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Abstract—Based on the numerical calculation method, a 

program is designed to solve the field distributions and 

equipotential lines in a electrostatic immersion objective. 

Then the characteristics are discussed. Successive 
approximation method is used to solve the finite difference 

equation of field distributions and the scan-line searching 

method is used to solve the coordinate of equipotential lines. 

Results from the program show that the rotationally 

symmetric electric field is characterized by nonuniformity so 

that the electron beam can be focused and imaged. Also axial 

potential distributions are nonlinear to produce a radial 

force and equipotential lines are distributed in a saddle on 
the nearby axial extreme point of potential. The program 

offers a exact and effective way to design the electrostatic 

immersion objective.  

Keywords-electrostatic immersion objective; successive 

approximation method; field-distribution; potential; CAD  

I.        INTRODUCTION 

A charged particle beam is concerned in many major 
research fields of science and technology[1, 2], such as the 
electronic beam devices widely used in scientific research 
and the microwave vacuum devices used in the exploration 
of the universe, satellite communications, navigation and 
tracking. A variety of electron spectrometers[3, 4], mass 
analyzers[3, 4] and electron microscopys[5] which are 
necessary to do the basic science research are related to the 
forming and focusing on charged particle beams. Also it 
exists in modern electronic and ion beam micromachining 
technology, in high energy particle accelerator, in 
controlled thermonuclear reaction. In the promotion of 
these continuous development of production practice and 
scientific experiments, it is required to explore how to 
control the movement of charged particles by using 
electric and magnetic fields. 

Electrostatic immersion objective is widely used in 
electron guns, image tubes, image intensifiers and other 
electronic optical systems[6-8]. A controllable fine 

electron beam with the directional projection and focusing 
forming is the major working substance in a variety of 
electrical vacuum devices as well as electron microscopes, 
electron beam exposure machines, and so on. 

To analyze and design various electronic optical, the 
methods often are simulating devices, model test or 
numerical calculation[8-10]. For the electrostatic 
immersion objective, only similar results can be got and it 
is difficult to value the imaging quality and set the related 
parameters by the various kinds of existing simulating 
devices due to the limits of accuracy or other reasons. By 
the model test of the removable electronic optical, the 
effects of various factors together are generally believed to 
be closer to the reality. However, by this method it is not 
only difficult to analyze the effect of an individual fact and 
determine an individual aberration, but also the achieving 
results still differ from the actual situations. In addition, 
due to the longer period for an experiment, the method is 
often taken with other way cooperatively.  

By numerical calculation method high accuracy can be 
achieved, and various aberrations and even the electron 
optical transfer function can comprehensively be 
calculated. However, it fails to be applied due to 
restrictions on the level of technology in the past. Now due 
to the development of the fast electronic computer 
numerical calculation has being the accurate and effective 
method for analyzing and designing the imaging system of 
the electrostatic immersion objective. 

II.      NUMERICAL CALCULATIONS OF FIELD DISTRIBUTIONS 

AND EQUIPOTENTIAL LINES 

A. Finite difference equation 

Potentials of electrostatic field satisfy the Laplace 

equation with 
2 0    in the absence of space charge. In 

the electron optics, the electrostatic field is often a two 
dimensional one including the flat field and the axial 
rotational symmetric field. However, there are different 
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forms of difference because of the different form of 
Laplace equation, but the discrete treatment is the same in 
math. If the potential distributions on the meridian flat are 
expressed as (z, r) in the flat field and axial symmetric 
field, the Laplace equation in flat field will be  
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It can also be unified rewritten as 
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where β=1 means the flat field, and β=r means 
rotational symmetric field. 

The continuous field in the solution area in (z, r) flat is 
scattered by the method dividing the region using the 

equidistant (h1=h2) and unequidistant (h1 ≠ h2) grids 

constituted by the lines z=±ih1 (i=0, 1, 2, …, m) and 
r=±jh2 (j=0, 1, 2, …, n) which are parallel to coordinate 
axes. The intersection points of grid lines are known as 
nodes and the distance between two adjacent nodes are 
known as step. The continuous point set in solution area is 
turned to the discrete one, so that it can approximately 
replace the partial differential equations in continuous field 
by the corresponding difference equations. The potential 
values of nodes can be got by solving the difference 
equations by numerical calculation method and known as 
the approximate solution of (3). In this paper, the finite 
difference method is used to solve the equations as follows. 

To establish five point difference format, as shown in 
Fig .1, the difference equations can be expanded by Taylor 
series without high-order items considering a point in 
solving region with coordinate (z0, r0), voltage V0 and the 
distance to other adjacent points h, and the other four 
points’ potential respectively V1, V2, V3, V4. The 
difference format is shown as 
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Figure 1.    Isometric difference grid. 

Laplace equation of rotational symmetric field in 
differential form can be got by feeding the (4) into the (2) 
as 

 
1 2 0 3 0 4 01 / 2 1 / 2 4 0V V h r V h r V V      （ ） （ ）  (r0≠0),  (5) 

where r0 is the radial coordinates of V0 (distance from axis 
of symmetry). The upper equation is only for the points in 
the solution region. For the points on the axis of symmetry, 
the upper equation can’t be applied due to the conditions 

of r0=0 and 
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to get the Laplace equation 
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By replacing the differential with difference, the equation 
can be expressed as 
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So to the any nodes the potential can be considering as 
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For the n nodes’ grid the equations are 
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The matrix linear algebra equation group depends on 
discretization of grid nodes. for the numerical solution 
with enough accuracy, there are large numbers of nodes 
due to generally smaller value of step h, and the equations 
are solved by iteration method in common.  

B. Iterative method 

To solve the difference equations, the same time 
displacement iteration method, successive iteration method 
and successive over relaxation iteration method can be 
used. The same time displacement iteration method is 
unfavorable with very slow convergence rate and taking up 
more memory. The successive iteration method saves 
memory and accelerates the convergence rate.. Although 
the speed of the successive over relaxation iteration 
method can be greatly faster, the super relaxation factor is 
difficult to select. Considering the accuracy and speed of 
iterative method, successive iteration method is 
appropriate to solve the difference equations.  

In successive iterative method, for the (k+1)th iteration, 
the potential of (k+1)th iteration is used not the kth 
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iteration when considering the points over the (k+1)th 
iteration. This iterative method saves the computer 
memory and accelerates the convergence rate. The 
equation for the successive iterative method is  
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In five point difference, it is 
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where the residual error is defined as the potential 
difference between the adjacent two iterations as 
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C. Boundary and grid point processing 

First of all, divide the calculated region into equidistant 
and unequidistant grids in vertical and horizontal. The 
smaller grid step is taken up in the area where potential is 
faster or fine processing is required. If potential change is 
flat or fine processing is not required, you can use larger 
grid step. 

Secondly, the grid points are divided into four types 
according to their properties.The normal point is in the 
interior of calculated area, and the surrounding four points 
which are the inner points of the whole step are involved in 
the iterations. Special point is in the interior of calculated 
area and nearby less than one whole step at the distance 
from boundary at least in one direction. Its iterative 
coefficients are calculated by the distance from boundary 
and grid step and nearby the boundary points are not 
involved in the iterations. Boundary point is on the 
boundary or whose distance is less than the given value 
from the boundary. The potential of boundary point is 
equal to the boundary’s one and the boundary point is not 
involved in the iteration. External point is outside the 
boundary of the calculated region G. The potential of 
external point is equal to the boundary’s one and the 
external point is not involved in the iteration. 

Finally, the boundary should be enclosed. When the 
actual electrode system is opened, an approximate method 
can be used by broadening the electrodes to a certain 
extent as a fixed potential boundary. In potential gap 
position where the potential is changing, regard the axial 
potential is linearly changed. Next take the rotational 
symmetrical electrode system as a example. Add a 
supplement boundary with horizontal line along the Z 
direction between the equiradius of double cylinder 
electrodes. In case of the endpoint coordinates za and zb, 

and endpoint potential Va, Vb, the potential of supplement 
boundary is calculated by linear interpolation as 
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For the equiradius add the complementary boundary 
along the r direction perpendicular. In case of the endpoint 
coordinates ra and rb, and endpoint potential Va, Vb, the 
potential of supplement boundary is calculated by 
logarithm interpolation as 
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By this way the errors are enough small.  

D. Calculation of the equipotential lines 

Derived from the theory, the equipotential lines on 
meridian plane satisfy the differential equations as follows:  
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where s is the arc length of the independent variables. 
The required equipotential lines should be expressed as  

 r=r (s), z=z (s),   (19) 

which is called tracing method.  
In fact, more simple and practical “scan-line searching 

method” can be used to calculate a series of points in 
equipotential lines independently. For the equipotential 
line of Vd, line search along each transverse can be carried 
out to check the potential of every grid point. For example, 
scanning along the line j, if Vj, i is found less than Vd and 
Vj, i+1 is more than Vd, the coordinates can be solved by 
linear interpolation between Vj, i and Vj, i+1 as 
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Similarly, column scanning can be done along every 
column to draw the corresponding equipotential lines. 
Calculations show that the equipotential lines are smooth 
enough when the accuracy of iteration is high enough.  

III.       PROGRAMMING AND RESULTS 

A. Programming 

Based on the numerical calculation method, a program 
is designed to solve the field distributions and 
equipotential lines in a electrostatic immersion objective. 
Successive approximation method is used to solve the 
finite difference equation of field distributions and the 
scan-line searching method is used to solve the coordinate 
of equipotential lines. Immersion objective is also known 
as the cathode lens whose field distributions has been 
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extended to the cathode plane of zero potential. In the 
electron beam tube immersion objective generally consists 
of three electrodes, cathode, modulation and accelerator. In 
imaging tube, it generally consists of two coaxial circular. 
All the structure of immersion objective is axial rotational 
symmetric. In a variety of fine beam tube, except for the 
geometrical size varied, immersion objective is almost the 
same in basic structure.  

Structure of the electrostatic immersion objective are 
shown in Fig.2 with the variouses including the cathode 
potential of Vc, modulation potential of Vm, accelerator 
potential of Vn, distance from modulation to cathode of L1, 
width of modulation of L2, distance from modulation to 
accelerator of L3, width of accelerator L4, length of 
supplement boundary of L5, distance from modulation to 
symmetric axis of r1, distance from modulation top to 
symmetric axis of r2, distance from accelerator bottom to 
symmetric axis of r3. The program design flow is divided 
into three modules, namely the initialization of program in 
Fig.3, an iterative solution in Fig.4 and solving 
equipotential lines in Fig.5. 

Running the program, see the presentation of entering 
cathode potential of Vc, modulation potential of Vm, 
accelerator potential of Vn with the unit of V. enter the 
parameters with “space” key as interval and “enter” key as 
end. Then enter the parameters related with boundary and 
electrodes following the notice. Also the grid size is 
required. With the entering parameters program takes the 
iterations and then prints the data of field distributions. 
After that, enter the potential of equipotential lines and end 
the program with chars “12345”. 

 

Figure 2.   Structure and variouses of the electrostatic immersion 

objective. 

defining a[t1][t2], z[t1], r[t2], zd[t1], rd[t2], i, j, n, , et al. 
Giving initial value to a[t1][t2] and grid size d1, d2 

Entering boundary conditions 
calculating L, S1, S5, S6, S7, S8 

i=0 to s1 

 z[i]=i*d1 
i=0 to s2 

 r[i]=i*d2 
i=0 to s2 

 a[0][i]=Vc 
 i=0 to s3 

a[i][s2-1]=Vc+ (Vm-Vc)* (z[i]-z[0])/ (z[s3-1]-z[0]) 
initialization of boundary of modulation 

i=s5-1 to s6 

 a[i][s2-1]=Vm+ (Vn-Vm)* (z[i]-z[s5-1])/ (z[s6-1]-
z[s5-1]) 

initialization of boundary of accelerator (Vn) 
 

Figure 3.   Flow chart of initialization of program. 

if d>e 

 d=0 

i=1 to s1-1 

 j=0 to s2-1 

 j=0 

true false 

b=(a[i-1][j] 
+a[i+1][j] 

+4*a[i][j+1]) 
/6 

inner of boundary 

true false 

b= (a[i-1][j]+a[i+1][j] 
+ (1-1/2*j)a[i][j-1]+ 
(1+1/2*j)[i][j+1])/4 

b=a[i][j] 

|a[i][j]-b|>d 

true false 

d=|a[i][j]-b|  

a[i][j]=b 

print the potential of nodes 
i=0 to s1 

 print the axial potential a[i][0] 
 

Figure 4.   Flow chart of iterative solution. 

Vd=1 

if Vd≠12345 

 N=0 

entering the potential of required equipotential lines Vd 
Vd≠12345 

true false 
j=0 to s2  

 i=0 to s1-1 
 outside of electrodes 

true false 

 Vd between a[i][j] and a[i+1][j]  
true false 

calculating 
rd[n], zd[n] 

a[i][j]=Vd 
true false 

rd[n],zd[n],n++  

i=0 to n 
print the coordinate (zd[i], rd[i]) 

 

Figure 5.   Flow chart of solving equipotential lines. 

B. Calculation example and result analysis 

The author considers the black and white imaging tube 
(type: 31SX—A) as example with the parameters of 
Vc=0V, Vm=-27V, Vn=120V, L1=0.13cm, L2=0.1cm, 
L3=0.18cm, L4=0.2cm, L5=0.6cm, r1=0.24cm, r2=0.7cm 
and r3=0.24cm. Grid size is set at d1=0.015cm and 
d2=0.025cm. The iterative precision of e is set at 0.001. 
The distributions of axial potential and equipotential lines 
are achieved and shown in Fig .6 and 7 respectively. 
Results show that the rotationally symmetric electric field 
is characterized by nonuniformity so that the electron 
beam can be focused and imaged. Also axial potential 
distributions are nonlinear to produce a radial force and 
equipotential lines are distributed in a saddle on the nearby 
axial extreme point of potential.  
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Figure 6.   axial potential distributions. 

 

Figure 7.   Distributions of equipotential lines. 

IV.       CONCLUSIONS 

Based on the numerical calculation method, a program 
is designed to solve the field distributions and 
equipotential lines in a electrostatic immersion objective. 
Successive approximation method is used to solve the 
finite difference equation of field distributions and the 
scan-line searching method is used to solve the coordinate 
of equipotential lines. In the calculation, the iterative 
precision of e is set at 0.001 which is enough to describe 
the field distributions, also it could be a higher precision.  

Running the program results show that the rotationally 
symmetric electric field is characterized by nonuniformity 
so that the electron beam can be focused and imaged. Also 
axial potential distributions are nonlinear to produce a 
radial force and equipotential lines are distributed in a 
saddle on the nearby axial extreme point of potential.  
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