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Abstract: Establishing the model of the shallow lake ecosystem with stochastic excitation, with the
stochastic averaging method and nonlinear dynamic theory, the model of the shallow lake
ecosystem with stochastic excitation was simplified. Based on the Stratonovich-Khasminiskii
stochastic average principle and Oseledec multiplicative ergodic theory. We studied the stochastic
Hopf bifurcation behavior with the FPK method. The results showed that the bifurcation behavior
of the stochastic system is different from the bifurcation behavior of the deterministic system. The
effect of stochastic factors can make the stability of the system appear change. A pseudo-random
noise can make the system appear regime shift. The bifurcation value of the system shifts.

Introduction

The shallow lake ecosystem exists alternative stable states. The transitions between the different
stable states can occur with certain conditions. The change of system parameters can lead to the
transitions between the different stable states [1,2]. Likewise, the effect of stochastic factors can
also lead to regime shift. Considering a two-variable shallow lake ecosystem model, which is
developed by Scheffer et a [3]. Considering the uncertainty of the initial field and parameter of
model, Wang Bo and Qi Qiangian have studied by the CNOP method [4].

However, the shallow lake ecosystem isinterfered by various stochastic factorsin the real
environment. For example, the wind and waves, air pressure, the rise and fall with water level,
human interference and so on. For more accurately describing the phenomenon of transitions
between the different stable states. Adding the stochasticitem isessential and reasonable
in the deterministic model.

The Sochastic M odel

Establishing Stochastic Model. Considering the two-variable model of Scheffer et al, which
describes the relation between macrophytes coversV and turbidity E . The model is as follows:
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Where E means the vertical light attenuation in the shallow lake ecosystem, which represents the
turbidity in water.V means the macrophytes covers. g, is the control parameter, which represents the
vertical light attenuation without macrophytes. In this model, the detail introduction is given in
reference [3].
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In this paper, we only considered the multiplicative stochastic excitation which isrelated to
environment and itsinternal factor. The stochastic model is as follows:
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This model is stochastic differential equations with Stratonovich means.s,ands ,are noise
intensity. For ease of comparison studies, we suppose that the stochastic excitationx (t) andh (t) are
independent Gaussian white noise with zero mean and standard deviation.

The Sochastic Averaging M ethod. For establishing stochastic model (2), we use the stochastic
averaging method [5,6]. At first, by means of variable substitution: y, =E- E',y, =V - V',(E",V') is
the equilibrium point of the deterministic model (1).
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The stochastic bifurcation of the equilibrium point(E", V") of the stochastic model (2) translates
into the stochastic bifurcation of the equilibrium point(0,0) of the stochastic model (3). For the
stochastic model (3), by means of variable substitution: y, =acosq, y, =asinq . Using the stochastic
averaging method, the Ito stochastic differential equation is as follows:

j da=mgdt+s,,dw, (t)+s ,dW, (t),
|
fdq = m,dt+s ,,dW, (t) +s ,dW, (t).
m,and m, are the drift coefficient.s ;,s,,.s ;.5 ,, arethe diffusion coefficient.w, (t) andw; (t) are
the standard Winner process of independent of each other.
r\f LEV
R B o REN
2 “aft A
b=r - 2.EV ] 2.hE b, =, - 2 EV +2VH
" Eh EBR T hE

s2 :g(sf+s§)a2+%sf|§ +—;s§\/*, s2=s5=0 s} =é(512 +522)+

(4)

a+= (s +sz)a+— EP+— sz\/*2
8 Z2a 2a

. m=0

—[stEr4s?)

Because of s , =s 7 =0, a(t) is one dimensional Markov diffusion process.

da = m,dt+s ,,dW, (t). (5

FPK Method. Based on the Ito stochastic differential equation (5) and FPK method, we can see
that the stochastic response diffusion process p(t) satisfies the following FPK equation with initial
conditions.
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p(a t|ay,t,) IS the transferable probability density function of diffusion processa(t). The Invariant
measures of diffusion processa(t)is steady-state probability density function p,(a). The function
py () is the solution of the following degenerate FPK equation.
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By calculating, we get the steady-state probability density function py () :

.C3
py (a)= c(1+ claz)cz geé + cl% gha e (8)

The coefficients of the function:
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The coefficient c can be calculated by the normalization condition.

The Sochastic Hopf Bifurcation Behavior

When we study the problem of bifurcation of the nonlinear dynamic system, the invariant measure
is an important characteristic value of the problem of the stochastic bifurcation [7]. Wang Bo and Qi
Qiangian have used the Lyapunov stability theory and the numerical methods to get two bifurcation
points of the model (1) whereE,, =5.153418 and E,, = 7.288761 about the control parameter E,[4]. We
select the control parameter g, =7.0corresponding one linearly stable clear equilibrium states for the
research. Corresponding equilibrium point: E'=1.377549 and V" = 0.816283 . Corresponding noise
intensity values as shown in Table 1. Calculating the amplitudea” of the model (5) makes stable
probability density function p, (a) get the maximum value ata’ .
Table 1: Probabilities and positions of Hopf bifurcation occurrence of model (5)

conditon s, s, a=a  py(a) conditon s, s, a=a P (@)

A 01 01 04481 0.8905 E 01 01 04481 0.809
B 01 03 13809 0.7320 F 03 01 18160 0.6806
C 01 05 39100 0.6378 G 05 01 4.0320 0.5164
D 01 08 59928 0.3249 H 08 01 6.0276 0.2649
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Fig. 2 p, (a) and position of stochastic Fig. 3 p, (a) and position of stochastic
Hopf bifurcation corresponding to noise Hopf bifurcation corresponding to noise
intensity values A,B,C,D in Table 1. intensity values E,F,G,H in Table 1.

From Fig. 2 and Fig. 3, we can see that the function p, (a)get the minimum value ata=0.
It showsthat the stochastic model (2) isalmost certainly unstable with stochastic excitation.
Ata=a , the function p,(a) get the maximum value, the original stochastic system appear
stochastic Hopf bifurcation. Appearing the location and probability of stochastic Hopf bifurcation as
shown in table 1. When the noise intensity is greater than zero, it could appear stochastic Hopf
bifurcation with the probability meanings. The bifurcation location shifts with the increase of noise
intensity. However, the probability density of appearing bifurcation is narrowing.

Conclusions

The bifurcation behavior of the stochastic system is different from the bifurcation behavior of the
deterministic system. Due to the effect of stochastic factors is inevitable, studying the stochastic
Hopf bifurcation of stochastic dynamical system iseven more meaningful than studying the
stability of the deterministic system at the equilibrium point. The stochastic Hopf bifurcation
location shifts with the increase of noise intensity. If the bifurcation position reaches the threshold
which appears turbid states, it is likely to lead the transitions between the different stable states. The
shallow lake can change from clear equilibrium states to turbid equilibrium states.
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