 11 Dttx ≤−τ 20 
0>K . If Dttx >− |))((| 11 τ , noting condition [A] and [B], 

we see that  

|)))(((||))((| 1111 ttxgttxK ττ −<−
|)(||)())((| 111 txaKtxtxf ≤′= . 

Hence 

|)(|max|)(||))((|
20111 txatxattx

t π
τ

≤≤
≤<−

. 

Thus 0=K  or 0>K , we have 

|)(|max|))((|
2011 txaDttx

t π
τ

≤≤
+≤−

. 

Since )(tx  is π2 -periodic, we may infer that 
|)(|max|)(|

202 txaDtx
t π≤≤

+≤
 for some ]2,0[2 π∈t . We see 

that 
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2
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Let 
))(

1
1

1
(8)( 2 zM

aa
aKzF +

−
+

−
= π

, ),0[ +∞∈z . From 
[D] we get 1)0( <F . Since F  is Continuous on ),0[ +∞ , 
there is some 0>δ  such that  

1))(
1

1
1

(8)( 2 <+
−

+
−

= zM
aa

aKzF π
, ],0( δ∈z      (7)  

Let 2
δε =

, we have 

1))(
1

1
1

(8 2 <+
−

+
−

επ M
aa

aK
                  (8)  

In view of [C], there is D>ρ , such that 

)()( ε+< M
x
xg

, ρ−<x                        (9) 

Let }))((|]2,0[{1 ρτπ >−∈= ttxtE , 

}))((|]2,0[{2 ρτπ −<−∈= ttxtE , 

}|))((||]2,0[{3 ρτπ ≤−∈= ttxtE ,then from (5), we get 
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11
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Therefore, 
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as required. Combining (3), (4), (6), and noting condition 
[D], we see that 

2|)(| Dtx ≤′ , ]2,0[ π∈t                        (10)  

for some positive number 2D . In view of (6), we see that 
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The proof is complete. 
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Corollary 1Suppose there are positive constants DM , , 
1<a  , and nonnegative constant K  such that 

[A] aKxf ≤|)(| , for any Rx∈ , 

[B] 0)( >xxg  and |||)(| xKxg >  for Dx ≥|| , 

[C] 
M

x
xg

x
≤

+∞→

)(lim
, and  

[D] 
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11
(8 2 <

−
+

− a
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.  

Then for any π2 -periodic solution )(txx =  of (1), 

2|)(| Dtx ≤′  and a
D

a
Dtx

−
+

−
≤

1
2

1
|)(| 2π

 for some positive 

number 2D . 

By means of the a priori bounds just obtained, we may 
follow the standard procedures as explained in various places 
of [1] and the continuation theorem in [1] to show the 
existence of a periodic solution of (2). For the sake of 
completeness, a brief sketch is included as follows.  

Let X  be the Banach space of all continuous 
differentiable functions of the form )(txx = , defined on R  
such that )()2( txtx =+ π for all t , and endowed with the 

norm =1|||| x  
|})(||,)({|max

20
txtx

t
′

≤≤ π . Also let Y be the Banach 
space of all continuous functions of the form )(tyy = , 
defined on R  such that )()2( tyty =+ π  for all t , and 

endowed with the norm 
|)(|max||||

200 tyy
t π≤≤

=
. Finally let Ω  

be the subspace of X  containing functions of the form 
)(txx = , such that Dtx <|)(|  and Dtx <′ |)(| , where D  is a 

fixed number greater than a
D

a
D

−
+

− 1
2

1
2π

. Now let L : 
YRRCX →),(2Ι  be the differential operator defined by 
)())(( txtLx ′′=  for Rt∈ , and let N :   YX →  be 

defined by )())(())(( txtxftNx ′−=  )()))((( tpttxg +−− τ ,   
Rt∈ . Let LIm  and LKer  be, respectively, the image and 

kernel of the operator L . Clearly, RL =Ker . Furthermore, if 
we define the projections P :  LX Ker→  and Q :   

LYY Im/→  by 

∫=
π

π
2

0
)(

2
1))(( dttxtPx

, and 
∫=

π

π
2

0
)(

2
1))(( dttytQy

, 
Rt∈ ,respectively, then PL ImKer =  , and LL ImKer = . 

Furthermore, the operator L  is a Fredholm operator with 

index zero, and the operator N is L - compact on the closure 
Ω  of Ω [1].  

For any )1,0(∈λ  and any )(txx =  in the domain of L  
which also belongs to Ω∂ , we must have NxLx λ≠ . For 
otherwise in view of (10) and (11), we see that x  belongs to 
the interior of Ω , which is contrary to the assumption that 

Ω∂∈x . Next, note that a function )(txx =  in the 
intersection of LKer  and Ω∂  must be the constant functions 

Dtx =)(  or Dtx −=)( . Hence 

∫ ′−=
π

π
2

0
)())(((

2
1))(( txtxfxQN

 

0)())()))((( ≠±−=+−− Dgdttpttxg τ . 

Finally, consider the following mapping 

)()1(),( xgssxsxF −+= , 10 ≤≤ s . 

Since for every ]1,0[∈s  and x  in the intersection of 
LKer  and Ω∂ , we have 

0)()1(),( 2 >−+= xxgssxsxxF , 

thus ),( sxF  is a homotopy.  This shows that 

}0,Ker,deg{ LQNx ΙΩ
}0,Ker),(deg{ Lxg ΙΩ−=  
}0,Ker,deg{ Lx ΙΩ−=  
0}0,,deg{ ≠Ω−= Rx Ι . 

We have thus verified all the assumptions of the 
continuation theorem [1]. Under the assumptions in Theorem 1, 
equation (2) thus has a π2 -periodic solution. 

As an example, consider the equation  

tttxhtxtxtx cos
32

))sin((
66

)(}))(exp{)( 22

2

=
−

+
′−

+′′
ππ , 

where ⎩
⎨
⎧

<
≥

=
.0,
,0,

)(
3
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Take 
ttxhxgxxf sin)(,

32
)()(,

66
)exp()( 22

2

==
−

= τ
ππ  

and ttp cos)( = . It is then easy to verify that all the 
assumptions in Theorem 1 are satisfied with 2=D , and 

2
1,

32
1,

33
1

22 === aMK
ππ . Thus the equation has a π2 -

periodic solution. 

159



 

Corollary 2 Suppose there are positive constants DM , ,  
and nonnegative constant K  such that 

[A] 2
|)(| Kxf ≤

, for any Rx∈ , 

[B] 0)( >xxg  and |||)(| xKxg >  for Dx ≥|| , 

[C] 
M

x
xg

x
≤

−∞→

)(lim
, and 

[D] 1)2(8 2 <+ MKπ . 

Then equation (2) has at least one π2 -periodic solution 
)(tx  and there exists a constant 

*R  such that 
** |)(|,|)(| RtxRtx ≤′≤ . 

Corollary 3 Suppose there are positive constants DM , ,  
and nonnegative constant K  such that 

[A] 2
|)(| Kxf ≤

, for any Rx∈ , 

[B] 0)( >xxg  and |||)(| xKxg >  for Dx ≥|| , 

[C] 
M

x
xg

x
≤

+∞→

)(lim
, and 

 [D] 1)2(8 2 <+ MKπ . 

Then equation (2) has at least one π2 -periodic solution 
)(tx  and there exists a constant 

*R  such that 
** |)(|,|)(| RtxRtx ≤′≤ . 
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