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Abstract—An application of the direct method of Liapunov for
establishing stability criteria of smooth solutions for a certain
class of initial boundary value problems described by a system of
semi-linear hyperbolic partial differential equations is discussed.
The concept of Liapunov-like functional is utilized to investigate
some qualitative and quantitative stability properties of classical

solutions for a system of semi-linear partial differential equations.

The advantage of the method is that it does not require the
explicit knowledge of solutions. This feature may have a signifi-
cant impact on practical applications.
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l. INTRODUCTION

Stability analysis by the Liapunov's direct method has been
applied extensively to ordinary differential equations and its
theoretical background pertains to stability investigation of
ordinary differential equations. The extension of fundamental
ideas behind it to systems of partial differential equations
requires a generalization of basic principles to appropriate
function spaces where a motion over a finite or infinite time
interval is considered as an evolution of diffeomorphisms
governed by a system of hyperbolic semi-linear partial differ-
ential equations. The essential feature of the second or the
direct method of Liapunov is that the qualitative aspects of
evolution of solutions that define the stability of the system are
determined by means of an auxiliary function whose proper-
ties are established directly in accord with the theoretical
framework of the theory itself without recourse to the solution
of the system. To determine stability which in some cases
implies existence, we do not need to know the actual solution
of the problem. The most difficult part of the procedure is the
construction of the Liapunov's functional. There is no general
or unique way to find or construct the appropriate Liapunov's
functional except in some special cases which belong to a
class of linear homogeneous problems. Some authors exploit
an energy-like functional in accord with the classical concept

of stability due to the second or the direct method of Liapunov.

In practice, the kinetic-like energy functionals as combinations
of L, integrals of appropriate field variables are used to

determine domains of stability. However, there are many
situations where such an approach fails. The natural extension
of the standard energy method is essentially the method of
generalized energies used as Liapunov's functionals where by
means of an integral inequality technique sharp quantitative

© 2015. The authors - Published by Atlantis Press

stability bounds can be established. Stability or asymptotic
stability is usually proved in terms of some positive definite
norm by constructing Liapunov's functional whose positive
definiteness with respect to the chosen norm together with
negative definiteness of its time derivative along the trajectory
of the system implies asymptotic stability with respect to the
chosen norm. In the most general form such a procedure gives
conditions for asymptotic stability in the large, since there is
no restriction on the size of initial data, but only on their
smoothness, no restrictions on the size of nonlinearity, but
only some restriction on the form of nonlinearity. In general
however, it is very difficult to consider the stability problem in
the large, because the severe nonlinearity makes it very
difficult to construct the appropriate Liapunov's functional.
Problems of this kind can be resolved to some extent by
considering the asymptotic stability in the first approximation
as a result of consistent linearization of originally nonlinear
problem. In this work we use an idea of constructing quadratic
integral forms for which the Liapunov-like functionals are
well suited for determining positive and negative definiteness
of certain types of functionals. The method is quite general
and can be applied to a large class of problems.

The paper is divided into two major parts. In the first part
we discuss some general ideas within the established theoreti-
cal framework and define a general type of the problem to
which the techniques described in the theoretical part of the
paper can be applied. We discuss possibilities of constructing
the Liapunov's functional in terms of a quadratic integral form
and the application of the integral form in stability analysis
based on the extended principles of the Liapunov's direct
method. In the second part we treat a nonlinear damped wave
equation and illustrate the application of theoretical apparatus
developed in the first part.

Il.  BASIC DEFINITIONS
In what follows we give basic definitions needed for

further development [28]. These definitions hold for a general
set of PDEs of the form

ou=g(x,u,vu,.) :Q

With the corresponding homogeneous boundary conditions



G(xu,..)=0 :0Q.

However, in the course of the paper we apply the theory to
a special set of semi-linear PDEs. In particular, we discuss
semi-linear systems

ou(x,t) = Lu(x,t) + M (u(xt))

Or semi-linear wave equations

O u(x,t) = Lu(xt) + N'(u(xt)),

where ueR" depends on time ®e[t,= ,T <oo]'and

xeQc RY with the given sufficiently smooth initial data.
The semi-linear operator is of the form

N NMBu
L, ()= D a;(xu; + D> by (X)6_+
= =1 k=1 X
N M M o%u
2226 (- —
=1 k=1 1= OX, O,

The corresponding initial and boundary conditions are
given as

U, =U(X,t)) (i=12...N),

N M ou.
DIAU+Y AN =0 Q.
j k=1 an

j=1

N (u(x,t)) is a nonlinear vector function well defined and
continuous in its arguments in the domain of variation of all
arguments contained in R".In general, the solution of the

nonlinear hyperbolic problem may not remain smooth for all
time. We study the stability of admissible classical solutions,

i.e., solutions which belong to the class of C'spatially differ-
entiable functions. Coefficients a; (x), b(x), d;(x), e} (x)
and ci'j' (x) are continuous, partially differentiable functions of

the class C'and C? respectively. We assume that for any
initial data u, satisfying the required smoothness conditions
there exists a unique solution of the boundary value problem
u(u,, t,,t) with the following properties: u(u,,t) is defined for
all t>t,; u(u,,t) is continuous in t and u,; u(u,,t,) =u,
defines the initial state of the system. Then for fixed
Uy, u(u,,t,,t) defines a process, trajectory, motion or any

other admissible state of the system described by a set of PDEs.

If the problem is linear (A (u(x,t)) =0)it is always possible
to express the stability of a given solution u(x,t) in terms of

the stability of the null solution also called the zero solution,
the trivial or the basic solution. Then the stability of every
solution of the linear system can be determined by the stability
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of the null solution. If the system is nonlinear the behavior of
the null solution cannot describe the behavior of all solutions.
The classical stability definitions for the first approximation of
consistently linearized systems [13], [21], [26] have to be
extended and generalized as described for example in [2], [24],
[28] and especially [27]. We investigate the stability of the
zero solution of the problem that is formu-lated as follows. Let
G(x,t) denote basic unperturbed motion (flow) and let

a(x,t) denote perturbed motion (flow). Then the difference

u(x,t) =a(x,t) —u(x,t)

Defines the perturbation satisfying the homogeneous
boundary conditions

u(x,t)=0 :0Q,

Since in the process of perturbation we keep boundary
conditions fixed. The leading equation for the evolution of
disturbance is defined by a system of semi-linear PDEs.

A. Function Spaces, Norms, and Metrics

Let L,(Q), 1< p <oo designate the space of Lebesgue
measurable functions u defined on an open, bounded domain
Qc R"where |u|® are L-integrable over Q and let L, (<) be

a space of square integrable functions over Q with the corre-
sponding horms

1/p

L@l :(jg| u |de)

And

L@ v} o =] luFdQ.

Similarly, define the Sobolev space

H,(Q) ={u e L,(Q): Vue L, ()}

With elements that have one square integrable derivative
over Q with the corresponding k=1 norm
Tz

According to the definition we will investigate the stability
of the null solution which belongs to the subspace H; ()

whose elements have one square integrable derivative and
vanish on the boundary oQ:

M 2

2

i=1

a_u
OX;

Hﬂmm=DM£@+

L (@)



Ho(Q) ={ueH,(Q): u=0 on oQy}.

B. A Metric Space @ with the Metric o

Since the stability definitions in their most general form re-
fer to the abstract notion of a metric, neighborhood, and
equivalence [21], [22], we first define the metric space @ with
the metric o. Let

D = {u(Uy, by, 1)Uy =U(Up, tp)st €[ty T <oo]}

denote a function space where u(u,,t,,t) describes a

process, trajectory, motion or any other admissible state of the
system described by a set of PDEs. The metric o is defined on

@ if for any two elements ¢ e ® and y € ® there exists a
real number (¢, ) with the following properties:

1) o(g.w) is a positive definite function o(¢,y)=0;
o(py)=01if g=y.

2) o(¢w) satisfies the
olgw)<oly,m)+o(m¢) V ned.

3) a symmetry condition: o(¢,w) = o, @).

triangle  inequality

Two metrics o, and o, are equivalent if there exist two
positive real constants a>0, b>0 such that

ag (u,v)<g,(uv)<bg(uv) V (uv)ed.

Any such positive definite function can be used to define a
neighborhood S of a solution u as an open ball with the center
at uand aradius d

S(u,d)={u,ve®:p(u,v) <d}.

In the same way we can define the neighborhood
S(0,d) of the trivial solution u=0.

C. Choice of the Metric o

The relative freedom in choosing the positive definite
function may have its drawback in the sense that for a given
system one choice of the metric may imply stability, but not
the other. The final choice of the metric depends on the
particular problem. For example, if some local properties of
the solution are investigated then a uniform metric such

as sup,, |u| should be employed. On the other hand, for the

overall stability investigation over the domain Q mean value
integrals can be utilized so that the metric o belongs to the

L, (@) or H, () spaces. These spaces make good choice since
many useful relations which can be directly applied in stability
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analysis have been established [1], [20]. In particular, we will
focus on the following two types of metrics:

0= 4 = J.u" (x DU DK

N
:J’QZufdxl...dxM, 0eL(Q)
i=1

And

0 :||u||i|1 @ = jg[uT(x,t)u(x,t)+Vu(x,t)T vu(x,t)] dx

:J.QZN:{UiZ(x,tHi{%J }dxi...dxM.

I1l.  FORMULATION OF THE LIAPUNOV'S DIRECT METHOD

FOR STABILITY

Stability analysis by the Liapunov's direct method has been
originally developed for stability investigation of ordinary
differential equations [3], [4], [13], [16], [21], [25], and later
extended to partial differential equations [5], [15], [22], [26],

where authors dealt mostly with linear systems of PDEs and
stability analysis in the first approximation, i.e., the stability
analysis of the linearized systems. Nonlinear equations were
treated in the works of [2], [11], [18], [23], [24], [28], and
especially in the work of Sirazetdinov [27].

Before proceeding to the main theorems, we give the
following stability definitions needed for further development.
Let ¢ and & be real numbers. Referring to the metric space
@ we have the following general stability definitions:

Definition 3.1: The zero solution u(x,t) =0 of the initial
boundary value problem is said to be stable with respect to o
if for every &£>0 there exists a constant 5(¢) >0 such that
0(Uy,0) <0 < p(u(u,,t),0)<e Vt=0.

Definition 3.2: The zero solution is said to be
asymptotically stable with respect to the metric o if

1) the zero solution is stable.

2) all solutions which are bounded
o(U,,0) <o remain bounded for all time

o(u(u,,t),0)< e Vt>0 and !img(u(uo,t),O) =0.

initially
so that

Now we state a theorem on asymptotic stability which de-
pends on the construction of the Liapunov's functional. A

functional V [u]defined on ® which maps a vector function
u(x,t) e @ into a scalar function of t and which satisfies the
conditions of the Liapunov's stability theorem is called the
Liapunov's functional.

Theorem 3.3: Liapunov's Stability Theorem. (Liapunov's
Direct Method). Suppose there exists a functional



Y[u(xt)]=V(t) differentiable in t along every solution curve
u(x,t) such that V(0) =0and

1) V is positive definite with respect to o ;
2) V admits an infinitesimally small upper bound ;
3)V (u(uo,t)) is non-increasing for t >0V u, € S(0,d) ;

4) There exists a positive constant d’ such that
0<d'<d: V(u(u,,t)) >0 as t—>owoVu,eS5(0,d");

then the zero solution u(x,t) is asymptotically stable with
respect to the chosen metric o. In practice we can prove (1-4)
in three steps; in what follows « and y are positive constants:

1) V(u) > @0®(u,0), a>0;
2) V()< 70°(u,0), »>0;
3) dV(u)/dt<0 ¥V t>0;

where the time derivative along the trajectory is defined as

dv .1
—=lim—
dt At—0 At

—V[u(uy,ty,t),t]} <O0.

(V[UUg, o, t+AL), t + At]

Similar approach has been frequently used in many special
cases. For example, for conservative systems we may choose
V = E =const as the total energy of the system and then from
the principle of conservation of energy it follows that
dV (u(u,,t))/dt =0. In linear systems the choice of V similar

to o, i.e., V oc o’ is usually utilized. For nonlinear systems
1,2" can be applied only in the close neighborhood
S(0,d < 1) of the basic solution, whereas for nonconservative

and highly nonlinear dissipative systems the proper choice of
V is much more difficult.

The Liapunov's direct method for stability analysis has the
advantage that it does not require the explicit knowledge of the
solution. However, there is no general way to find an appropri-
ate Liapunov's Functional. Though choices of sign definite
forms are many, the time derivative of LF along the trajectory
of the system may exhibit such a complicated structure that the
determination of the sign definiteness of the resulting form
may become virtually impossible. We will discuss two
particular choices of the metric which may serve as the
Liapunov's functional. The first one is the classical square of
the norm,

V(x,t) = IQuT (x,u(x,t)dx =0, o =||u(x,t)||i2(m ,

whereas the other is just a generalization of the first
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V(xt)= jQuT (X, t)F (x,tu(x,t)dx, F(x,t) >0, Vt >t,.

The kernel F(x,t) represents a positive definite

continuously differentiable operator on xeQ for every
t>t, =0.

For systems of nonlinear PDEs of a special type with
L, denoting a linear operator and A representing the

nonlinear vector function of its arguments such that A/, _, =0

ou(x,t)

Lu(x,t)+ N (t,x,u,Vu,...),

Sirazetdinov [27] established the following theorem:

Theorem 3.4 (Sirazetdinov). The zero solution u =0 of the
nonlinear system is stable with respect to the metric o if the
trivial solution of the corresponding linear system is
asymptotically stable, V (t) is continuous with respect to o with
the time derivative which satisfies the condition

()5 ) (&) =

where (), and (), are time derivatives along the trajectory

due to the linear and nonlinear part of the system, respectively.
The nonlinear part of derivative is given as

(C:j_\t/j . :J.QXJ.Q;[UT (X’t)F(va)N(t.§,U,V5,...)+
NT(t,%,U,V,,.. )F (X, Eu(&,]dxd&].

The structure and derivation of the linear part of the time
derivative for the particular choice of LF are both given in the
next section. The nonlinear part of the derivative can be
evaluated after the analysis for the linear part has been
completed.

IV. CONSTRUCTION OF A SIGN-DEFINITE INTEGRAL FORM
ASALF

To illustrate the procedure we first consider the linear part
of the problem (W =0) for the operator L, and the quadratic

integral form
N
V=l L, 20 00% 000, & 0mds,
where the operator f;(x,&) e C? is twice continuously differ-

rentiable with respect to x,& < R". Calculation of the time
derivative along the trajectory of the system o,u=L,u yields



av
dt

au, (x,1)

f(x.&)u;(5.1)

u; (& t)dedg.

After integrating by parts and using Gauss divergence

theorem in R™ we obtain the following form of the time
derivative of the LF

SN

+0; (x,1) f (x 5)

I I ZU(X )L (F)u; (&, dxdé.

5J1

In previous expression the adjoint operator LIJ is defined as

L (F) = £, (F)+ £, (F),

where the corresponding operators ¢;(f)and ¢;(f)take the
following forms

'kblij
04(f)= Zf.kak,(é) ZZ .65(5)
N Mmoot el (€)
+ZZZ 080,
And
6fkjb' (x)

ﬁJl(f) szjakl() ZZ
DN RS

1=1 p=1

8201'5 (X) fkl
XX,

Here we have considered that u e H (), so the boundary
conditions for functions f; can be chosen in such a way to
make surface integrals on 62 vanish.

Now explore a functional Z/[u(x,t)]that satisfies

@ _
dt

By taking into account the chosen quadratic integral form
V as the LF and by considering the structure of calculated

time derivative dV/dt

‘I f ZU(Xt)L.J(f)u (&,t)dxd &,

<, j=1
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We can make a suitable choice for ¢/ in the following form

U= J.Qx J.Q i Y (X’t)uij (X' é:)uj (fat)dXd é:

Comparing expressions for dV/dt and U yields the
boundary

value problem for the unknown set f in terms of a given
right hand side ¢/ :

L (f)=

To construct a quadratic integral form as a LF actually
means to solve for the unknown functions f; for the given
right hand side 4. Once the components of F(x,&) are

known, we first have to prove under what conditions V is
positive definite. By choosing components of the quadratic
form U so that U/ is negative definite, we can apply the
Theorem 3.4 and proceed with proving V =V, +V, <0 to

establish the stability conditions including the influence of
nonlinear terms.

V. A NONLINEAR WAVE EQUATION IN A DISSIPATIVE
MEDIUM

Consider a nonlinear wave equation [26] of a uniform
string with the normalized length = with fixed ends

u(0,t)=0 and u(z,t) =0, where u(x,t) is the transversal
displacement from equilibrium position u=0:

U
B

82U

ES

ou

+bE+z//l(t,x,u,ut).

Here a and b are real constants, v, is a smooth nonlinear

function with bounded variation defined on the domain
0<t, 0<x<m —oo<U<oco Rewrite the equation as a first

order system

o _,0u

- =a 8x22 +hu, +y (t, x,u,,Uy),
ot

To put the system in operator form d,u =L, u+.\ denote

3 u, (x,t) L b
_(uxx,t)} |1

We investigate the stability with respect to the metric o

a

> _ (/ll(t,X,Ul,UZ)
| e-frte)

0



=L (5 et (5T

And define the Liapunov's function V as

aomu¢w@0+uwwmwsﬁ“@°

t)

V= ”u
ou, (x,t)

X

au (x t)

fL A (e 1)+ MY nx&f“GONM§

In connection with the corresponding integral form U/

U=

O'—-\

o, 0%, (&0

8u (x t)

au@o
Uy ()2 e,

where the coefficients of the integral form I/ are expressed in
terms of series

U, = iil]sr sinsxsinré, U, = iiﬂsr
We sseitlelliihe solution of the adjoinstiii;{éar system of PDEs
of the form I_fj(f) =U; in terms of series. By extracting the
diagonally dominant modes with transformations U = 4,5,
and U, =UG,, where &,
properties (5, =1forr=sand 5, =0for r =s), we are able

to construct the operator F(x,&) as

Here the elements of operator F(x,&) are given as

COSSXCOSTré.

is the Kronecker-delta with the

fa(x,€)
f(x. &)

f12 (X' 5)

0| fa(08)

f(x.8)= stzl‘,(zfl +U, )sin sxsins¢,
f(x&) = 2_1b§: ZJ insxcossé,
le(Xif)—Z—lbg z] COS SXSin s&,
fﬂ%h%é +@ ]mem%
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A. The Linear Part

A formal solution of the linear part of the equation in terms
of series can be written as

=Y a(t)sinsx, u, =) A (t)sinsx,
s=1 s=1

where {o }and {£.}are two time dependent arrays of infinite

order. Substituting the solution for the linear part of the prob-
lem in expressions for the metric o, after performing required
domain integrals, yields

0

o = %Z(asz + Szﬂsz )

s=1

Similarly, having employed some fundamental exercises
among infinite sequences and series [17], the LF for the linear
part of the problem takes on the following form

7t 2 2 92\ 77
—gp 2L+ U
+ (a2 =2a,p,+ B2 +57)A) U]

By using certain algebraic inequalities [17],[18] well-
suited for the problem at hand, one can prove that if /, and
U, are bounded then V is also bounded with respect to the
metric oL ie., |V I<cp,. Moreover, for
(U b >0,U /b >0)it can be shown that the LF is positive
definite with respect to the metric o :V >c,g >0, where
c,and c, are positive constants.

In order to construct the appropriate structure of integral
form U, as a right hand side of equation representing the time
derivative of LF, we employ the transformation
U, =(-217)8, and U, =(2/ )5, in expressions for U,
and U, and consider the series representation [6], [7], [10]

U, = ~2 im 25lnsxsm s&=-0(x-9&),

7z'N~>:>o

U, == 2 lim Zcossxcoss§ =—6(x=¢),

ﬂ-‘)va

where o(x—¢) is the Dirac-delta function. Using the well-
known properties of the Dirac-delta function [8], [12], [14] in
expression which defines the structure of the integral form
U yields



™ au :
—_ 2 2 =
U= Io u1+[axj dx=—p, <0,

From where it follows that the time derivative along the
trajectory of the linear part of the system is negative definite,
i.e., (dV /dt), =U <0, hence the linear part of the system is

asymptotically stable.

B. The Nonlinear Part

The nonlinear part of the time derivative along the trajecto-
ry of perturbed solution is defined as

((:j_\t/J ’ =.[QX.[Q5[/\/’ Fu+u FAdxdé.

From an explicit form of previous relation we can establish
the estimate [27]

(c(ij_\t/j = J.o”J.o”[ul(X’t) £, (6w (60t,..)
. au, (&,1)

o5
fu (6 O (&t )] dxda<max]] £, L] £, 1] iy 1%

+yn (6t ) F (U (60 +ya (L) Fp (X 6)
N ou, (x,t)
X [.[0”| u, |dx+J'0”

If the nonlinearity of y;, is such that we can prove the
following inequality expressed in terms of absolute values

0 .
% ax] [, ldx.

@ rdy, |,
|U]

Then the basic solution is stable with respect to the metric
o, where the effect of nonlinearity has been included in the

estimate. To obtain the qualitative bound for the magnitude of
nonlinearity the particular form of y, has to be specified. Sub-

sequently, by using an integral inequality technique, the sharp-
er bound for the threshold of stability can be established.
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