
1 INTRODUCTION 

It is well known that the forward difference operator 
is defined by  

)()1()( zfzfzf  ,          (1) 

and the backward difference operator is defined by 

)1()()(  zfzfzf .          (2) 

Diaz & Osler (1974) [3] introduced the following 

positive integer order difference formulas: nth order 

forward difference formula 
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n order backward difference formula 
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the Leibniz rule of n order forward difference 
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and the Leibniz rule of n order backward difference 
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Granger & Joyeux (1980)[5], Gray & Zhang 

(1988)[4], and Hosking (1981)[7] discussed the 

following fractional difference formulas: the forward 

fractional difference formula 
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where   is any real or complex number, the 
backward fractional difference formula  
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the Leibniz rule of the backward fractional 
difference 
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Gray & Zhang (1988)[4]investigated the 

following properties: for   and   any complex 

numbers, if  for   and   both are zero or 

positive integers, then 
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if   is any complex number and   is not a 

positive integer 
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Gray and Zhang (1988)[4] studied the solutions 

of the following third order difference equation 

 )1()()()( xydcxxybax

)()2()( xHxyfex  ,       (12) 

using the backward fractional difference formula. 
Motivated by the results given in (Atici and Eloe 
2007[1]; Atici and Eloe 2009[2]; Diaz and Osler 
1974[3]; Granger and Joyeux 1980[5]; Gray and 
Zhang 1988[4]; Holm 2011[6]; Hosking 1981[7]; 
Mao 1990[8]; Miller and Ross 1989[9]; Podlubny 
1999[10]), in this paper, we discuss the solutions of 
the following fourth order difference equation 

)2()()1()()()( 221100  xybxaxybxaxybxa  

)()3()( 33 xFxybxa  .               (13) 
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2 RESULT  

Theorem 1. Assume that there are positive numbers 

 , such that ka , kb , k = 0,1,2,3 in (13) satisfy the 

following relations 
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Let )(xy  satisfy the difference equation (13) for 

all x in some set A. Let 
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Let Ax 0  such that 0)( xQ for 0xx  , where 
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Then for all Ax such that 0xx   the 

difference equation in (13) has the equivalent form 
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Proof. For any function )(x , let 

,1 B   )1()(  xfxBf ,  

then (see Gray and Zhang 1988) 
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By the Leibniz rule of the backward fractional 
difference (9), we have 
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Similarly, let 
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By the Leibniz rule of the backward fractional 
difference (9), we have 
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)2(])([ 2
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Substituting (26) and (28) in (24) and collecting 
terms gives 
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Using (15) to (19), from (29) we have 
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Thus, the difference equation (13) has the 
equivalent form (22), since the above process can be 
reversed. 

Corollary 1. For the fourth order difference 

equation 
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equation (31) has the equivalent form 

)())(()()]()([
00

21

12 xyxQxQxpxp x

x

x

x

x
    

0 .                (33) 

From (9), we have 

)())((
00

221 xQCxQ
x

x

xx
x

x

     

)())((
00

221 xQxQC
x

x

x

x

    

)())(( 1 xQxQC   

C  

0 .                    (34) 

Thus 

)]([))(()()]()([
000

221

12 xQCxQxQxpxp
x

x

xx

x

x

x

x

     

0 .                    (35) 

(32) is the solution of (33), thus (32) is the solution 
of (31). 

3 EXAMPLE 
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is a solution of (36), where C is an arbitrary 
constant. 

Next, we check that (39) is a solution of (36). From 

(39), we have 
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Therefore (39) is a solution of (36). 
 
 
 

4 CONCLUSIONS 

Difference equations is a kind of powerful tool to 

investigate the rule of natural phenomena, such as, 

physical problems arising in a wide variety of 

applications. In this paper, we discuss solutions of a 

class of fourth order difference equation with 

variable coefficient by the backward differences 

operator. The fourth order difference equation 
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