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ABSTRACT: The tunneling emission spectrum of massless particles via tunneling from the Einsein-
Born-Infeld black hole has been researched in this paper. It is shown that that, when the particle’s 
self-gravitation interaction is included, the emission spectrum of the EBI black hole is not precisely 
thermal, but satisfies the unitary theory. 

INTRODUCTION 
In 1974, Hawking first proved that the black hole can radiate particle, and the spectrum is precisely 
thermal, which had an important significance in the development of black hole physics[1,2]. Since 
then, several derivations of Hawking radiation appear in the literature, but most of them are based on 
quantum field theory on a fixed background spacetime without considering the fluctuation of the 
spacetime geometry. When considering energy conservation, it seems that the background geometry 
of a radiating black hole should be altered with the loss of energy, but this dynamical effect is often 
neglected in formal treatments. Recently, a new method to describe Hawking radiation as a tunneling 
process, where a particle moves in dynamical geometry, was initiated by Kraus and Wilczek and de-
veloped by Parikh and Wilczek[3-5]. There are two significant points in the tunneling picture. Firstly, 
they pointed out there is no preexisting barrier, and the barrier is created by the outgoing particle it-
self. Secondly, energy conservation , which was often neglected in the former treatments of Hawking 
radiation, was included. In the tunneling framework, they investigated Hawking radiation of static 
spherically symmetric Schwarzschild black hole and Reissner- Nordström black hole. The result 
shows the exact radiation spectrum deviates from the pure thermal, but is consistent with an underly-
ing unitary theory.  Following this method, many papers appeared to support the Parikh- Wilczek’s 
opinion and presented a correct amendment to the exact emission spectrum of black hole[6-15]. In 
this paper, we develop the Parikh-Wilczek’s method to study the Hawking radiation of massless par-
ticle via tunneling from the Einsein-Born-Infeld (EBI) black hole. 

EBI BLACK HOLE IN DRAGGING COORDINATE SYSTEM  
The space-time metric for the EBI black hole can be written as 
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where EBIt is the coordinate time for EBI spacetime, and 

( )2 2 2 22r M B r Q a C∆ = − + + + +                
2 2 2 2cosr aρ θ= + .                       (2) 

where, 
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in which, c  is a parameter. When 0r → ∞ , the EBI black hole reduces to Kerr-Newman black hole. 
The ADM mass is related to the mass parameter of the black hole with  

(1 )
2ADM
BM M
M

= + .  

From the null super-surface equation, we can obtain the event horizon equation, i.e. 
( )2 2 22 0KNr M B r Q a C− + + + + =           (3) 

Solving Eq. (3) , we have 
2

2 2

2 2h
B Br M M Q a C = + ± + − − − 

             
(4) 

where “+”and “− ” are internal and external horizon of the black hole respectively. The event horizon 
area of EBI black hole is given by  

( )2 24h hA dA gd d r aθ ϕ π′= = = +∫ ∫           
(5) 

where  

( )22 2 2sin hg r aθ= + .  
The infinite red-shift surface is given by the equation  

00 0g = ,  
i.e.  

2 2 2sin 0a θ∆ − = . 
Obviously, the infinite red-shift surface is not consistent with the event horizon, so the geometrical 
optical approximation cannot apply here. In order to make coincidence between the infinite red-shift 
surface and the event horizon, we perform dragging coordinate transformation as 

 03

33EBI

gd
dt g

ϕ
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for the line element (1) yields 
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Obviously, in dragging coordinate system, the infinite red-shift surface coincides with the event hori-
zon. 

GENERAL PAINLEVE COORDINATE AND QUANTUM TUNNELING 
In (7), there is also a coordinate singularity at the event horizon, so it is necessary to eliminate the 
singularity. Here, we perform general Painleve coordinate transformation 

( ) ( )EBIdt dt F r, dr G r, dθ θ θ= + +            (9) 
where ( , )F r θ and ( , )G r θ are two undeterminated function of r and θ , and satisfy condition of inte-
grability 

( ) ( )F r, G r ,
r

θ θ
θ

∂ ∂
=

∂ ∂
.                     (10) 

Substituting (9) into line element (7), and   Considering flat Euclidean space in radial, the line ele-
ment in general Painleve-EBI spacetime can be written as 
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( )2 2 2
00 00 112 1ˆ ˆds g dt dr g g dtdr= + ± −     

( )2 2
00 22ĝ G r, g dθ θ + + +         ( ) ( )00 112 1ĝ g G r, drdθ θ+ − ,  

( )002ĝ G r, dtdθ θ+ ,                      (11) 
where “+” and “− ” denote the line element of outgoing and ingoing particles at the event horizon of 
the black hole respectively.  
Since the tunneling processes take place near the event horizon, we may consider a particle tunneling 
from the event horizon as an ellipsoid shell and think the particle should be still an ellipsoid shell dur-
ing the tunneling process. So, the line element can be written as 

( )2 2 2
00 00 112 1ˆ ˆds g dt dr g g dtdr= + + −     

( )2 2
00 22ĝ G r, g dθ θ + + +         ( ) ( )00 112 1ĝ g G r, drdθ θ+ − ,  

( )002ĝ G r, dtdθ θ+ .                      (12) 
 
From Eq.(12), we can get the radial null geodesics in these coordinates 

11 00 11ˆ (1 )r g g g& = − − − ,                 (13)                    
According to quantum field theory, when a pair of virtual particles spontaneously creates inside just 
inside the horizon, the positive energy virtual particle can tunnel out the horizon and materializes as a 
real particle; alternatively, for a pair created just outside the horizon, the negative energy particles, 
which are forbidden outside the horizon, can tunnel inwards. In either case, the negative particles are 
absorbed by black hole, resulting in a decrease of the mass of the black hole. Considering energy 
conservation and angular momentum conservation, when a massive particle is tunneled out as an el-
lipsoid massive shell of energy 
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(including the static energy) and angular momentum,  

 
 
the mass parameters will be change to 
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Thus, after the particle tunnels out, the event horizon of the black hole becomes 
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and the dragging angular velocity of the black hole is given by 

2 2h
h

a
r a

′Ω =
′ + .                         (15) 

Since the event horizon coincides with the infinite red-shift surface, geometrical optics limit can be 
applied here. According to the WKB approximation, the tunneling rate is  

2ImS~e−Γ ，                         (16) 
where the action 
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where ir and fr  correspond to the event horizons before and after the particle tunneling out. Here, it 
is treated as two turning points of potential barrier. The distance between them is determined by 
energy of the tunneling particle. According to Hamilton equation, we have 
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Substituting (18) into (17), the imaginary part of the action is given by 
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( )2 2

2 f ir rπ
= − −  .                        (19) 

Then, the tunneling rate at the event horizon is  
2ImS~ e−Γ  

( )2 2
f i BH

r r Se eπ − ∆= = .                  (20) 
Obviously, when energy conservation and angular momentum conservation are considered, the exact 
spectrum of massless particle via tunneling from EBI black hole is not precisely thermal, but satisfies 
the unitary theory. 

CONCLUSIONS 
When self-gravitation interaction is included, the Hawking radiation of massless particle via tunneling 
from EBI black hole is not precisely thermal, but satisfies the unitary theory. Next, we will show, in 
some special case, Eq. (20) can recover the well-known results.  
(i)  When 0r → ∞ , we have  

2 2 2 2 2 2 2 22 ( ) ( ) ( )M M M M a Q M M a Q
e

π ω ω ω − − − + − − − − − − −  Γ =  ,                      
which is the tunneling rate of the Kerr-Newman black hole.  
(ii)  When 0r →∞, Q=0, we have 

2 2 2 2 2 22 ( ) ( ) ( )M M M M a M M a
e

π ω ω ω − − − + − − − − −  Γ=   ,                           
which corresponds to the tunneling rate of the Kerr black hole. 
(iii)  When 0r → ∞ ,Q=0,a=0, we have  

2 24 ( )M Me π ω − − − Γ=                                    
which is the tunneling rate of the Schwarzschild black hole[3].  

REFERENCES 
[1]. S.W. Hawking, Nature. 248, 30 (1974); Commun. Math. Phys. 43, 199 (1975). 

International Conference on Engineering Management, Engineering Education and Information Technology (EMEEIT 2015)

© 2015. The authors - Published by Atlantis Press 143



[2]. S.W. Hawking, Phys. Rev. D 72, 084013 (2005).  
[3]. M.K. Parikh and F. Wilczek, Phys. Rev. Lett. 85, 5042 (2000). 
[4]. M.K. Parikh, Int. J. Mod. Phys. D 13, 2351 (2004); Phys. Lett. B 546, 189 (2002). 
[5]. P. Kraus and F. Wilczek, Nucl. Phys. B 437, 231 (1995). 
[6]. S. Hemming and E. Keski-Vakkuri, Phys. Rev. D 64, 044006 (2001). 
[7]. A. J. M. Medved, Phys. Rev. D 66, 124009 (2002). 
[8]. J. Y. Zhang, Y. P. Hu and Z. Zhao hep-th/0512121(2005). 
[9]. R. G. Cai Nucl. Phys. B628 375(2002). 
[10]. J. Y. Zhang and Z. Zhao, JHEP 1005 055(2005).  
[11] Q.Q. Jiang, Phys. Rev. D78, 044009 (2008); Phys. Lett. B666, 517 (2008). 
[12] Q.Q. Jiang, Y. Han, X. Cai, JHEP 08, 049 (2010). 
[13] Q.Q. Jiang, X. Cai, JHEP 11, 066 (2010). 
[14]. S. Z. Yang, Chin. Phys. Lett. 22 2492(2005). 
[15]. S. Z. Yang, Q. Q. Jiang and H. L. Li, Chin. Phys. 14 2411(2005). 

International Conference on Engineering Management, Engineering Education and Information Technology (EMEEIT 2015)

© 2015. The authors - Published by Atlantis Press 144




