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Abstract. In this paper, the concept of preconvexlike functions is introduced. Then, under the
convexity, the vector optimization problem in Hausdorff topological vector spaces is studied. A
theorem of the alternative is established. By use of the theorem of the alternative, a necessary
optimality condition for vector optimization problems in infinite-dimensional linear spaces are
obtained.

Introduction

Optimality conditions are a key topic in optimization: they are useful not only for identifying
solutions of the problem, but they are also crucial in designing numerical methods for
approximating the solutions. It is well known that theorems of alternative are very useful for
optimality conditions in optimization problems (see [1]-[16]). Giannessi ([6]-[7]) stressed the
concept of image of constrained extremum problems, which has turned out to be a powerful tool for
investigating optimality conditions in optimization.

On the other hand, convexity and generalized convexity are playing some central roles in
optimization. Fan [5] introduced the concept of convexlike condition that was of interest for
extensions of the von Neumann minimax theorem. Later, Jeyakumar ([10]-[12]) presented the
concept of subconvexlike function, which generalized Fan’s convexlikeness. Recently, theorems of
the alternative were generally employed to derive many result in optimization for convexlike or
subconvexlike functions ([1], [3], [6]-[9],[10]-[14]). Among these, Gwinner and Oettli ([9]) studied
functions defined in arbitrary nonempty sets; Jeyakumar ([10]-[11]) and Giannessi (Ref. [6])
considered the situations of Banach spaces, normed spaces, or finite-dimensional Euclidean spaces;
Jeyakumar ([12]) and Li ([13]) attained some theorems of the alternative for subconvexlike
functions and optimality conditions for vector optimization problems in locally convex Hausdorff
vector topological spaces.

In this paper, first we introduce the concept of preconvexlike functions. Then, a theorem of the
alternative for preconvexlike functions in Hausdorff topological vector spaces is established. By use
of the theorem of the alternative, we obtain a necessary optimality condition for vector optimization
problems in Hausdorff topological vector spaces.

Definitions and Lemmas

Let X be a real topological vector space, let Y * be the topology dual of X . A subset K

of X issaid to be a convex cone if
ax, + pX, € K, VX, X, e K,Va, 20.

A positive cone is a convex cone with apex at the origin.

A real topological vector space X with a convex cone is said to be an ordered topological
vector space. The partial order on X is defined by x, <, x,, iff X, —-x €K, X <« X, iff
X, — X €intK, where intK is the topological interior of K.

Setting K*={&e X*:(&,x)>0,vxe K}, K* issaid to be the dual cone of the positive cone
K .
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Lemma 2.1. ([4]) Let X be a Housdorff topological vector space. If &< K*\{O} and
X, €IntK , then (&,x,)>0.

Let X be a real topological vector space, let Y be an ordered topological vector space with a
positive cone K, . A function f:X —Y is said to be K, -convex on X iff,
VX, X, € X, Vae(0)), of (x)+A-a)f(x,)— f(ax +(1-a)X,)eK,.

Definition 2.1. ([5]) Let X Dbe a real topological vector space, let Y be an ordered topological
vector space with a positive cone K. A function f:X —Y is said to be K, -convexlike on X
iff, Vx,x,e X, Vae(0,1),3x; e X such that

of (x)+1L-a)f(x,)—-f(x;)eK,.

Definition 2.2. ([10]) Let X be a real topological vector space, letY be an ordered topological
vector space with a positive cone K,, and E anonempty subset of Y. Afunction f:X —>Y is
said to be (K;,E)-subconvexlike on X iff 3 a bounded E -valued function u:X —Y, for
VX, X, € X, Va € (01), 3x, € X such that

au+aof (x)+0-a)f(x,)-f(x)ekK, .
In particular, if E=Y ,then f issaidtobe K, -subconvexlikeon X.

In this paper, we introduce the definition of preconvexlikeness as follows.

Definition 2.3. Let X be a real topological vector space, letY be an ordered topological vector
space with a positive cone K,. A function f : X - Y is said to be K,-preconvexlike on X iff,
VX, X, € X, Vae(01), Ix, € X and 3z >0, such that

aof (x)+Q—a)f(x,)—1f(x)eK, .

We will establish a theorem of the alternative in the following.

Let X be a real topological vector space, let Y,Z,W be Hausdorff topological vector spaces
with respectively positive cones K,,K,, K;, which are supposed to have nonempty interiors (say)
intK,,intK,,intK,

Definition 2.4. ([14]). Let F: X —»Y, M cY . For each neighborhood R of the origin O of
Y , if there -exists a neighbornood U of the origin of X such that,
vxe (xX+U)ND(F),F(x) e (F(xX)+R)+ M, then F is said to be M -continuous at x', where
D(F) denotes the domain of F .

Theorem 2.1. Assume that the functionsF: X »Y G: X »>ZandH: X ->W satisfy the
conditions (a) f =(F,G,H) is (K,xK,x{O},Y xZ x{O})-preconvex -likeon X ; (b) the Slater
condition(SC1):

<y w) e Gr(f) ={(x,F(x),G(x),H(x)): x e X}such that z'<;,, 0 andw'=0;

(c) the continuity condition: F is (—K,) -continuousat x' and G is (-K,)-

continuous at x'; (d) the inner point condition: for all neighborhoods R of the origin of Y, for
all neighborhoods S of the origin of Z, there exists a neighborhood T of the origin of W such
that T<H(U), where

U={xeX:F(x)eF(X)+R-K,G(x)eG(x")+S—intK,}.

Then, one and only one of the systems (S1) and (S2) has solutions:

(81) I, e X suchthat F(X,) <ixk, O,G(X) <, O,andH(x)=0 .

(S2) 3(&.n.¢) e{K, *O}x K, *xW=}
such that
(& FON+n,G(x)+({,H(x)) 20, VxeX.
Proof. If x and (&,n,<)are the solutions of the systems of (S1) and (S2) respectively, then by
Lemma 2.1,

0<(&,F(x)) +(1.G(x)) +(Z, H(x)) <(5,F(x)) <0.
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This is a contradiction. Therefore, (S1) and (S2) exclude each other.
We suppose now that (S1) is impossible; we aim to show that (S2) holds. Let

C= Ut>0(tB + P) ,where B ={(F(x),G(x),H(x)):xe X} and P ={intK, xK,x{O}}, O is the
origin of W . At first, It can be easily proved that C is convex.
Now, we are going to show that intC = &. From the Slater condition (SC1), 3X € X such that
G(X') <ixk, O, H(X")=0. Therefore, 3a neighborhood S of the origin O of Z such that
-G(x')+S cintK,. (1)
On the other hand, if we take yeintK, such that y—-F(x')eintK,, then 3 a neighborhood
R oftheorigin O of Y suchthat (R+Ris also a neighborhood of the origin of Y)
y-F(x)+ReintK,. (2)
Let T be the same as in condition (d). Then, we can prove that
(V+R)xSxT cC.
In fact, V(y,z,w)e(Yy+R)xSxT, from (d), 3xeU such that w=H(x), where U is the
same as in condition (d). By (c), there exists y;,z, such that
y,=F(X)e F(xX')-R-K,, z,=G(x) e G(x")-S -K,. (3)
Therefore, combining (2) and (3), we have
y—-v,€(y+R)-(F(X)-R-K,) cy-F(X')+R+R-K, cintK, + K, =intK;,.
Similarly, by (1) and (3), we have z-z, eintK,. Hence,
(y,z,w) =(y,,z,,W)+(y—-V¥,,2—-2,0) c B+intK xintK, x{O}c C.
Therefore,(Y+R)xSxT < C andsointC = .
Finally, since (S1) has no solution, we have O ¢ C. Otherwise, if OeC, then 3x, € X such
that
t(F(x°),G(x°),H(x*)) +(V,Z,0) =0,
for some positive number t >0, where yeintK,Z e K,. Then, we would have

1. 1.,
I:(Xo) :_Iy <intk, O’G(Xo) = _¥Z <K, O,H (Xo) =0,

which implies that x, is a solution of (i), contradicting the assumption. Therefore, C is convex,

intC=y,and O¢C.
By the separation theorem of convex sets of a topological vector space,
Ju=(&En ) e (Y xZxW)* Y *xZ*xW * such that

(ut(F(x),G(x), H(X))) + {4, (y,2,0)) 2 0, (4)
for vxe X,V(y,z,0)e P =intK, xK, x{O}, vVt > 0. From (4), we see that
pe K FxK, *XW > |

Again, from (4), for any given (y,0,0)eP =intK,xK,x{O}and for a sequence {s,} of

positive numbers with s, — 0(n — ) , we have
(u, (F(x),G(x), H(X))) + (1,(s,y.0,0)) 20, vx e X .
Letting n— oo, we have
(& FX)N+ (.G (x)+({,H(x)) =0, vxe X.
On the other hand, if &=0, then
(n,G(x))+(,H(x))20,vxe X,
from which we deduce that
0<(n,G(X))+(¢,H(X)) =(n.G(X)) <0,

since by the Slater condition (SC1), G(X) eintK,7 e K*. This is a contradiction. Therefore,

& # 0. So, we have proved that, if (S1) has no solution, then (S2) has a solution.
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Vector Optimization Problems

In this section, we discuss vector optimization problems. Our preconvexlikeness and theorems of
the alternative will be used. We consider the program

(VP) min f (x), s.t.—g(x) € K,,h(x) =0,

where f: X >Y, g: X >Z,h: X >W.

Definition 3.1. x, € X is said to be a weakly efficient solution of (VPI) if Axe D such that
f(X) <, T(X),where D={xe X :g(x) <k, O,h(x) =0}

Definition 3.2. Let X,Y be Hausdorff topological vector spaces, and let ¢: X —Y . Let
X e X and x e X be a nonzero vector. The Hadamard directional derivative of gat X along the
vector x , denoted by ¢.(x) , is given by the following limit if it
exists: ¢', (x):tlirg](go(iﬂu)—go(i))/t. We say that ¢ is Hadamard directional differentiable if

u—>Xx

@'; (X) existsforany xe X.

Definition 3.3. Let S be anonempty setin X, and let X eclS. The cone of tangents of S at
X, denoted by T, is the set of all directions d such that d :i!imﬂk(xk —X), where 4, >0,

X, €S foreach k,and x, — X.

Theorems 3.1. Let S be a nonempty set in X, and let XS . Furthermore, suppose that
f: X —Y isHadamard directional differentiable atx . If X is a weakly efficient solution of the

problem to minimize f(x) subject to xeS , then F,NT=C , where
Fo={xe X f';(X) <, O} and T isthe cone of tangentsof S at X.
Proof. Suppose thatF, "T #<. Let xX'e F,nT. From x'eT, we have x':limﬂk(xk —-X),

where A4, >0, x S for each k, and x, - X. Set u, =4, (X, —X), then x, =X+tu, where
t. =1/4 - 0u, > X', x, €S.

Since f : X =Y is differentiable at X , by definition of differentiable,

f' o (x) =tILn;+(f (X+tu)—fF(X)/t,.

From x'eF, , we have that f',(x')e-intK, . There exists k such that
(f(x+tu,)—f(X)/t, e—intK,. Thus, f(x,)— f(X)e—intK,. This contradicts that X is a
weakly efficient solution of (VVP). Therefore, F, T =.

Theorem 3.2. Let X be Hausdorff topological vector space and let Y,Z,W be Hausdorff
topological vector spaces with respectively positive cones K,K,,K,, which are supposed to have
nonempty interiors (say) intK,intK,,intK,, andf : X ->Y, g: X >Z,h: X >W . Let XxXeDbe
a weakly efficient solution of (VP), where D ={x € X : g(x) <, O,h(x)=0}. Suppose that f,g,h

are Hadamard directional differentiable at X . Suppose that the constraint qualification
To>GnH, holds true, where T is the cone of tangents of D at X , and

G'={x:g'c () <, —9(X)} , Hy={x:h',(x)=0} . Furthermore, assume that the functions
f'.,9'.,h', satisfy the conditions: () ¢ is (K;xK,x{O}, Y xZx{O})-preconvexlike on X,
where p(x) = (f'; (%), 0 (x) + g(%), h; (x));

(b) the Slater condition (SC2): (x',yz'\w')e{(x, f';(x),9'; (x),h";(X)): xe D} such
thatz'<;,,,, —g(X) and w'=0; (c) the continuity condition: f', (x)is (-K)-continuous at x' and
g's (x)+9(X) is (—K,)-continuous at x'; (d) the inner point condition: for all neighborhoods R
of the origin of Y, for all neighborhoods S of the origin of Z , 3 a neighborhood T of the origin of
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W suchthat T<cH(U), where

U={xeX: ', (x)ef' (X)+R-K,g'(x)e g’y (x)+S—intK,}.

Then, there exists (&,7,¢) e{K, *\{O}x K, *>xW=*}such that

(& 5 () +<m, 9’5 (X)) +<(,h'5 (x)) 20 (Vx e X) and (7,9(X))=0.

Proof. Since XeD is a weakly efficient solution of (VP), by Theorem 3.1, we get
F,AT=0 . By the supposition, we have F,NGnH,=< , that is, the system
f'2 (X) <inek, 0, 9'% (X)+9(X) <, O, andh', (x) =0 has no solution. According to the assumption,
we have that ' (x),g', (x)+ g(X),h"; (x) satisfy the conditions (a)-(d) in Theorem 2.1. Therefore,
by Theorem 2.1, there exists (&,7,¢) e {K,*\{O}x K, *xW*}such that

&L 0+, 05 () + g +(C Y, ()20, ¥xe X. (1)

Taking x = O in the above formula, we get (7,g(X)) > 0. On the other hand, from 7 e K,* and

g(X) <, O, weget (n,9(x))<0. So,

(1,9(x);=0. )
Therefore, combining (1) and (2), we have
(& B () +(m, 9’5 (X)) +<(,h'5 (X)) 20 (Vxe X) and (7,9(X))=0.
This completes the proof.

Summary

A preconvexlike function is obviously a presubconvexlike function. However, after we have the
concept of preconvexlikeness, this sequence of convexity or generalized convexity (convex,
convexlike, subconvexlike, preconvexlike, and presubconvexlike) is more interesting. Sometimes,
however, preconvexlikeness is better than presubconvexlikeness in some sense. But if we change
preconvexlikeness to presubconvexlikeness, then we have to change “Hausdorff topological vector
spaces” to “locally convex Hausdorff topological vector spaces” and then, of course, we have to
change the proofs.

On the other hand, any real-valued function is a preconvexlike function. And we have defined a
nonnegative or nonpositive function that is valued in a topological vector space by means of a
positive cone. Moreover, any nonnegative or nonpositive function is preconvexlike. These are some
advantages of preconvexlike functions.
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