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Abstract: The kinematic wave equation is selected to describe one-dimensional overland flow. The 

Lattice Boltzmann method which different from macroscopic numerical methods is introduce to 

solve this partial differential equation. By comparing to analytical solution, good fitting results are 

got. In addition, the optimal range of relaxation time is also discussed in this paper.  

Introduction  

When the rainfall intensity exceed soil infiltration, water begins to accumulate on the surface and 

then it flows down the slope under gravity as overland flow .Overland flow is great influenced by 

topography, rainfall and surface roughness, so it has very complicated hydraulic characteristics. The 

full St Venant equations have been known to be used as mathematical equations to describe the 

overland flow. However these equations are very complicated and for many practical instances, 

such a degree of sophistication is not required. The simplified equations should be chosen whenever 

the physical conditions justified them. Among these, the two common models are the diffusion 

wave and the kinematic wave approximations [1, 2].  

Numerical methods such as finite difference/element methods and method of characteristics [3, 4], 

etc, are the useful tools to solve these equations. However, it has been observed that the physical 

modeling of overland flow through numerical methods had contradictions between numerical 

stability and computer effort. Thus there is a distinct need for a simpler solution methodology which 

can be applied to overcome these contradictions. This paper presents Lattice Boltzmann method 

(LBM) for one-dimensional overland flow. The Lattice Boltzmann method was proposed in recent 

years as a numerical method for simulating fluid flows [5]. Unlike conventional numerical schemes 

based on discretization of macroscopic continuum equations, the lattice Boltzmann method is based 

on microscopic models and mesoscopic kinetic equations. It provides an indirect way to solve flow 

equations and it brings certain advantages over conventional numerical methods, such as parallel 

computation, easy handing of complex geometries, easy programming and easy simulating complex 

flows, such as, multiphase flows [6], porous flows [7], flows of suspensions [8] and other flows with 

variations of boundaries. In addition, LBM has been developed to solve nonlinear partial 

differential equations such as, shallow water flow equation and Burgers equation [9, 10].  

In this paper, the kinematic wave equation is selected to be the simplified form of St Venant 

equations. The Lattice Boltzmann method is used to solve this equation. It has been verified by 

comparing to the analytical solution which is mentioned in [11].  
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Mathematical equation of overland flow 

The mathematical representation of one-dimensional overland flow is through the St Venant 

equations. These equations are comprised of continuity (mass balance) and momentum (energy 

balance) equation. These equations can be expressed as follows:  
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Where h=flow depth, v =flow velocity, ie(x,t) = net inflow rate (rainfall minus infiltration), S0=bed 

slope, Sf = friction slope and g = gravitational acceleration. 

However, there are many difficulties to solve the full St Venant equations, so the kinematic 

wave approximation is introduced in this paper. It equates the friction slope to the bed slope and 

adopts the Manning roughness relationship. Thus: 
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Where n is Manning’s roughness coefficient,q is unit width discharge. 

In this paper, the boundary condition and initial condition are: 
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Where L is the length of slope. 

Lattice Boltzmann model 

Lattice Boltzmann equation. Lattice Boltzmann method divides the space into uniform mesh and 

the particle distribution function ( , , )f x e t 

 
is laid on the each node. It emphasizes the average 

properties of particles while neglects interactions between them. Based on the physical 
characteristics, the lattice Boltzmann equation will be obtained as :  
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Where ( , , )f x e t 

 
is the distribution function, ( ( , , ))f x e t  

 
is the collision operator which represents 

the rate of change, e


is the particle velocity, ( , ),g tx e 

 
 is source term and in this paper is rainfall.  

Usually, with the BGK approximation [12], the collision operator ( ( , , ))f x e t  
 

is replaced by 

the single relaxation time  : 

2
( , )

1
( , , ) ( , , ) ( ( , , ) ( , , )) ( ) ,

eq
g tf x t e e t t f x e t f x e t f x e t t x e          

           
          

             (5) 

Where ( , , )
eq

f x e t 

 
 is the local equilibrium distribution function. 

According to the theory of the lattice Boltzmann method, it consists of two steps which are 
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shown in Fig.1:① Streaming step, the particles move to the neighboring lattice point and replace 

the distribution function of it.② Collision step, the arriving particles at the points interact one 

another and change their velocity directions according to scattering rules. The two steps can be 
expressed as:  

Collision step:  
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In the collision step, ( ( , , ))f x e t  
 

is required to satisfy conservation of total mass and tota l 

momentum at each lattice: 
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Fig 1 collision step and streaming step of Lattice Boltzmann method 

Lattice Boltzmann model of one- dimensional overland flow. In this paper, a new Lattice 
Boltzmann model of D1Q3 three-speed model which is mentioned by J. Zhang and G. Yan [10] is 

introduced. In the D1Q3 model which is shown in Fig.2, on each node, there are particles of three 

different velocities. The velocity vectors are: 1 0 20e C e e C    . 

1 0 2

 
Fig.2   D1Q3 three-speed model 

The new way doesn’t deal with the spatial coordinate while introduce three time scales, and 
their differential coefficient form are: 
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Where  is the Knudsen number which can be defined as is l L  , l is the mean free path, and L is 

the characteristic length. 

Likewise, the distribution function ( , , )f x e t 

 
can be expanded formally about the local 

equilibrium distribution function ( , , )
eq

f x e t 

 
: 
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Here ( , , )
eq

f x e t 

 
depends on the local macroscopic variables (the water depth h and the velocity v ) and 

should satisfy the following constraints: 

t → t+1  Streaming step Collision step at time t 
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For both k=1 and k=2. 
The second-order Taylor expansion is used on (5), it is  

2
2

2
( , )

( ) ( , , ) ( ) ( , , )
2

1
( ( , , ) ( , , )) ,

eq
g t

e f x e t e f x e t
t x t x

f x e t f x e t x e

     

     







   
   

   

   

     

                           (13) 

Based on (9) and (10), multi- scale expansion is used to each type of (13), and the discrete 

Lattice Boltzmann equations of different magnitude order are obtained: 
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Zero-order moment of ( , , )
eq

f x e t 

 
is solved which in (14) to (16), and then the macroscopic 

manifestation can be set: 

(0)

(0)

2 2
2 (0) 2 1

2 1

m

m

f h

e f h

m
e f h

m




 


 




 












                                                      (18) 
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   , m=5/3. 

In order to recover the kinematic wave equation, scale adhesion is needed (that is the time 

scale 0 1 2, ,t t t  should be restored back to the time scale t), so let (15) (16)   and sum the three 

directions, thus: 
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Compare to (2), only have the difference of 2
( )  , where 2

( )  can element by adjusting .By 

using the D1Q3 three-speed model, the equilibrium distribution function can be obtained by (18)  
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The initial moment of the distribution function on each node can be instead by the equilibrium 

distribution function which is calculated by (20). Through the collision step and streaming step of 
particles, updating the distribution function of each node. According to (11), the depth and velocity 
on each node can be got.  

Application  

In this paper, the numerical simulation of one-dimensional overland flow by Lattice Boltzmann 
method is compared to analytical solution which furnished by RUI Xiaofang. The depth and unit 
width discharge on slope bottom are compared respectively. The distributions of depth and unit 

width discharge along slope when the time equal to 5minutes and 10minutes are also discussed. The 
compared results are shown in Fig.3 to Fig.6.  

Good fitting results are shown in these comparison figures. The results of them which are 
calculated by Lattice Boltzmann method are greatly similar to the results of analytical solution. 
Before equilibrium time, there are differences of the equilibrium position along slope between 

Lattice Boltzmann method and analytical solution. The equilibrium position which are calculated by 
Lattice Boltzmann method is farther than analytical solution. It has something to do with the 

relaxation time  . 
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   Figure 3.  The depth                             Figure 4.  The unit width discharge  
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Figure 5.  The distributions of depth and unit width discharge along slope when the time equal to 5 (min) 
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Figure 6.  The distributions of depth and unit width discharge along slope when the time equal to 10 (min) 

In theory, in order to meet numerical stability, the relaxation time  should be greater than 0.5. 

However, from the view of calculation accuracy, in order to get a minimum error, an optimal range 

of should be determined. Equilibrium time ( et ) and the relative error of maximum flow on slope 

bottom ( rE ) are selected to be standards. The result of Lattice Boltzmann method will be compared 

to analytical solution, and then the optimal range of  is discussed. Because relaxation time  has 

something to do with the selection of space step (dx) and time step (dt), four different methods of 

step selection are chose. They are: ①dx=1(m), dt=1(s) ②dx=2(m), dt=1(s) ③dx=1(m), dt=0.1(s) 

④dx=2(m), dt=0.1(s). Comparison results are shown in Table 1.  

Table 1.  Comparison results of et  and rE  between LBM and analytical solution  

(Node: “-” indicates numerical instability) 

Step 

selection 

relaxation time   
Analytical 

solution 

et [s] 

0.8 0.9 1.2 1.5 2.0 

et [s] rE [％] et [s] rE [％] et [s] rE [％] et [s] rE [％] et [s] rE [％] 

① - - 405 1.50 420 1.50 431 1.63 446 1.82 

388 
② 402 1.49 418 1.46 444 1.58 463 1.66 490 1.73 

③ 398 0.38 408 0.64 425 0.84 436 0.94 452 1.05 

④ 405 0.57 421 0.99 448 1.20 467 1.25 494 1.26 
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Conclusion  

The Lattice Boltzmann method which different from conventional numerical methods is used 

to solve the Kinematic wave equation in this paper. This method provides an indirect way to solve 

the the partial differential equation. It defines the local equilibrium distribution function ( , , )
eq

f x e t 

 
, 

and gets macroscopic variables by establishing the relationship between ( , , )
eq

f x e t 

 
 and 

macroscopic variables. The depth hydrograph and unit width discharge hydrograph on slope bottom, 
the distributions of depth and unit width discharge along slope are compared to them of analytical 

solution. Good fitting results are got. In addition, the selection of relaxation time  is discussed. The 

selection of relaxation time   has something to do with the Equilibrium time and the relative error 
of maximum flow on slope bottom. An optimal range of  which from 0.9 to 1.2 is got in this paper. 

However, the range can be enlarged properly when space step and time step select smaller.  
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