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Abstract. A trajectory planning scheme is proposed to satisfy the requirements of maneuver and
terminal guidance constraintsin the reentry flight for ballistic missiles. The reentry interface circle with
the target point as its center is determined according to the range of the reentry phase. Then, a
reference reentry point on the reentry interface circle is obtained as the terminal for the boost and
unpowered trgjectory planning, and the Newton iteration algorithm is employed to design the
corresponding flight program. The reentry trajectory is divided into the pull-up, transition, horizontal
flight and reentry phases. The optimal control and feedback control methods are used to deduce the
reentry guidance law for each phase according to their trgectory characteristics. Simulations
demonstrate that the generated trajectories can satisfy the requirements of maneuver, termina
guidance constraints and terminal precision.

Introduction

Typical balistic missilesareinertial reentry without maneuver. In order to improve the maneuverability
and terminal precision, the maneuverable reentry warheads are employed for some new ballistic
missiles. The intermediate-range ballistic missile “Pershing 11”7 is one of the typical maneuverable
reentry missiles[1]. In the reentry flight, the missile can pull up by aerodynamic force, and decrease in
velocity to complete the radar image matching, then dive to attack the target with an nearly 90 degree
falling angle. The range is over 1800km, and the precision islessthan 30 m. However, thereisno more
complete details about the trgjectory planning and guidance algorithm for “Pershing 11" missile in
public.

Many reentry maneuverable trgjectory planning methods have been developed to improve the
penetrability of ballistic missilesin their reentry flight. Che et al. [2] employed the genetic algorithmsto
generate the optimal trgjectory for maneuverable warhead; References. [3-5] obtained the optimal
reentry maneuver tragjectories based on optima control theory and numerical analysis; The reentry
spiral maneuver trgjectory generation approach was studied in [6]. Based on these works, this paper
proposes a reentry maneuverable trajectory planning scheme considering the requirements of
improving penetrability and satisfying the terminal radar guidance constraints in reentry flight.
Moreover, several times of horizonta flight at different atitude in reentry is studied to satisfy more
complex reentry flight mission.

Analysisof Trajectory Characteristics

The “Pershing I1” missile is employed as an example to analyze the reentry maneuverable trgjectory
characteristics. As shown in Fig.1, the typica flight course consists of the boost, unpowered and
reentry phases.
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Figure1 Typical flight course of “ Pershing I1” missile

In the boost phase, the missile takes off vertically and turns gradually toward the target. The
unpowered flight is in the nearly vacuum space, and the gravity is the only external force. Hence, the
terminal states in this phase is determined by the initial states, namely the terminal states of the boost
phase. Hence, only the flight program of the boost phase should be designed to satisfy the state
constraints at the reentry point. The reentry phase can be divided into the pull-up, maneuver and dive
phases. The trajectory characteristics in each phase is quite different. Hence, different guidance laws
are developed to generate the corresponding trgjectories.

Planning Algorithm

Algorithm Description. Figure 2 showsthe flowchart of the reentry maneuverable tragjectory planning
algorithm.
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Figure2 Trajectory planning algorithm

The steps for the algorithm are as follows:
Step 1: analyze the characteristics of reentry maneuver, determine the range to fly in the reentry
phase.



Step 2: obtain the reentry interface circle with the target point as its center (as shown in Fig. 3);
determine the reference reentry points on the reentry interface circle as the terminal for the boost and
unpowered trgjectory planning.

Step 3: plan the boost and unpowered trajectories to satisfy the state variables at the reference
reentry point. The terminal states and control variables are used as the initial conditions for the
trgjectory planning of the reentry phase.

Step 4: plan the pull-up, maneuver, and dive trajectories respectively to satisfy the maneuver,
terminal radar guidance constraints, and terminal states.
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Figure 3 The reentry interface circle and trajectories

Planning Algorithm for Boost and Unpowered Phases. As mentioned before, only the key flight
program, that is, the azimuth and the attitude angles of pitch, yaw, and roll, should be determined to
generate the boost and unpowered trajectories. Both the yaw and roll anglesare usually set to zero, and
the pitch angle is parameterized and determined by severa variables such as the absolute value of
maximum negative angle of attack, pitch angular velocity. In this paper, the azimuth angle A and the

pitch angular velocity j& ,of the second stage are chosen as the variables to plan the boost and

unpowered trajectories.
The purpose of flight program calculation is to reduce the position error at the reentry point, which
is given by
DL, =DL, (4., A)
DH, =DH (4, A)
where DL, and DH, arethe downrange and cross-range at the reentry point, respectively.
The planning algorithm is shown in Fig.4, and it can be expressed as follows:
Step 1: initialize the variables: j& , =j¢'), A = A®”, where A” is obtained by spherical triangle,

p2

(1)

and j&0) is a small preselected negative value according to experience.

Step 2: calculate the boost and unpowered trajectories, and determine the position errors of DL
and DH© at the reentry point. If DL'” and DH © are small enough, stop the algorithm and calculate
the corresponding trajectory using the generated variables j&) and A” ; otherwise, the algorithm

proceeds to Step 3.
Step 3: calculate the partia derivative IDL/TA, , TDH/TA, ,'ﬂDL/'ﬂj&p2 , and 'ﬂDH/'ﬂj&pz ,

respectively. Herein, the Richard method is employed to obtain the partial derivative for improving
iteration precision as follows [7]
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where h is the iteration step. Obviously, we have to calculate trajectory for four times to obtain the
partial derivative according to Eq. (2).
Step 4. update the values of variables as follows
eTA TA U
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é a 3
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ErDL fDHH
where the partial derivative matrix is given by
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Let A” = A and j&$) =j&_,, and repeat steps 2-4 until the position error at the reentry point is small

enough.
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Figure 4 Flowchart of the boost and unpowered trajectory planning

Planning Algorithm for Reentry Phase. Asshownin Fig. 5, assumethat O, isthe target point and
O, is the warhead's body centroid. The relative motion equations [8] in the target frame can be

expressed as

B = 2, - Ty,

vo26.
A r—@T

(5)
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where | ; is the line-of-sight angle in dive plane, | ; is the azimuth angle in bank plane, v is the
Earth-relative velocity magnitude, and r is the distance between the warhead's body centroid and
target point. g, and g, are azimuth angle of velocity vector in dive plane and bank plane, respectively.

Dive plane

Bank plane

Figure 5 Dive and bank planes

Thereentry phase consists of the pull-up phase, maneuver phase and dive phase. Different planning
algorithms are developed according to the trajectory characteristics.

Pull-up phase. Inthis phase, the atmosphere is relative thin. The aerodynamic lift is produced on the
action of the trim angle-of-attack to pull up the warhead gradualy until the flight path angle
g, approximate to zero. Suppose that both the bank angle and sideslip angle are zero, and the angle of
attack is a constant value a in the pull-up flight. Hence, the algorithm is to calculate the value of &
iteratively until g, » Owhen the flight altitude is equal to the preselected valueh .

Horizontal flight phase. In order to satisfy the constraints of terminal guidance such as the radar
image matching, both the flight altitude and heading should meet the preselected values in this phase.
The longitudinal and lateral overloads are obtained by employed negative feedback as Eq.(6) to keep
the warhead flying horizontally and toward the determined azimuth.
N, =1+k,(h- h’)
i . , (6)
Nz :V(kaI&T +kbr_(ST =Sy ))/go
where h and s, are the flight altitude and heading angle, and the superscript “*” denotes the
preselected values. k, , k,and k, are feedback coefficients.

Suppose that the control pattern of warhead is dide-to-turn (STT). Then, the bank angle is zero,
and the normal force coefficient C, and the lateral-normal force coefficient C, are given by

_ N, Mg,
y
as, | 0
Cz - NzMgo
as,

where M isthe mass of the warhead, g, =9.81m/s?, qis dynamic pressure, and S, is the reference

area. The control variables of attack and sidedip angles can be determined by interpolating the
aerodynamic table inversely. The magnitude constraints of control variables should be considered.
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Dive phase. The dive phase is the last flight phase. The main purpose of this phase is to arrive at the
target point with the required falling angle, that is, the termina variables including flight path angle and
heading angle should be satisfied. Hence, the optimal guidance law is expressed as

g =kl +k (1 +ay)
, ®
6 =kl +K, S0 +s)

where k, k,, Kk, and k, are proportional coefficients; g, and s are the required terminal flight path
angle and heading angle, respectively.
Hence, the Lateral and longitudinal overloads are given by
N, = vd, / g, @
N, =vd; / g,
The values of attack and sidedlip angles can be obtained as mentioned in the horizontal flight phase.
Transition phase. Thetransition phaseisto complete the transition flight between two phases such as

the phase between the pull-up and the horizontal flight phases. The guidance law issimilar to the law of
the dive phase as shown in Eq. (8), except the values of terminal flight path angle and heading angle.

Simulations

The “Pershing 11" model obtained in public [1] is used in the smulations. The mission scenario is
designed asfollows: both theinitial longitude and latitude at the launch point are set to zero. The target
longitude and latitude are 15° and 0°, respectively. The range of the reentry phase is 200 km. In the
course of reentry, two pull-up phases are required to complete the radar image matching or
reconnaissance, and the flight altitudes are 20 km and 10 km, respectively. The atitude where the
warhead of “Pershing I1” pulls up is set to 20km. The coefficients are set as follows: k, =-0.005,
k,=-4,k =-2,k=-4,k,=-2,k=-4,and k, =-2.

Asshownin Fig.6, thezoom-in view near thereentry phaseisshownintheinset at the bottom of the
figure. Therangeis 1667.928km. The warhead completes the predesigned pull-up flight, and then keep
flying horizontally at the altitude of 20 km and 10 km, respectively. Figure 7 showsthe ground track of
the generated trajectory. The postion error at the target point is nearly equal to zero without
considering the random error of aerodynamic coefficients and atmosphere model. There is a lateral
maneuver in the ground track corresponding to reentry phase for satisfying the constraints of radar
image matching in the preselected matching area. Figures 8 and 9 show the flight path angle and
velocity vsrange, respectively. The zoom-in view near the horizontal flight phasesis shown in the inset
at the top of Fig.8. The flight path angle in the horizontal flight phases is nearly equal to zero, which
means the warhead keep flying horizontally successfully. The attitude angles and angles of attack, bank
and sidedlip are shown in Figs. 10 and 11, respectively. We notice that most of the angles change
acutely to complete the complex reentry flight, which is quite different from the corresponding angles
of typical inertial reentry missiles.
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Conclusions

A reentry maneuverable trajectory planning scheme for ballistic missiles has been presented. The
trajectory planning algorithm includes two main parts, that is, the trajectory planning of boost and
unpowered phase and the reentry trajectory planning. The former is to design the key variables
corresponding to flight program for satisfying the position error at the reentry point, and the latter isto
satisfy the maneuver, termina guidance constraints, and termina precision at target point. The
smulations based on “Pershing 11" missile’'s model denote the planning agorithm is effective.
Considering the space limitations, both the perturbation such as the atmosphere model and the flight
constraints are not considered in the paper, which is left for future research.
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