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Abstract. In this paper, we use an efficient method to solve the wave numbers of transient wave propagation 

in layered media. To solve those problems, the analytic solution for the interior domain is combined both a 

homogeneous solution and a particular solution, the exterior domain is described by a homogeneous solution 

only. To obtain the homogeneous solution, one has challenge to solve the complex root of the transcendental 

equations will be discussed. For the soil-structure interaction problem, the wave number of transient wave 

propagation in layered media will be used for the impedance matrix of embedded axial symmetric foundation. 
  

Introduction 

From Soil-structure interaction problems, many approaches may be considered to deal with the 

soil-structure interaction analysis problems. In the early time, the finite element method had been popular to 

determine the impedance functions for foundation embedded in an elastic stratum. In this model, the soil 

medium could be divided into near-field and far-field. For the near-field, regular meshing of finite element 

method was employed. Finite element method was used for the near-field [1], there were many approach 

methods, such as viscous boundary [2,3], transmitting boundary [4], boundary element method [5], and 

infinite element methods [6]. Among the above mentioned modelling, boundary element method requires 

boundary discretization which could be reduced some computational cost while compared to that of finite 

element method. In boundary element method, Green function was used as a fundamental solution to generate 

the impedance functions at the assumed boundary of structure [7].  

Sezawa [8] has developed a procedure to separate the dilatational and the rotational waves to solve the 

wave equation in cylindrical coordinates for the half-space medium. Tzong and Penzien [1] extended this 

solution to find impedance matrix of a single-layer half-space system. Regards of analytical solution technique, 

Liou [9] successfully finds the shapes function of the stress and displacement fields which are prescribed 

harmonic displacement time history in interior domain.  

Liou has developed a technique to decompose the boundary conditions to fit the general solutions of wave 

equations in cylindrical coordinates for the cases of layered media. The technique has been successfully 

applied to find the impedance functions for foundations on layered half-space medium [10] and axial 

symmetric foundation embedded in layered medium [11]. Liou and Chung [12] extended the methods which 

are prescribed harmonic tractions time history to found the shapes function of the stress and displacement 

fields in interior domain. Recently, Ding et al [13] use iteration process to find the roots of the transcendental 

equation in layered soil by using Laplace transformation method. Popov and Vaysfel’d [14] calculate the real 

roots of the transcendental equation by using residue theorem in the conical layered elastic cone. Slavica et al 

[15] find an exact analytical closed-form solution of some families of transcendental equations by using the 

Special Trans Functions Theory (STFT). 

In this paper, we will employ the analytic solution for soil-structure interaction in layered media to 

developing a general-purpose program of the transcendental equations. In developing the numerical problem, 

the Love modes of the transient wave propagation problems in layered media will be analytical predicted of 

the wave numbers by using numerical methods. Consequently, the wave numbers of transcendental equations 

for soil-structure interaction in layered media will be derived analytically and numerically. 
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Analytical derivations for three-dimensional wave propagation problems 

The total system is shown in Figure 1. The whole soil domain is divided into interior and exterior domain. 

The general equation of wave propagation for the homogeneous solution was derived by Liou and Chung [12], 

all the results of the homogeneous solutions are shown in Table 1.  
 

 

Fig. 1. Total Soil System With Prescribed Tractions. 
 

Table 1 The homogeneous solutions of the complex roots equations.  

 

Form the Table 1, it is easily to analyze the wave number of Love mode. The wave number s'k  are 

responding to the exterior domains of the complex roots equations. For the case of the wave number k  is 

representing Love modes, we obtain  
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SC  is the shear wave 

velocity and 
PC  is the compressional wave velocity,   is natural frequency. Methods to solving the wave 

problem from the Eq.(1) can be expressed as  
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The wave number k  can be determined as 
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Where 


G
CS   and iG 21 . From the Eq.(3), we can find the wave numbers of love modes 

have a pair of conjugate the roots.   

For the case of the wave number k  is representing Rayleigh modes, we obtain 

021122211  tttt
                                                                   (4) 

From the Eq.(4), they are multiplied by a lot of transcendental functions. Thus, we will use a numerical 

method to solve the wave numbers of transient wave propagation in layered media. Due to Eqs. (1) and (4) 

have an infinite number of roots, all the roots must satisfying the radiation condition in exterior domain. As 

∞→r , )()2( krH n  is the Hankel function of the second kind of order n . It can be expressed as asymptotic 

form: 
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If iBAk   is an eigenvalue with eigenvector, then k  is another pair of conjugate the roots r . In order 

to satisfying the radiation condition in Eq.(5), we should choose the wave number k  which is either 0≥A  or 

0B . 

 

Root searching scheme for transcendental equations  

Eqs. (1) and (4) have an infinite number of roots on the complex plane. In order to solve the wave numbers 

of transient wave propagation in layered media, the transcendental function can be expressed as 

                )y,x(i)y,x()z(f                                                  (6) 

Where iyxz   is a complex variable, ),( yx  and ),( yx  are the real and the imaginary parts of 

)(zf . The scheme is to find the approximate z  such that 

00≈),(),()( iyxiyxzf                                                (7) 

 

To find all the approximate root’s, one needs to divide the region into the mesh shown in Figure 2.  
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Fig. 2. Mesh of the region axa-   and byb-   on complex plane. 
 

Meanwhile, Figure 3 show the complex root in the typical grid pattern of both 0),(  yx  and 

0),(  yx , where the 1z  to 4z  are four points of the typical grid pattern. 

 
Fig. 3. Typical grid patterns. 

 

If the line of 0=),( yxΦ  goes through a small grid pattern, we have the result of 0≤)2()1( zΦzΦ . 

Otherwise, the line of 0=),( yxΦ  is not contain. By the similar way, we have the line 0=),( yxΨ  which is 

0≤)2()1( zΨzΨ .Thus, we have found a small grid pattern in both 0=),( yxΦ  and 0=),( yxΨ . If any 

two function values at the four corners of the grid have different signs. To determine the root above two 

functions, we have two linear equations：    

0),( 111  cybxayxlr                                                 (8) 

0),( 222  cybxayxli                                                (9) 

Where 651 - yya  , 561 - xxb  , 56651 - yxyxc  , 872 - yya  , 782 - xxb   and 78872 - yxyxc  , 

to determine the root in the grid, the approximate root is  

 nnn iyxz +=
                                                                (10) 
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Numerical investigations 

In this numerical study, a rigid massless circular plate resting on a single layer stratum is shown in Figure 4.  

 
Fig. 4. Soil profile of example. 

 

Form Love mode of Eq.(1), we can find out the analytical solution of the wave number k  can be 

determined from the Eq.(3), the Figs. 5 ~7 are show 4.0 , 2  and 6  of an analytical wave 

numbers of undamping system of real part k  versus imaginary part k  in the complex plane. Form the Figure 

5, when 2,1,0=N  are show the position of analytical complex wave numbers, we can find that the 

analytical complex wave numbers of 
Nk only exist in imaginary axial and 

Nk  is another pair of the roots.  

 

In the Figures 6 and 7 are show when the natural frequency is increasing, the analytical complex wave 

numbers from imaginary axial close to real axial. In the high frequency, it is obviously that those complex wave 

numbers have real part at the low order of N , the contribution of the low order wave numbers form the Love 

modes is most important about finding the impedance matrices in layered medium. 
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At the same times, Figures 8(a)~10(a) are show 4.0=ω , 2=ω  and 6=ω  of the numerical wave 

numbers of undamping system in the complex plane, where the blue line is represent 0=),( yxΦ  and the 

read line is represent 0=),( yxΨ . Figures 8(b)~10(b) are show 4.0=ω , 2=ω  and 6=ω of the roots 

solution in the undamping system in the complex plane by using numerical methods. Respectively, it is 

obviously to find that the analytical solution of Figures 5~7 match well the numerical solution in Figures 8 

(b)~10(b), and both analytical solutions and numerical solutions are shown in Table 2. 
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Table 2 The compare wave numbers of both analytical solution solutions and numerical solutions. 
  

 

From the Table 2, we can find when the natural frequency is increasing, the low order wave numbers from 

imaginary part turn into real part; however, the high order wave numbers will not change a lot in imaginary 

part. 

From the Eq.(4), the transcendental equations of Rayleigh wave numbers are many hyper cosine and 

hyper sine multi-product. They are not easily to find the wave numbers of Rayleigh modes by using analytical 

method. For Rayleigh modes, we can use the numerical method to solve the transcendental equations of 

Rayleigh wave numbers in Eq. (4). Figures 11~12 are shown numerical wave numbers of 05.0  hysteretic 

damping ratio on 4.0 , 2 . 
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In those figures, we can find the Rayleigh wave numbers have the same a pair of roots as Love modes. 

Consequently, all of the homogeneous solutions are applied to solve the impedance functions both in layered 

medium [12] and in half-space medium [16].  

Summary 

We have used an efficient technique to solve the complex roots in the transcendental equations. In this 

procedure, we have developed a complete computer program to solve the transcendental equations, and the 

wave numbers of transient wave propagation can be calculated numerically and analytically in Love modes; 

meanwhile, the Rayleigh modes can be solved by using numerical method. The mathematical model of the 

transient wave propagation is being used for constructing the impedance matrices of foundation embedded in 

layered medium.  
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