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ABSTRACT: Difference equations is a kind of powerful tool to investigate the rule of natural phenomena,
such as, physical problems arising in a wide variety of applications. In this paper, we discuss solutions of a
class of fourth order difference equation with variable coefficient using the backward differences operator.
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1 INTRODUCTION

It is well known that the forward difference operator
is defined by

Af(2)=f(z+1) - f(2), Q)
and the backward difference operator is defined by
Vi(2)=f(2)- f(z-1). 2

Diaz & Osler (1974) [3] introduced the following
positive integer order difference formulas: nth order
forward difference formula

Afz €Y —( nJ (zen-k),  (3)
pay k
n order backward difference formula
n n
Viz ) —( '.b(kj f(z—k), 4)
k=0
the Leibniz rule of n order forward difference

Af(2)9(2) = Z[E)Ak f()Mg(z+n-k), (5)

and the Leibniz rule of n order backward difference

n

V”f(z)g(z):Z[E](V”kf(z—k)Xng(Hn—k)) ©)

k=0

Granger & Joyeux (1980)[5], Gray & Zhang
(1988)[4], and Hosking (1981)[7] discussed the
following fractional difference formulas: the forward
fractional difference formula

AT X (:)i < mm f(x v —k) )

where v is any real or complex number, the
backward fractional difference formula
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vix € kj f(x-K), ®)
the Leibniz rule of the backward fractional
difference

v f(x)g(x)zg[lj[xv; f(x—n)}[V”g(X)]. ©)

Gray & Zhang (1988)[4]investigated the
following properties: for @ and B any complex

numbers, if for @ and S both are zero or
positive integers, then
X X X
VvFi=y *F (10)
Xo X Xo

if @ is any complex number and B is not a
positive integer

X X

vVevi=v “7. (11)
Gray and Zhang (1988)[4] studied the solutions
of the following third order difference equation

(ax+b)y(x) +(cx+d)y(x—-1) +

+(ex+ f)y(x—2)=H(x), (12)

using the backward fractional difference formula.
Motivated by the results given in (Atici and Eloe
2007[1]; Atici and Eloe 2009[2]; Diaz and Osler
1974[3]; Granger and Joyeux 1980[5]; Gray and
Zhang 1988[4]; Holm 2011[6]; Hosking 1981[7];
Mao 1990[8]; Miller and Ross 1989[9]; Podlubny
1999[10]), in this paper, we discuss the solutions of
the following fourth order difference equation

(@pX +0p)y(X) + (X +b) y(x —1) + (a,x +b,) y(x - 2)
+(ax+by)y(x-3)=F(x). (13)



2 RESULT

Theorem 1. Assume that there are positive numbers
1 ,vsuch thata b, k= 0,1,2,3 in (13) satisfy the
following relations

a, +au’ #0, (14)
& =’ — 281", (15)
8, =i " —2a5u, (16)
by =g’y +byu’ +agu v —2bu™, (17)
b, = —aguv —2byu—auu v + by (18)

Let y(x) satisfy the difference equation (13) for
all Xin some set A. Let

pl(x) = PpX+ Py pz(x) = PorX+ Py, (19)
where
P2 = _a3ﬂ3: Pi=38, + a3y3,
Py, = _agluav - bslus’ P =y + ag/ua‘/ + bsﬂs- (20)

Let X, € A suchthat Q(X) = Ofor x> X,, where

T Tafi _ (X
Q(x) —il;{q(l),q(X) TR 0 (21)
Then for all xeA such that X>X, the

difference equation in (13) has the equivalent form
V'[P, (x) + B (IRMXIVQ(X) ™V y(x)

= 1'F(x), (22)

Proof. For any function ¢(x), let
v=1-B, Bf(x)=f(x-1,

then (see Gray and Zhang 1988)
[P, (X)V + p.(X)]¢(X)

={{p,(x) + ()] - p,(X)Blp(x)
=[p,(%) + p,()I[#(x) — () (x ~ D]

_ ¢(x) _ ¢(x-1)
=[p,(x) + pl(X)]Q(X)[Q(X) Q(x—l)]

=[p,(x) + PRI V(Q(X) "¢(x). (23)

Let ¢(x)= V:’”Z 1*y(x). Then
Yov[ P, (%) + PLOOIQR(X)V(Q(X) ™ VXO*”Z HY(X)

=V [p,00V + B0)TV " 1y (¥)

=V P, (VY Y00+ BV 1 Y(X)

=V R0V Y00+ Y ROV (). (24)
Let
g(x)=p,(x), f(x)= VXO’”“ HY(X) - (25)

By the Leibniz rule of the backward fractional
difference (9), we have

VIR0V y(%)
% %

X X

=p,(X) V'V 1y(x)
X X

x-1 x-1

Y VR, () VTV iy (x-1)

x-1

= |02(><)Y03 LY +VVR, () V° 7y (x=1)

= p, (V1 y(X) +vVp,()V i y(x-1)
= p, ([ y(¥) =3 y(x =)
+31"?y(x=2) — 1y (x - 3)]
+v Pl Y (X =1) = 21y (x = 2) + 1y (x = 3)]
= p, ()" y(X) +[v py =3P, ()] y(x 1)
+[3p(X) —2v ] y(x - 2)

+[V P,y — P, (01 Py (x—3). (26)
Similarly, let
9(x) = py(x), F(x)= VXO’”Z HY(X).- (27)

By the Leibniz rule of the backward fractional
difference (9), we have

VY (X)V 7 iy(X)
X X

=)V VY (K
0 X

x-1 x-1

VR () VTV Ty (x-1)

= (V2L y(X) +v V() VA Ty (x=1)

= p ()Y (X) =26y (x=1) + 1 ?y (x = 2)]
vl Y (=) - £y (x~2)]

= p, (04 y() +[v Py —2p, ()] 7y (x=D)



+p, (%) —v pll]/uXiz y(x—2). (28)

Substituting (26) and (28) in (24) and collecting
terms gives

VP () + P.()IRMIVQMX)) ™ VXO'”Z Hy(X)

=[p,(x)+ p,()]"y(¥)
+ [V Poy =3P, (v iy — 2P, ()] Ty (x 1)
+[3p,(X) = 2v P,y + PL(X) —v Pl Py (X~ 2)
P, ()] *y(x—3)
= 1P, (X) + P, ()Y (%)
+[V P,y =3P, (v Py — 2P, (¥)] Y (x 1)
+[3p,(X) =2V pyy + Py(¥) v Pyl Y (x —2)
P, ()] *y(x-3)}
= 1{[(Piy + Poy)X + (Piz + P22)1Y(X)
+[-(2p,; +3p,)X
—3vp)l Y (x=1)

+[vpy, -

+[vp,, —

+(Wp,+vp,—2vp,

+[(Py; +3P,1)X

+ (=201 = Wiy + Prp +3P,) Y (X - 2)
+[=PaX + a1 = Pooli Y (X = 3)}
Usmg (15) to (19), from (29) we have

V [P, (x) + |01(><)]Q(><)V(Q(><))'lV'V+2 HY(X)

(29)

= 1" [(agx +by) y(x) + (3 x + ) y(x—1)
+ (a,x+Db,)y(x—2) + (a;x + b,) y(x = 3)]. (30)
Thus, the difference equation (13) has the

equivalent form (22), since the above process can be
reversed.

Corollary 1. For the fourth order difference
equation

(aX+by) y(x) + (a,x +b,) y(x—1)
+(ax+b,)y(x=2)+(a;x+b)y(x-3)=0.  (31)

Assume that there are positive numbers g,y such

that a,,b,,Kin (31) satisfy the relations (15) to (18).
Then

y(x)=Cu V"> Q(x) (32)
is a solution of (31), where C is an arbitrary
constant, Q(X) is defined by (21).

Proof. By the Theorem 1, we see that the difference
equation (31) has the equivalent form

1505

VP00 + BOOIROVQUI) 'V 'y(x)

-0. (33)

From (9), we have

V(Q() "V Cu VP QX)
Xo Xo

=VCQM)' VIV QM)

=VC(Q(X))™"Q(x)
-VC
=0. (34)

Thus
V10,0 + POORMVIQ)) V' [Cur* V' Q(X)

=0. (35)

(32) is the solution of (33), thus (32) is the solution
of (31).

3 EXAMPLE

In this section, we consider the following difference
equation

(Bx+2)y(x)—(14x+4)y(x-1)

+(20x+8)y(x—2) —8(x +2)y(x—3) =0, (36)

Let v=2,u=1/2. We have
a,+a,u’=3-8/8=2+0,
a,=-14=-8/4-2-3-2=au" —2a,u ",
a,=20=3-4-2-(-8)/2=a,u> - 2a.u,
b=-4=-8/2-16/4+3-2.2-2.2.2
=g’V +by” + gy =200,
b,=8=8+2-16/2-3-4-2+2-4

—aguv = 2b i —ayu v + by,

a,,b., k=0123in (36) satisfy the relations (15) to
(18) in Theorem 1. Using (20), we get

Pu =1 Py =2,pPy=4p,=-2 (37)
Using (19) and (21), we get
PO =2x-2, P (0 =X +4,400 =2 (38)
By Corollary 1, we see that

y(x) = CZ*]:IBq(i). (39)



is a solution of (36), where C is an arbitrary
constant.

Next, we check that (39) is a solution of (36). From
(39), we have

Y9 =C2Qx) = 2T a0

« X+2 x+3 x+41—i
3X—43x-13x+2;_;

(40)

y(x-1)=C2°Q(x-1) =C2*[ [ a(i)

-3
w1 X+2 X+3 71

e 1 LU (41

y(x—2)=C2"?Q(x-2) = CZHﬁQ(i)
—cze X2 Hq() (42)

y(x—3)=C2Q(x-3) = szs_ﬁq(i) L (43)

Substituting (40), (41), (42) and (43) in (36) and
collecting terms gives

= C2X3ﬁq(i)[8(3x +2)

i=-3

X+2 X+3 x+4
3X—43x-13x+2

X+2 X+3
3x—-43x-1

x+2

—4(14x+4)

+2(20x + 8)

—8(x+ 2)}

3 8(x+2)(x+3)(x+4)
c2 HQ(){ —aEx-1)

_Ax+2)(x+3)(14x +4) N
(Bx—4)(3x-1)

2(x+2)(20x +8)(3x —1)
(Bx-4)(3x-1)

_8(x+2)(3x—-4)(3x-1)
(Bx—4)(3x-1)

2(x+3)(x +4)

(Bx—4)(3x-1)

(20x+4)(3x-1)

(Bx-4)(3x-1)

_2(3x=4)(3x-1) 0
Bx-4)(Bx-1) |

= CZX’Sﬁq(i)4(x + 2){

B (x+3)(14x+4) .
(Bx—=4)(3x-1)

(44)

Therefore (39) is a solution of (36).

4 CONCLUSIONS

Difference equations is a kind of powerful tool to
investigate the rule of natural phenomena, such as,
physical problems arising in a wide variety of
applications. In this paper, we discuss solutions of a
class of fourth order difference equation with
variable coefficient by the backward differences
operator. The fourth order difference equation

(X +b,) y(x) + (ax+by) y(x=1) + (&, +Db,) y(x - 2)
+(agx +0y)y(x=3) =F(x)

has the equivalent form

VP (¥ + P.()IQ(X)V(Q(X) VXO'”Z MY (X)

= 1'F(X).
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