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Abstract—In recent years, fractional differential equations are 
widely used in the many academic disciplines--viscoelastic 
mechanics, Fractal theory and so on. Furthermore, fractional 
differential equations can be used to describe some abnormal 
phenomenon. For instance, fractional convection-diffusion 
equation can be used to describe the fluid of abnormal 
infiltration phenomenon in the medium.  In this paper, by means 
of the Arzela-Ascoli fixed point theorem, we can prove the 
existence of solution for the time-fractional differential equations. 
The conclusion is given out in detail. 

Keywords-weighted sobolev space; time-fractional; caputo 
derivative; integral transform; fixed point theorem 

I. INTRODUCTION  
In the paper, we study the positive solution for following p-

Laplace problems with nonlinear time-fractional differential 
equation: 

Where Ω  is a bounded domain with smooth boundary in 
nR , [0,T]TΩ = Ω× , Dα  denotes the Caputo fractional

derivatives [3], 1 2α< <  is a parameter describing the order of 
the fractional time , and ( )xϕ  , ( )( )1

0( ) ,x H b xψ ∈ Ω  are given 

real-valued functions. ( )b x , ( )h x  , ,(f x u  ) are measurable 
functions and satisfy the following conditions 

(H1) 0 (x) L ( )b ∞≤ ∈ Ω , and (x) 1satisfies →  as 

x → ∞ . ( )b s  is a positive weight function, Locally Hölder

continous, and almost everywhere with positive measure in the 
Sobolev space 1,

0 (b(x), )pW Ω  which with the standard norm 

(H2) 20 h(x) l ( )≤ ∈ Ω , and ( )h x  has a compact support in 
Ω , 

(H3) ( 1)| ( , ) | | | 0.,qf x u C u C− >≤  

As we all know, the subject of fractional different equations 
has emerged as an important area of investigation.  Indeed, we 
can find numbers applications in viscoelasticity, 
electrochemistry, control, electromagnetic, etc. 

In consequence, the subject of fractional differential 
equations is gaining much importance and attention. However, 
there are few papers consider the p-Laplace problems with 
nonlinear partial differential equations of time-fractional order, 
as shown in [3,9,10]. 

Consequently, the problem (1) is deduced to an equivalent 
integral equation under the fractional order integral operator 
Ι^α.At last, we proof the existence of solution for the time-
fractional differential equation by exploiting Arzela-Ascoli 
fixed point theorem. 

II. SOME IMPORTANT DEFINITIONS AND LEMMAS

We can denote the Sobolev space 1,p
0 ( )W Ω  by X  .  In 

addition, we study the fractional order equation (1) in the 
weighted Sobolev space 1

0 (b(s), )H Ω  which the standard norm 
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To Discuss the existence of the positive solution for the 
equation(1), we present some basic notations, definitions , 
Lemmas and preliminary results which we will be used through 
the paper. 

Definition 2.1 The Caputo fractional derivative of order α 
of a functionf(t), t>0, is defined as 

 

Where in, ( )α  , [ ]α  denotes the fractional and the integer 
part of α respectively,   is the Gamma function. 

Definition 2.2 The Riemann-Liouville fractional integral of 
order α of a function f(t), t>0, is defined as 

 

The right side is point wise defined on  . 

Lemma 2.1 Assume that [0,T]y C∈ , 0T > , 1 2α< < , 
then the problem has the unique solution 

 

Now we establish some results of the existence of positive 
solution for the equation (1). 

By Lemma 2.1, we may reduce the equation (1) to an 
equivalent integral equation as following: 

 

( )1,  integral   

The theory of integral equations is developing rapidly with 
the help of the tools in functional analysis, topology and fixed-
point theory and it serves as a useful tool in turn for other 
branches of mathematics, for example for different equation. 
Now we define 

 

( )1,  fixed  

Definition 2.3 We call 1
0([0,T];H (b(x), ))u C∈ Ω  to be a 

weak solution of the fractional order equation (1), if  
(u (u) vdx 0)

Ω

− Φ =∫ , [0,T]t∀ ∈ for evey 1
0 (b(x), )v H∈ Ω  . 

III. A UNIQUE WEAK SOLUTION 
Now we proof the existence of a unique weak solution for 

problem. 

Proposition 3.1 The operator 
1 1
0 0(u) : H (b(x), ) H (b(x), )Φ Ω → Ω  is completely continuous. 

Proof 

Putting 

 

                         

We can rewrite: 

 

For each 1
0 (b(x), )v H∈ Ω , and  1

0 (b(x), )
1

H
v

Ω
= , integration 

by parts, we can get: 

 

Since 20 (x) L ( )h≤ ∈ Ω , and ( )h x  has a compact support 

in  Ω ,  (x) L ( )b ∞
+∈ Ω , so 

1
0( ) ([0,T];H (b(x), ))F u C∈ Ω  

And since 2p >  , by Sobolev  imbedding  theorem, we 
have 

 

Then, we can get 

 

And, we can denote 1
0 (b(x), )H

u
Ω

  and  
1

0 (b(x), )H
u − Ω

 by 
1
0H

u , 

1
0H

u −
 respectively . Hence, by Cauchy-Schwarz inequalities, 

Poincare inequalities, Hölder inequalities, Sobolev imbedding 
theorm and1 p r< <  , we have 
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From [4], we know that u X∈  is bounded, that is to say, 
( )   

x
M is a con tu M stan≤ .Then, 

 

Thus, by Cauchy-Schwarz inequalities, we obtain 

 

 

Hence, (u)Φ   is bounded. 

On the other hand, given 0ε > , setting 

 

That is to say, (u)Φ   is of equicontinuity; in fact 

 

 

Then we divide the proof into two cases 

Case 1: 1 2t tδ ≤ ≤   . Since 1 2α< <  , we can get 

 

 

Case 2: When  
1

1 20 ,t t αα δ< < ,we can get 
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By the means of the Arzela-Ascoli theorem, we know that: 
1 1
0 0(u) : H (b(s), ) H (b(x), )Φ Ω → Ω  is completely continuous.  

This completes the proof. 

By proposition 3.1, we know that (u (u)) vdx 0
Ω

− Φ =∫  and  

[0,T]t∀ ∈   for every  1
0 (b(x), )v H∈ Ω , that is to say , the 

fractional order equation(1) has a unique weak solution 
1
0([0,T];H (b(x) ))u C∈ Ω   
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