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Abstract. This paper addresses a multi-item joint procurement lot-sizing problem with limited 
budget, outsourcing, and backlogging, where product-dependent minor setup cost and major setup 
cost are considered. We build four models and code Lingo-based simulation scripts. By the 
comparative experiments, we find that backlogging and outsourcing policies can reduce the system 
total cost. 

Introduction 

Economic globalization results in the more complex and changeable customer demand, and the 
finer division of labor and the wider cooperation among the enterprises. Therefore, the enterprises 
can provide customers with better products and services only through their closer cooperation. 
Outsourcing policy can reduce costs while improve quality of service and customer satisfaction, has 
become a usual tool to meet the customers requirement with more variability.  The dealer engaging 
in a variety of goods often faces the multi-item joint procurement problem under limited purchasing 
budget. When outsourcing is taken into account, customer demand can be satisfied not only by 
procurement, and/or through inventory from previous periods, and/or by backlogging from 
subsequent periods, but also it can be partially or entirely outsourced. The problem can be modeled 
as multi-item dynamic lot-sizing problem (MDLSP) with outsourcing and backlogging, the 
optimization objective is to minimize the total cost. 

The multi-item dynamic lot-sizing problem is the extension of the classic work of Wagner and 
Whitin (1958). HINDI (1995) researches the single-level MDLSP with single capacitated resource, 
develops a solution strategy based on a branch-and-bound search, whereby column generation 
algorithm is employed to solve a linear programming relaxation of the model based on variable 
redefinition, the resulting subproblems are then single-item uncapacitated lot-sizing problems 
solved as shortest path problems, effective good upper bounds are also generated by solving an 
appropriate minimum-cost network flow problem at each node of the branch-and-bound tree. Bylka 
and Rempala (2001) research the MDLSP with nonlinear production cost and linear holding cost, 
the total cost is obtained by an auxiliary allocation approach. Minner (2009) researches the MDLSP 
with limited warehouse capacity, and then suggests a saving-based heuristic which is compared 
with constructive approach according to cost-based priority rule and smoothing heuristic. Gicquel et 
al. (2009) research the discrete lot-sizing and scheduling problem with sequence-dependent 
changeover costs, propose a new way of modeling the production system based on the use of a 
multi-attribute product structure, where products can be identified not only by a unique index, but 
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also a set of physical attributes such as color, they show that it can reduce the size of the model due 
to looking at changeovers at an aggregate level using the relevant physical attributes instead of 
considering each individual changeover between items. For the MDLSP with transportation, Lee et 
al. (2005) consider the case of the fixed capacity of transportation container, and devise a heuristic 
with an adjustment mechanism according to the optimal solution properties. Sancak and 
SibelSalman (2011) address the multi-period problem by considering safety stock and the option of 
delaying a less-than-full truckload shipment to the next period, analyze the impact of delaying 
shipments on both cost and service levels. For the MDLSP with supplier selection, Basnet and 
Leung (2005) consider supplier-dependent transaction cost, product-dependent holding cost and 
purchasing cost depended on both supplier and product, present an enumerative search algorithm 
and a heuristic. Rezaei and Davoodi (2011) establish multi-objective non-linear programming 
model respectively for the loss sales case and backlogging case, where the optimal objectives are 
comprised of total cost, total quality level and total service level, employ NSGA-II algorithm to 
solve them.  

In the literature on MDLSP, there exist some works considering setup time and setup cost. 
Caserta and Quiñonez Rico (2009) research the multi-period capacitated MDLSP with setup time, 
propose a hybrid algorithm based on cross entropy and Lagrangean relaxation. Brahimi et al. (2010) 
investigate the capacitated MDLSP with non-customer specific production time windows and setup 
times, which is resolved respectively by a Lagrangean relaxation-based heuristic and by a 
commercial software on new reformulations. Muller et al. (2012) address the capacitated MDLSP 
with setup times, and present a hybrid heuristic solution approach based on the adaptive large 
neighborhood search heuristic framework where a mixed integer programming solver is used to 
improve solutions. Chan and Chiu (1997) research the MDLSP with major setup cost and minor 
setup cost, develop an extension of the one-way-eyeballing-heuristic to a multi-product algorithm. 
Pratsini (2000) analyzes the effect of decreasing setups through learning on the capacitated MDLSP 
where setup cost is involved in the objective function and setup time is considered in the capacity 
constraint, and develop a heuristic to solve the model. Narayanan and Robinson (2010) researched 
the joint procurement decision problem for a family of products that share a constrained resource 
such as an ocean shipping container, where major setup cost and minor setup cost are taken into 
account, then proposed a six-phase heuristic and simulated annealing meta-heuristic. 

There are some contributions concentrating on the DLS problem with outsourcing, such as lost 
sales model (Aksen et al. 2003, Sandbothe and Thompson 1990), outsourcing model (Chu and Chu 
2007), subcontract model (Atamtürk and Hochbaum 2001), mutli-mode transportation model 
(Jaruphongsa et al. 2005), multi-location inventory model with dynamic transshipment (Herer and 
Tzur 2001), and so on. Here we merely review the studies on MDLSP with outsourcing. Van 
Norden and van de Velde (2005) research the MDLSP with reserved and additional transportation 
capacity, where the former can be used in exchange for a guaranteed price while the use of the later 
needs to pay higher prevailing price, they present a Lagrangean relaxation algorithm to compute 
lower and upper bounds of the problem. Li et al. (2007) research the capacitated MDLSP with 
substitution, remanufacturing and emergency procurement/ outsourcing, propose a heuristic GA to 
solve it. Feng et al. (2011) research a supplier selection problem in multi-service outsourcing, build 
a multi-objective 0-1 programming model involving three objectives, service outsourcing, service 
waiting time and collaborative utility, develop a multi-objective algorithm based on Tabu search. Lu 
and Qi (2011) research a MDLSP with lost sales, where each batch will generate the same number 
of “unit” of all products, develop a polynomial time algorithm for the case without lost sales, and 
two heuristic algorithms for the case with lost sales. Absi and Kedad-Sidhoum (2008) consider a 

1022



capacitated MDLSP with setup times and shortage costs, and develop a branch-and-cut framework 
to find near optimal solutions which involves strong valid inequlities derived from the single period 
relaxation of the problem. Later, Absi and Kedad-Sidhoum(2009) extend their own work by 
considering safety stock, present a Lagrangian relaxation of the capacity constraints to obtain lower 
and upper bounds for the problem where the induced sub-problems are solved through a dynamic 
programming algorithm developed by them. More recently, Absi et al.(2013) propose a novel 
Lagrangian relaxation algorithm for the same problem as Absi and Kedad-Sidhoum (2008), where 
each subproblem is solved using an adaptation of the dynamic programming algorithm of Aksen et 
al.(2003), and feasible solutions are found by employing a non-myopic heuristic based on a probing 
strategy and a refining procedure. Moreover, they also propose a metaheuristic based on the 
adaptive large neighborhood search principle to improve solutions. Jolayemi and Olorunniwo (2004) 
establish a mixed integer linear programming model for the production and transportation planning 
problem in multi-plant and multi-warehouse environment with extensible capacities, where the 
shortfalls can be satisfied through subcontracting or the use of inventory if production cannot met 
demand, they also develop a procedure for reducing the model’s size which will enhance the 
applicability of the model. Sambasivan and Yahya (2005) develop Lagrangian relaxation algorithm 
for the capacitated MDLSP with inter-plant transfers. Nascimento et al. (2010) develop a greedy 
randomized adaptive search procedure heuristic as well as a path-relinking intensification procedure 
to find cost-effective solutions for the same problem.  

The rest of the paper is outlined as follows. Section 2 gives the mathematical formulations of the 
four models under study. Section 3 presents Lingo-based simulation experiments. Section 4 
concludes this study. 

Problem Models 

We research the multi-item joint procurement problem with the product-dependent minor setup cost 
and major setup cost. Product demands in each period are assumed to be dynamic, and can be 
acquired using the customer orders and demand forecasting. Demands can be met by the 
combination of purchasing, inventory on hand, backlogging and outsourcing policy. Suppose that 
there is no replenishment lead time as in many DLS papers. The total budget purchasing products in 
each period is limited. The problem is that of satisfying all demands in the planning horizon at 
minimal total cost. To describe the model, the following notations are defined:  
T length of the planning horizon 
t time period (t =1, ..., T) 
N number of products 
i product index (i =1, ..., N) 
dit demand of product i in period t 
St major setup cost at period t 
Kit minor setup cost of product i in period t 
Pit unit procurement cost of product i in period t 
Hit unit holding cost of product i in period t 
Rit unit outsourcing cost of product i in period t 
Git unit backlogging cost of product i in period t 
Ct procurement budget at period t 
M an arbitrarily large number 
The decision variables: 
Xit procurement level of product i in period t 
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Lit outsourcing level of product i in period t 
Bit backlogging level of product i in period t 
Iit inventory level of product i at the end of period t 
Yit a binary variable indicating whether product i in period t is procured, i.e. Yit =1 if Xit >0, 

otherwise Yit =0 

Zt a binary variable indicating whether period t is a procurement period, i.e. Zt =1 if 01 >∑ =

N
i itX , 

otherwise Zt =0 
The capacitated multi-item joint procurement model with outsourcing and backlogging can be 

formulated as follows： 

(P1) ( )




 +++++ ∑∑ ∑

== =

T

t
tt

N

i

T

t
itititititititititit ZSBGLRIHXPYK

11 1
Min      (1) 

s.t. ititititititit dBBLXII −−+++= −− 11  i=1, ..., N, t=1, ..., T (2) 

 itit dL ≤≤0  i=1, ..., N, t=1, ..., T (3) 

 ( ) tt
N
i itititittt ZCYKPXZS ≤++ ∑ =1  t=1, ..., T (4) 

 itit MYX ≤  i=1, ..., N, t=1, ..., T (5) 

 tit ZY ≤  i=1, ..., N, t=1, ..., T (6) 

 }1,0{∈itY , }1,0{∈tZ  i=1, ..., N, t=1, ..., T (7) 

 00 == iTi II  i=1, ..., N (8) 

 0== iTio BB  i=1, ..., N (9) 

 0,0,0,0 ≥≥≥≥ itititit BILX  i=1, ..., N, t=1, ..., T (10) 

The objective function (1) seeks to minimize the total costs, which includes the procurement, 
holding, backlogging and outsourcing costs. Constraints (2) are the material balance equation. 
Constraints (3) show that outsourcing level of per product at each period should not exceed its 
current demand. Constraints (4) are the funds constraints. Constraints (5) force Yit to one when Xit is 
positive. Constraints (6) prevent an item setup from occurring unless the product family is setup. 
Constraints (7) define Yit and Zt as binary values. Constraints (8) and (9) mean that both inventory 
level and backlogging level at periods 0 and T are zero. Constraints (10) mean procurement, 
outsourcing, holding and backlogging levels are non-negative integers. 

To verify the influence of outsourcing and backlogging policies on the model performance, we 
also build the following three models: (i) the model with outsourcing (P2), which can be obtained 
by removing the items and constraints associated with backlogging from the (P1). (ii) the model 
with backlogging (P3), which has no items and constraints relative to outsourcing compared to (P1). 
(iii) the model without outsourcing and backlogging (P4), which doesn’t comprise the items and 
constraints relevant to outsourcing and backlogging in (P1). 
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Simulation Experiment 

We employ LINGO 11 to solve the four models. By comparing their results, we find out that 
outsourcing and/or backlogging can significantly improve the system performance. 

We consider the dynamic seasonal demand, which can be formulated as, 

 [ ]6/))3((sin12567200 +++= td itit πε  i=1, ..., N, t=1, ..., T (11) 

where itε is standard normal distribution. 

In the experiment, we set T =12, N =2, M =10000. The other model parameters are yielded 
randomly by uniform distribution defined on the interval (A,B) as shown in table 1.  

 
Table 1 parameters settings of the model 

 
 
 
 
 
 
 

 
Table 2 shows an instance generated randomly by LINGO. By means of LINGO solver, we can 

obtain the results of four models which are shown in Table 3 and Table 4. 
 

Table 2 a problem instance 
t 1 2 3 4 5 6 7 8 9 10 11 12 

Ct 6534 6979 6483 6890 6583 6632 6155 6691 6467 6608 6040 6554 
d1t 338 347 186 129 185 8 143 130 171 148 379 458 
d2t 314 399 197 220 106 97 23 170 194 280 191 334 
St 100 100 100 100 100 100 100 100 100 100 100 100 
K1t 60.1894 66.9506 52.5488 53.5779 67.5734 44.8464 63.3846 53.7706 50.1112 41.3470 65.7448 69.2968 
K2t 56.0379 69.3901 54.5098 66.7156 57.5147 58.9693 44.6769 60.7541 54.0222 58.2694 41.2247 56.6396 
P1t 8.3649 9.4918 7.0915 7.2630 9.5956 5.8077 8.8974 7.2951 6.6852 5.2245 9.2908 9.8828 
P2t 7.6730 9.8984 7.4183 9.4526 7.9191 8.1615 5.7795 8.4590 7.3370 8.0449 5.2041 7.7733 
R1t 8.8649 9.9918 7.5915 7.7630 10.0956 6.3077 9.3974 7.7951 7.1852 5.7245 9.7908 10.3828 
R2t 8.1730 10.3984 7.9183 9.9526 8.4191 8.6615 6.2795 8.9590 7.8370 8.5449 5.7041 8.2733 
G1t 1.1730 1.3984 0.9183 0.9526 1.4191 0.6615 1.2795 0.9590 0.8370 0.5449 1.3582 1.4766 
G2t 1.0346 1.4797 0.9837 1.3905 1.0838 1.1323 0.6559 1.1918 0.9674 1.1090 0.5408 1.0547 
H1t 1.1730 1.3984 0.9183 0.9526 1.4191 0.6615 1.2795 0.9590 0.8370 0.5449 1.3582 1.4766 
H2t 1.0346 1.4797 0.9837 1.3905 1.0838 1.1323 0.6559 1.1918 0.9674 1.1090 0.5408 1.0547 

 
Table 3 system costs at optimality 

 Total holding cost Total backlogging cost Total outsourcing cost System overall cost 
P1 2094.08 4927.82 2182.43 37776.72 
P2 2881.09 0 7017.16 39671.70 
P3 1707.92 3385.73 0 38130.15 
P4 2525.55 0 0 40070.41 

 
 
 

parameter setting 
procurement budget Ct (6000,7000) 

Major setup cost St 100 
Minor setup cost Kit (40,70) 

unit procurement cost Pit (5,10) 
unit holding cost Hit (0.5,1.5) 

unit outsourcing cost Rit (7,11) 
unit backlogging cost Git (0.5,1.5) 
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Table 4 optimal policies for the four models 
t 1 2 3 4 5 6 7 8 9 10 11 12 

P4 
X1t 338 347 186 314 0 281 0 0 171 985 0 0 
S1t 0 0 0 185 0 273 130 0 0 837 458 0 
X2t 454 259 417 0 106 97 193 0 474 0 525 0 
S2t 140 0 220 0 0 0 170 0 280 0 334 0 

P3 

X1t 336 0 411 253 0 385 0 0 0 1237 0 0 
B1t 2 349 124 0 185 0 0 81 252 0 0 0 
S1t 0 0 0 0 0 192 49 0 0 837 458 0 
X2t 457 0 453 0 0 0 616 0 0 0 999 0 
B2t 0 256 0 220 326 423 0 0 194 474 0 0 
S2t 143 0 0 0 0 0 170 0 0 0 334 0 

P2 

X1t 0 347 186 314 0 281 0 0 0 985 0 0 
L1t 338 0 0 0 0 0 0 0 171 0 0 0 
S1t 0 0 0 185 0 273 130 0 0 837 458 0 
X2t 713 0 417 0 0 0 387 0 0 156 525 0 
L2t 0 0 0 0 106 97 0 0 0 124 0 0 
S2t 399 0 220 0 0 0 364 194 0 0 334 0 

P1 

X1t 0 0 533 0 0 336 0 0 0 1237 0 0 
L1t 338 0 0 129 0 0 0 0 0 49 0 0 
B1t 0 347 0 0 185 0 0 130 301 0 0 0 
S1t 0 0 0 0 0 143 0 0 0 837 458 0 
X2t 712 0 336 0 0 0 396 0 0 0 999 0 
L2t 1 0 81 0 0 0 0 0 0 0 0 0 
B2t 0 0 0 0 106 203 0 0 194 474 0 0 
S2t 399 0 220 0 0 0 170 0 0 0 334 0 

 
From Table 3, we can see that outsourcing and backlogging policies are helpful for decreasing 

the system total cost although they may incur the increasing of some single cost. 
From Table 4, we observe that demand is satisfied flexibly due to the introduction of outsourcing 

and backlogging. For instance, purchasing at a period can satisfy the demand for more than one 
period (e.g. ), the demand at a period can be met by partial procurement and partial outsourcing 
(e.g. ), the demand at several periods can be backordered to some subsequent period (e.g. ), 
purchasing and partial backlogging are used to satisfy the demand all together in view of limited 
budget (e.g. ), the demand at a period is fully outsourced (e.g. ), and so on. These phenomena can be 
explained from the perspective of minimal cost according to Table 2. 

Conclusions 

This paper reviews the researches on single-level multi-item DLS problem. We research the 
single-stage multi-item joint procurement problem in the presence of a single capacitated resource, 
minor setup cost and major setup cost. In order to verify the influence of outsourcing and 
backlogging policies on the optimal solutions for the problem under study, we establish four models 
and employ the Lingo solver to solve them for the same problem parameters. By the simulation 
experiments, we show that outsourcing and/or backlogging policies can lessen the system overall 
cost. The future work is to design a heuristic algorithm to solve the actual problem with appropriate 
size. 
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