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Abstract—An application of the direct method of Liapunov for 

establishing stability criteria of smooth solutions for a certain 

class of initial boundary value problems described by a system of 

semi-linear hyperbolic partial differential equations is discussed. 

The concept of Liapunov-like functional is utilized to investigate 

some qualitative and quantitative stability properties of classical 

solutions for a system of semi-linear partial differential equations. 

The advantage of the method is that it does not require the 

explicit knowledge of solutions. This feature may have a signifi-

cant impact on practical applications. 

Keywords-quasi-linear PDEs; liapunov's functional; sign defi-

nite integral form; asymptotic stability 

I. INTRODUCTION 

Stability analysis by the Liapunov's direct method has been 
applied extensively to ordinary differential equations and its 
theoretical background pertains to stability investigation of 
ordinary differential equations. The extension of fundamental 
ideas behind it to systems of partial differential equations 
requires a generalization of basic principles to appropriate 
function spaces where a motion over a finite or infinite time 
interval is considered as an evolution of diffeomorphisms 
governed by a system of hyperbolic semi-linear partial differ-
ential equations. The essential feature of the second or the 
direct method of Liapunov is that the qualitative aspects of 
evolution of solutions that define the stability of the system are 
determined by means of an auxiliary function whose proper-
ties are established directly in accord with the theoretical 
framework of the theory itself without recourse to the solution 
of the system. To determine stability which in some cases 
implies existence, we do not need to know the actual solution 
of the problem. The most difficult part of the procedure is the 
construction of the Liapunov's functional. There is no general 
or unique way to find or construct the appropriate Liapunov's 
functional except in some special cases which belong to a 
class of linear homogeneous problems. Some authors exploit 
an energy-like functional in accord with the classical concept 
of stability due to the second or the direct method of Liapunov. 
In practice, the kinetic-like energy functionals as combinations 

of 
2L integrals of appropriate field variables are used to 

determine domains of stability. However, there are many 
situations where such an approach fails. The natural extension 
of the standard energy method is essentially the method of 
generalized energies used as Liapunov's functionals where by 
means of an integral inequality technique sharp quantitative 

stability bounds can be established. Stability or asymptotic 
stability is usually proved in terms of some positive definite 
norm by constructing Liapunov's functional whose positive 
definiteness with respect to the chosen norm together with 
negative definiteness of its time derivative along the trajectory 
of the system implies asymptotic stability with respect to the 
chosen norm. In the most general form such a procedure gives 
conditions for asymptotic stability in the large, since there is 
no restriction on the size of initial data, but only on their 
smoothness, no restrictions on the size of nonlinearity, but 
only some restriction on the form of nonlinearity. In general 
however, it is very difficult to consider the stability problem in 
the large, because the severe nonlinearity makes it very 
difficult to construct the appropriate Liapunov's functional. 
Problems of this kind can be resolved to some extent by 
considering the asymptotic stability in the first approximation 
as a result of consistent linearization of originally nonlinear 
problem. In this work we use an idea of constructing quadratic 
integral forms for which the Liapunov-like functionals are 
well suited for determining positive and negative definiteness 
of certain types of functionals. The method is quite general 
and can be applied to a large class of problems. 

The paper is divided into two major parts. In the first part 
we discuss some general ideas within the established theoreti-
cal framework and define a general type of the problem to 
which the techniques described in the theoretical part of the 
paper can be applied. We discuss possibilities of constructing 
the Liapunov's functional in terms of a quadratic integral form 
and the application of the integral form in stability analysis 
based on the extended principles of the Liapunov's direct 
method. In the second part we treat a nonlinear damped wave 
equation and illustrate the application of theoretical apparatus 
developed in the first part. 

II. BASIC DEFINITIONS 

In what follows we give basic definitions needed for 
further development [28]. These definitions hold for a general 
set of PDEs of the form 

( , , , ) :tu g x u u    

With the corresponding homogeneous boundary conditions 
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( , , ) 0 : .G x u   

However, in the course of the paper we apply the theory to 
a special set of semi-linear PDEs. In particular, we discuss 
semi-linear systems 

( , ) ( , ) ( ( , ))t xu x t L u x t u x t   

Or semi-linear wave equations 

( , ) ( , ) ( ( , )),tt xu x t L u x t u x t   

where Nu depends  on  time   0? , ?t t T    and 

Mx  with the given sufficiently smooth initial data. 

The semi-linear operator is of the form 

1 1 1

2

1 1 1

( ) ( ) ( )

( ) .

i

N N M
jk

x ij j ij

j j k k

N M M
jkl

ij

j k l k l

u
L u a x u b x

x

u
c x

x x

  

  


  





 

 





The corresponding initial and boundary conditions are 
given as 

1 1

0 0( , ) ( 1,2

0

)

: .

,

N M
jM

ij j ij

j k k

i iu u x t i

u
A u A

x

N

 

 
   









 


( ( , ))u x t  is a nonlinear vector function well defined and 

continuous in its arguments in the domain of variation of all 

arguments contained in .N In general, the solution of the 

nonlinear hyperbolic problem may not remain smooth for all 
time. We study the stability of admissible classical solutions, 

i.e., solutions which belong to the class of 1C spatially differ-

entiable   functions.  Coefficients  ( ),ija x  ( ),k

ijb x ( ),ijd x ( )k

ije x  

and ( )kl

ijc x are continuous, partially differentiable functions of 

the class 1C and 2C respectively. We assume that for any 

initial data 
0u satisfying the required smoothness conditions 

there exists a unique solution of the boundary value problem 

0 0( , , )u u t t with the following properties: 0( , )u u t is defined for 

all 0 ;t t 0( , )u u t is continuous in t  and 0 ;u 0 0 0( , )u u t u  

defines the initial state of the system. Then for fixed 

0 ,u 0 0( ),,u u t t defines a process, trajectory, motion or any 

other admissible state of the system described by a set of PDEs. 

If the problem is linear  ( ( , )) 0u x t  it is always possible 

to express the stability of a given solution ( , )u x t in terms of 

the stability of the null solution also called the zero solution, 
the trivial or the basic solution. Then the stability of every 
solution of the linear system can be determined by the stability 

of the null solution. If the system is nonlinear the behavior of 
the null solution cannot describe the behavior of all solutions. 
The classical stability definitions for the first approximation of 
consistently linearized systems [13], [21], [26] have to be 
extended and generalized as described for example in [2], [24], 
[28] and especially [27]. We investigate the stability of the 
zero solution of the problem that is formu-lated as follows. Let 

ˆ( , )u x t denote basic unperturbed motion (flow) and let 

( , )u x t denote perturbed motion (flow). Then the difference  

ˆ( , ) ( , ) ( , )u x t u x t u x t  

Defines the perturbation satisfying the homogeneous 
boundary conditions 

( , ) 0 : ,u x t   

Since in the process of perturbation we keep boundary 
conditions fixed. The leading equation for the evolution of 
disturbance is defined by a system of semi-linear PDEs. 

A. Function Spaces, Norms, and Metrics 

Let ( ),pL  1 p   designate the space of Lebesgue 

measurable functions u  defined on an open, bounded domain 
M where 

p
u  are L-integrable over   and let 

2 ( )L  be 

a space of square integrable functions over  with the corre-
sponding norms 

 
1/

( )
( ) : | |

p

p
p

p L
L uu d

 
   

And 

2

2

2 ( )

2
( ) : | | .

L
uL u d

 
   

Similarly, define the Sobolev space 

1 2 2( ) { ( ) : ( )}H u L u L       

With elements that have one square integrable derivative 
over  with the corresponding k=1 norm 

1 2

2

( ) ( )

(

1 2
2

)

2

1

.
M

i
H L

i L

u
u u

x 
 

 
  
 
 

 

According to the definition we will investigate the stability 

of the null solution which belongs to the subspace 1

0 ( )H   

whose elements have one square integrable derivative and 
vanish on the boundary  : 
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 1

0 1( ) ( ) : 0 on .H u H u      

B. A Metric Space   with the Metric  

Since the stability definitions in their most general form re-
fer to the abstract notion of a metric, neighborhood, and 
equivalence [21], [22], we first define the metric space  with 
the metric .  Let  

  0 0 0 0 0 0( , , ); ( , ); ,u u t t u u u t t t T      

denote a function space where 
0 0( , , )u u t t describes a 

process, trajectory, motion or any other admissible state of the 
system described by a set of PDEs. The metric is defined on 

  if for any two elements   and    there exists a 

real number  ,  with the following properties: 

1)  ,  is a positive definite function  , 0;            

 , 0    if    . 

2)   ,   satisfies the triangle inequality   

( , ) ( , ) ( , ) .           

3) a symmetry condition: ( , ) ( , ).     

Two metrics 
1

and 
2

are equivalent if there exist two 

positive real constants a>0, b>0 such that 

       1 2 1, , , , .a u v u v b u v u v    

Any such positive definite function can be used to define a 
neighborhood S of a solution u as an open ball with the center 
at u and a radius d 

 ( , ) , : ( , ) .S u d u v u v d   

In the same way we can define the neighborhood 

(0, )S d of the trivial solution 0.u   

C. Choice of the Metric  

The relative freedom in choosing the positive definite 
function may have its drawback in the sense that for a given 
system one choice of the metric may imply stability, but not 
the other. The final choice of the metric depends on the 
particular problem. For example, if some local properties of 
the solution are investigated then a uniform metric such 

as sup u should be employed. On the other hand, for the 

overall stability investigation over the domain   mean value 
integrals can be utilized so that the metric belongs to the 

2 ( )L  or 
1( )H  spaces. These spaces make good choice since 

many useful relations which can be directly applied in stability 

analysis have been established [1], [20]. In particular, we will 
focus on the following two types of  metrics:  

2

2

( )

2

1 2

1

( , ) ( , )

, ( )

T

L

N

i M

i

u u x t u x t dx

u dx dx L

 




 

   






And 

1

2

( )

2

2

1

1 1

[ ( , ) ( , ) ( , ) ( , )]

( ., )

T T

H

N M
i

i M

i j j

u u x t u x t u x t u x t dx

u
u x t dx dx

x

 


 

   

  
    

    



 


III. FORMULATION OF THE LIAPUNOV'S DIRECT METHOD 

FOR STABILITY 

Stability analysis by the Liapunov's direct method has been 
originally developed for stability investigation of ordinary 
differential equations [3], [4], [13], [16], [21], [25], and later 
extended to  partial  differential  equations [5], [15], [22], [26], 

where authors dealt mostly with linear systems of PDEs and 
stability analysis in the first approximation, i.e., the stability 
analysis of the linearized systems. Nonlinear equations were 
treated in the works of [2], [11], [18], [23], [24], [28], and 
especially in the work of Sirazetdinov [27]. 

Before proceeding to the main theorems, we give the 
following stability definitions needed for further development. 
Let   and  be real numbers. Referring to the metric space 

  we have the following general stability definitions: 

Definition 3.1: The zero solution ( , ) 0u x t   of the initial 

boundary value problem is said to be stable with respect to  

if for every 0   there exists a constant ( ) 0   such that 

0( ,0)u  
0( ( , ),0) 0.u u t t    

Definition 3.2: The zero solution is said to be 
asymptotically stable with respect to the metric if  

1) the zero solution is stable. 

2) all solutions which are bounded initially 

0( ,0)u  remain bounded for all time so that  

 0( , ),0 0u u t t    and   0lim ( , ),0 0.
t

u u t


   

Now we state a theorem on asymptotic stability which de-
pends on the construction of the Liapunov's functional. A 

functional  V u defined on  which maps a vector function 

( , )u x t   into a scalar function of  t  and which satisfies the 

conditions of the Liapunov's stability theorem is called the 
Liapunov's functional. 

Theorem 3.3: Liapunov's Stability Theorem. (Liapunov's 
Direct Method). Suppose there exists a functional 
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[ ( , )] ( )u x t V t  differentiable in t along every solution curve 

( , )u x t such that (0) 0V  and  

1) V  is positive definite with respect to ; 

2) V admits an infinitesimally small upper bound ; 

3)   0 ,V u u t is non-increasing for 
00 (0, )t u d   ; 

4) There exists a positive constant d   such that 

00 : ( ( , )) 0d d V u u t   0 (0, )as t u d   ; 

then the zero solution ( , )u x t is asymptotically stable with 

respect to the chosen metric .  In practice we can prove (1-4) 

in three steps; in what follows  and  are positive constants: 

1') 2( ) ( ,0), 0;V u u     

2') 2| ( ) | ( ,0), 0;V u u    

3') ( ) / 0 0;dV u dt t    

where the time derivative along the trajectory is defined as 





0 0
0

0 0

1
lim [ ( , , ), ]

[ ( , , ), ] 0.

t

dV
V u u t t t t t

dt t

V u u t t t

 
    



 



Similar approach has been frequently used in many special 
cases. For example, for conservative systems we may choose 

constV E  as the total energy of the system and then from 

the principle of conservation of energy it follows that 

0( ( , )) / 0.dV u u t dt   In linear systems the choice of V similar 

to , i.e., 
2V  is usually utilized. For nonlinear systems 

1 ,2  can be applied only in the close neighborhood 

(0, 1)d  of the basic solution, whereas for nonconservative 

and highly nonlinear dissipative systems the proper choice of 
V is much more difficult.   

The Liapunov's direct method for stability analysis has the 
advantage that it does not require the explicit knowledge of the 
solution. However, there is no general way to find an appropri-
ate Liapunov's Functional. Though choices of sign definite 
forms are many, the time derivative of LF along the trajectory 
of the system may exhibit such a complicated structure that the 
determination of the sign definiteness of the resulting form 
may become virtually impossible. We will discuss two 
particular choices of the metric which may serve as the 
Liapunov's functional. The first one is the classical square of 
the norm,  

2

2

( )
( , ) ( , ) ( , ) , ( , ) ,T

L
V x t u x t u x t dx u x t


   

whereas the other is just a generalization of the first 

0( , ) ( , ) ( , ) ( , ) , .( , ) 0,TV x t u x t F x t u x t dx F x t t t


    

The kernel ( , )F x t  represents a positive definite 

continuously differentiable operator on x  for every 

0 0.t t   

For systems of nonlinear PDEs of a special type with 

xL denoting a linear operator and representing the 

nonlinear vector function of its arguments such that 
0 0u   

( , )
( , ) ( , , , , ),x

u x t
L u x t t x u u

t


   




Sirazetdinov [27] established the following theorem:  

Theorem 3.4 (Sirazetdinov). The zero solution 0u  of the 

nonlinear system is stable with respect to the metric  if the 

trivial solution of the corresponding linear system is 

asymptotically stable, ( )V t is continuous with respect to with 

the time derivative which satisfies the condition 

0,
L

dV dV dV

dt dt dt

     
       

     


where ( )L  and ( ) are time derivatives along the trajectory 

due to the linear and nonlinear part of the system, respectively. 
The nonlinear part of derivative is given as 

( , ) ( , ) ( , , , , )

( , , , , ) ( , ) ( , )] .

x

T

T

x

dV
u x t F x t u

dt

t x u F x u t dxd




 

  

 

 
     

 

  

 


The structure and derivation of the linear part of the time 
derivative for the particular choice of LF are both given in the 
next section. The nonlinear part of the derivative can be 
evaluated after the analysis for the linear part has been 
completed. 

IV. CONSTRUCTION OF A SIGN-DEFINITE INTEGRAL FORM 

AS A LF 

To illustrate the procedure we first consider the linear part 

of the problem ( 0)  for the operator xL  and the quadratic 

integral form 

, 1

( , ) ( , ) ( , ) ,
x

N

i ij j

i j

V u x t f x u t dxd


  
 



   

where the operator 
2( , )ijf x C   is twice continuously differ-

rentiable with respect to , .Mx    Calculation of the time 

derivative along the trajectory of the system 
t xu L u   yields 
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, 1

( , )
( , ) ( , )

( , )
( , ) ( , ) .

x

N
i

ij j

i j

j

i ij

u x tdV
f x u t

dt t

u t
u x t f x dx d

t



 


 

 



 



 
 

 

 


After integrating by parts and using Gauss divergence 

theorem in M we obtain the following form of the time 
derivative of the LF 

*

, 1

( , ) ( ) ( , ) .
x

N

i ij j

i j

dV
u x t L f u t dxd

dt 

 
 



   

In previous expression the adjoint operator *

ijL is defined as 

* ( ) ( ) ( ),ij ij jiL f f f  

where the corresponding operators ( )ij f and ( )ji f take the 

following forms 

1 1 1

2

1 1 1

( )
( ) ( )

( )

lN N M
ik kj

ij ik kj

k k l l

lpN M M
ik kj

k l p l p

f b
f f a

f c








 

  

  


 






 

 





And 

1 1 1

2

1 1 1

( )
( ) ( )

( )
.

lN N M
kj ki

ji kj ki

k k l l

lpN M M
kj ki

k l p l p

f b x
f f a x

x

c x f

x x

  

  


 






 

 





Here we have considered that 1

0 ( ),u H  so the boundary 

conditions for functions ijf can be chosen in such a way to 

make surface integrals on  vanish.  

Now explore a functional  ( , )u x t that satisfies 

.
dV

dt
 

By taking into account the chosen quadratic integral form 
V as the LF and by considering the structure of calculated 

time derivative dV dt  

*

, 1

( , ) ( ) ( , ) ,
x

N

i ij j

i j

dV
u x t L f u t dxd

dt 

 
 



   

We can make a suitable choice for in the following form 

, 1

( , ) ( , ) ( , ) .
x

N

i ij j

i j

u x t x u t dxd


  
 



   

Comparing expressions for dV dt and yields the 

boundary 

value problem for the unknown set f in terms of a given 

right hand side :  

* ( ) .ij ijL f  

To construct a quadratic integral form as a LF actually 

means to solve for the unknown functions 
ijf for the given 

right hand side .ij
 Once the components of ( , )F x  are 

known, we first have to prove under what conditions V is 

positive definite. By choosing components of the quadratic 

form so that  is negative definite, we can apply the 

Theorem 3.4 and proceed with proving 0LV V V    to 

establish the stability conditions including the influence of 
nonlinear terms. 

V. A NONLINEAR WAVE EQUATION IN A DISSIPATIVE 

MEDIUM 

Consider a nonlinear wave equation [26] of a uniform 
string with the normalized length   with fixed ends 

(0, ) 0u t  and ( , ) 0,u t  where ( , )u x t  is the transversal 

displacement from equilibrium position 0 :u   

2 2

12 2
( , , , ).t

u u u
a b t x u u

tt x


  
  

 


Here a  and b are real constants, 
1  is a smooth nonlinear 

function with bounded variation defined on the domain 
0 ,t 0 , .x u      Rewrite the equation as a first 

order system 

2

1 2

1 1 2 12

2

1

( , , , ),

.

u u
a bu t x u u

t x

u
u

t


 

  
 








To put the system in operator form t Xu L u    denote 

2

21 1 1 2

2

( , ) ( , , , )
, , .

( , ) 01 0

x
X

b au x t t x u u
u L

u x t




    

      
     



We investigate the stability with respect to the metric  
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           
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And define the Liapunov's function V as  

 2

1 11 1 1 12

0 0

2 2 2

21 1 22

( , )
( , ) ( , ) ( , ) ( , ) ( , )

( , ) ( , ) ( , )
( , ) ( , ) ( , ) ,]

u t
V u x t f x u t u x t f x

u x t u x t u t
f x u t f x dxd

x x

 


  



   




 



  
 

  

 
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In connection with the corresponding integral form  

1 11 1
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2 2

22

( , ) ( , ) ( , )

( , ) ( , )
( , ) ,

[

]

u x t x u t

u x t u t
x dxd

x
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
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



 


 

 


where the coefficients of the integral form are expressed in 
terms of series 

11 22

1 1 1 1

sin sin , cos cos .sr sr

s r s r

sx r sx r 
   

   

    

We seek the solution of the adjoint linear system of PDEs 

of the form * ( )ij ijL f   in terms of series. By extracting the 

diagonally dominant modes  with  transformations 
rs s rs  

and ,rs s rs where 
rs is the Kronecker-delta with the 

properties  1for and 0 for ,rs rsr s r s      we are able 

to construct the operator ( , )F x   as 
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f x f x
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Here the elements of operator ( , )F x  are given as 
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1
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( , ) sin sin ,

2

1
( , ) sin cos ,

2

1
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2

1
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2
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s

s

s

s

s
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s

f x sx s
b

f x sx s
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b
f x sx s
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









 
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   

 
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   
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






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A. The Linear Part 

A formal solution of the linear part of the equation in terms 
of series can be written as 

1 2

1 1

( )sin , ( )sin ,s s

s s

u t sx u t sx 
 

 

   

where { }s and { }s are two time dependent arrays of infinite 

order. Substituting the solution for the linear part of the prob-
lem in expressions for the metric ,  after performing required 

domain integrals, yields 

 2 2 2

1

.
2

L s s

s

s


 




  

Similarly, having employed some fundamental exercises 
among infinite sequences and series [17], the LF for the linear 
part of the problem takes on the following form 

2
2 2 2

1

2 2 2 2

( )
8

( 2 ( ) )

[

].

s s s

s

s s s s s

V s
b

b s


 

   





 

   




By using certain algebraic inequalities [17],[18] well-

suited for the problem at hand, one can prove that if
s
and 

s
are bounded then V is also bounded with respect to the 

metric ,L
i.e., 

1| | c .LV   Moreover, for 

( / 0, / 0)s sb b  it can be shown that the LF is positive 

definite with respect to the metric 
2c: 0,L LV   where 

1c and
2c are positive constants. 

In order to construct the appropriate structure of integral 

form , as a right hand side of equation representing the time 

derivative of LF, we employ the transformation 

( 2 / )rs rs   and (2 / )rs rs   in expressions for 
11

 

and
22

 and consider the series representation [6], [7], [10] 
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1

22

1

2
lim sin sin ( ),

2
lim cos cos ( ),

N

N
s

N

N
s

sx s x

sx s x

  


  








    

   






where ( )x  is the Dirac-delta function. Using the well-

known properties of the Dirac-delta function [8], [12], [14] in 
expression which defines the structure of the integral form 

yields 
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2

2 2

1
0

0,L

u
u dx

x

   
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 

From where it follows that the time derivative along the 
trajectory of the linear part of the system is negative definite, 

i.e., ( / ) 0,LdV dt    hence the linear part of the system is 

asymptotically stable. 

B. The Nonlinear Part 

The nonlinear part of the time derivative along the trajecto-
ry of perturbed solution is defined as  

  .
x

dV
Fu u F dxd

dt 


 

 
  

 
  

From an explicit form of previous relation we can establish 
the estimate [27] 

1 11 1
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2

1 11 1 1 12

2

21 1 11 12 21

2

1 1
0 0 0

( , ) ( , ) ( , , )

( , )
( , , ) ( , ) ( , ) ( , , ) ( , )

( , )
( , ) ( , , ) max[| |,| |,| |]

| | | | .

[

]

[ ]

dV
u x t f x t

dt

u t
x t f x u t x t f x

u x t
f x t dxd f f f

x

u
u dx dx dx

x

 
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  


    



   



 
  

 


   




  




 



 

  



If the nonlinearity of 
1 is such that we can prove the 

following inequality expressed in terms of absolute values 

| ( / ) |
1,

| |

dV dt
 

Then the basic solution is stable with respect to the metric 

L
where the effect of nonlinearity has been included in the 

estimate. To obtain the qualitative bound for the magnitude of 

nonlinearity the particular form of 
1 has to be specified. Sub-

sequently, by using an integral inequality technique, the sharp-
er bound for the threshold of stability can be established. 
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