International Conference on Education, Management, Computer and Society (EMCS 2016)

High-Speed and High-efficient Modulo (2n-3)
Multipliers

Liu Huihua*
School of Electronic Engineering
UESTC
Chengdu, China
Ihhua@uestc.edu.cn

Zhou Wanting
Research Institute of Electronic Science and Technology
UESTC
Chengdu, China
zhouwt@uestc.edu.cn

Abstract—In this paper, an algorithm for designing efficient
modulo 2n-3 multipliers is proposed. With this algorithm, we
can design the fastest among all known modulo 2n-3
multipliers by applying some simple correction terms.
Implemented using 90nm CMOS process technology, the
proposed modulo 2n-3 multiplier can improve the current state
of the art by 3.9% on the average in terms of area and 10.5-
36.4% in terms of performance delay.
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I . INTRODUCTION

Residue number systems (RNS) are a good alternative to
the conventional arithmetic, based on a weighted number
system. The most common moduli sets used in RNS

applications are the traditional {2",2"-12"+1} set [1, 2,

2n n 2n
3]. Also, the novel 12 —1.2", 2" +1} 141 moduli set, with
a dynamic range of 5n bit. Recently, a 4-modulus base set

{2"=12"+3,2"+1,2" =3} has heen proposed [5] as a
hierarchical base composed by two pairs of moduli [6]. Even
though several moduli sets have been proposed using modulo
(2"-3) operations, the design of the required modulo
(2"-3) multipliers is still a key challenge. The improved

units for modulo (2"-3) multipliers have been proposed in

[7] and employ a modular compressor (4:1) modulo (2"-3)
to implement the final addition. However, they are not very
efficient.

In this paper, we propose an improved algorithm and

architecture for modulo (2"-3) multiplication, which
removes all the drawbacks of the state-of-art modulo

(2"-3) multiplier by applying some simple correction
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terms. The proposed algorithm employs several simple
operation units to replace the modular compressor (4:1)

modulo (2" =3) used in [7]
II. BASIC THEORY

For an integer X | there is
(X), =% xe[0,2"-3)

@)

[0,2" ~3) 5 defined as the legitimate range of modulus
(2"-3) . In other words, the residue set of modulus
(2"=3) js [02"=3)  There is a gap between the

legitimate range of modulus (2"-3) and the representation
range of a n-bit binary representation. Through our research,
we found that if we can bridge this gap and extend the
residue set of modulus (2" —3) from [0.2" =3) x[0,2" ~1] :
it will simply the corresponding operations. Because the
value of 0 can be expressed as 2" =3 and 0, the value 1as
2"—2 and 1, the value of 2 as2"—land 2. Thus, the

residue set of modulus (2"-3) is extended from

[0,2" -3) to [0,2" —1] and it does not affect the
computation results.

<2 _3>2"73 =0 @)
<2 _2>2“73 =1 (3)
<2 _1>z“-3 =2 @)
Before extending, there is
A+B+3 A+B>2"-3
<A+B>2”3:{ A+B  A+B>2"-3
- ()



After extending, we have
> n
<A+B>2n _ A+B+3 A+B=2
- A+B A+B=>2" ()
and we just need to cope with the bits weighted by
n+k
2" (k=0) The process to cope with the bits weighted by

n+k
2" (k20) a5 shown in (7) and (8) by applying a simple
correction is very simple:
(n—2)bits

<Z[n:0]>2n73 = <Z[n—1:0] +0--0#Z, #Z[n]>
2"-3 (7)

And
<Z[2n—1:0] >2n73 = <Z[n—1:0] + 3Z[Zn—l:n]>2n73

(n-2)bits

= <Z[n1:0] + Z[Zn—l:n] + Z[Zn—Z:n#anl] +0---0 #Z[Zn—l] #O>
“3(8)

Where Ziuni represents bits of Z originally located in
positions from V (less significant) to W (more significant)
and the symbol # is used to concatenate bits.

[II. THE PROPOSED ALGORITHM
P

Suppose  that An-s0r* Binsor =Ronta1 and modulo

(2"-3) multiplication can be described as:
<Atn—1:0] X By 1o >2n,3 = <P[2nfl:0] >zn,3

= <P[n—1:0] + 3P[2n—l:n] >2n 3

(n-2)bits
= <P[n1:0] + P[Zn—l:n] + P[Zn—Z:n#Zn—l] +0---0 #P[Zn—l] #0>
2"-3 (g)

The former 3 terms P["*ml, Ran-tn and Ren-2nsn-n in (9)

can be computed with one n-bit CSA (Carry Save Adder)

(n-2)bits

structure at first. The fourth term O 0 #Fan-#0 just has
one bit data in the second bit and is very difficult to merge

. P .. P, . P, ..
with the former 3 terms [101 "[2n-In] gpd ~[2n-2n#2n-]

And it is reserved for mergence with some other term
produced in the latter computation.
P[n—l:O] + Fon—J.‘n] + P[2n—2:n#2n—1] i) L[n—l:O] + 2H[n—l:O]
(10)
Where Lo-so and o 1o are sum out
put data and carry

output data of the n-bit CSA structure, respectively. And (10)
can be rewritten as:

1992

<L[n—l:0] + 2H[n—l:O] >2n 3 = <Lln*L0] + H[n*m] #0>2" -3

(n-2)bits

= <L[n1:0] + H[n—Z:O#n—l] +0---0# H[n—l] #o>
-3

(n-1)bits (n-1)bits

= <L[n1:0] + H[n—Z:O#n—l] +0---0 #H[n—l] +0---0# H[n1]>
"3 (11)

The former 3 terms in (11) can be computed using one n-

bit binary adder with Lin 10 and Hin 2001 as the two

addends and Hio- as the carry-in and Rinoy is the sum of the
former 3 terms in (11). And the fourth term in (11) just has
one bit data in the first bit and is easy to merge with the
fourth term in (9). It is reserved for mergence with the fourth
term in (9).

(n-1)bits

L[n—l:O] + H[n—Z:O#n—l] +0---0 #H[n—l] = R[n:O]

And (12) can be rewritten as:
(n—2)bits

<R[n:0]>2n73 = <R[n—l:0] +0---0#R; # R[n]>
75 (13)

The fourth terms in (9) and (11) can be merged as

(n—2)bits

0-+-0# Ry, 4 #Hy, )

(12)

One 2-bit binary adder is used to

(n—2)bits (n—2)bits
compute 0---0#R,, y#H,, ,+0---0#R#R and
(n—3)bits
0---0%#Cp0; ig the result as:
(n-2)bits (n—2)bits (n-3)bits
0---0#R,, y#H, 4+ 0---0#R  #R,, = 0---0#G,
(14)
One n-bit binary adder is used to compute
(n—3)bits
Riv-ta1 + 0+ 0#Cp01 g Quoal s the sum:
(n-3)bits
Ry sy + 0--0#Gpp) = Qp (15)

Because Q["io
correction as:

I has n+1bits, we have to make a simple

(n—2)bits

<Q[n:01>zms = <Q[n—1:0] +0---0 #Q[n] #Q[n1>
2"-3 (16)



F’[anlU]
7 * v I
P[r R.. . Pen-znszn s 0---0#P,, ,#0
CSA
0---0#H,,,
v

(n—2)bits

0---0#PR,, ,#H,.,

(n—2)bits

R,o=— 0.--0#R, #R;

‘ (n—2)bits l

Q[n 10] 0--- O#Q[n] #Q["]

Y[nfl 01

n
Fig.1. Proposed Architecture for Modulo (2"-3) Multiplication

. Y
The final result is "["-101;
(n-2)bits

Qv-soy + 00 #Quy # Qg = Y10y 17)

YlHO] in (17) will not overflow and the corresponding
proof is given as:

Since An—l‘O] X B[n—l'O] =P

[2n-10] it is impossible that all
the bits of Fi?"*ol are 1. Therefore it can be assumed that the

largest value of Rinolis 2™ ~2 from (9)-(12). Let us take
P, =1
and

. ] :2|’1+1_2
the worst case, that is Rl”-ol . 2n-]
And

H 1 "+4

(1=~ From (14) and (15), we getQ[”:"l =2
Vo101 can be gotten as 10 = 7 Obviously, if 2' =127,
that is N2 3, Y[”—m] will not overflow. In fact, when" < 3,

there is just N = 2 and 2" -3=1 jtisofno significance for

Yit01 in (17).
(2"-3)

RRNS. Therefore, there is no overflow of

Fig.1 plots the proposed architecture for modulo
multiplication.

IV. ANALYSIS AND COMPARISON

The proposed modulo (2"-3) multiplier is composed of
a binary multiplier, a n-bit CSA, a n-bit binary adder, a 2-bit
binary adder and two n-bit binary adders. The multiplier in [5]
is composed of a binary multiplier and a modular compressor

(4:1) modulo (2"-3)

modulo (2" =3) is very complex and consists of 4 n-bit
binary adders, 1 (n+1)-bit binary adder, 2 n-bit (2:1) MUXs
and 2 control logic modules, which contains two 2 ANDs
and 2 (21) MUXs. The conventional modulo

(2"-3) multiplier is implemented by Synopsys Design\Ware
[6], which is expressed as “Conv” in Table I . It is
composed of a binary multiplier, (n-1) n-bit binary adders,
(n-1) n-bit (2:1) MUXs and (n-1) control logic modules,
which are same with that of [5]. Table I lists hardware
comparison results.

The modular compressor (4:1)

TABLE | . HARDWARE COMPARISON RESULTS

Conv [5] Proposed
nXn multiplier 1 1 1
n-bit CSA - - 1
n-bit adder n-1 4 3
(n+1)bit adder - 1 -
n-bit (2:1) MUX n-1 2 -
Control logic n-1 2 -
2-bit adder - - 1
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Based on a column compression tree multiplier [9], a
: . .« 3[log,n] . .
binary multiplier requires units of time of a
*
single-bit full adder, where |_ —| is the integer greater than or

equal to™. An n-bit binary adder requires I_IOQZ n_|+1 units
of time [9], [10]. The delay of the CSA is 1 units of time. A
(2:1) MUX has the delay of 1 units of time. It can be
assumed that the control logic used in the conventional

modulo (2"-3) the

(2"-3) multipliers in [7] has 2 units of time, because it has
two (2:1) MUXs in the critical path. Therefore,

multipliers  and modulo

TPro =Tmult +TCSA + 3Tadder,n +Tadder,2
=6[log,n|+6 18)
T[5] = Tmult + 3Tadder,n +Tadder,n+l + 2Tc0ntr0| + 2TMUX
=6[log,n|+| log,(n+1) |+10 (19)



T

Conv

= Tmult + (n _1)Tadder,n + (n _1)Tcontrol + (n _1)TMU><
=(n+2)[log,n]|+3n-3 (20)

The fast modulo (2" —3) multiplier proposed in this
paper was modeled in structural Verilog HDL for a general
value of n and its operation was exhaustively verified. The

fast modulo (2" —3) multiplier proposed in this paper was
implemented using 90nm CMOS process technology. The
Synopsys Design Compiler tool version Y-2006.06-SP4 was
used to get the synthesized results. During synthesis, all the
designs were optimized for speed and, as a secondary target,
and the tool was instructed to try to recover as much area as
possible. The obtained results are plotted in Fig.2 and Fig. 3.
The synthesized results demonstrate that the proposed
multipliers can achieve up to 36.4% and 71.4% faster

designs than the conventional modulo (2" -3) multipliers

and the modulo (2" —3) multipliers in [5], respectively. On
the average, the proposed multipliers are faster than the

conventional modulo (2"-3) multipliers and the modulo

(2"-3) multipliers in [5] by 25.8% and 47.0%, respectively.
The proposed multipliers are 3.9% and 33.1% more area

n
efficient than the conventional modulo (2" —3) multipliers

and the modulo (2"-3) multipliers in [5] on the average.

From the synthesized results, the proposed modulo (2"-3)
multiplier can improve the current state of the art by 3.9%
on the average in terms of area and 10.5-36.4% in terms of
performance delay.
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Fig.2. The Delay Performance of the Proposed Multipliers and the

Reference Multipliers
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Fig.3. The Synthesized Area of the Proposed Multipliers and the Reference
Multipliers

Considering the area X time2 product, the radio of
efficiency of the proposed multiplier to the reference
multiplier can be defined as:

2 _ ARef x (TR;ef)Z

Ref ,Pro
APro T (21)
The ratios of efficiency of the proposed multipliers to the
multipliers in [7] and the conventional modulo

(2"=3) multipliers are 121259 and 1.26-20.58,
respectively.

12 14 16

E = AE xTE

Ref ,Pro Ref ,Pro

Pro

V. CONCLUSION
In this paper, an improved algorithm for designing

efficient modulo (2"-3) multipliers is proposed. By
applying some simple correction terms, the proposed
multiplier is the most efficient among all the known modulo

(2"-3) multipliers. The synthesized results demonstrate

that the proposed modulo (2"-3) multiplier can improve
the current state of the art by 3.9% on the average in terms
of area and 10.5-36.4% in terms of performance delay.
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