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Abstract

In this study, the stabilization for the Takagi-Sugeno
(T-S) fuzzy discrete system with constrained controls is
investigated. The derived stabilization conditions are
based on the Lyapunov stability criterion with the
piecewise quadratic Lyapunov function. The con-
strained control inputs are used to assess the possible
state transition, following which the stabilization condi-
tions are reduced. The corresponding Lyapunov ine-
qualities of the interactions among the state transition
are integrated into a single matrix to relax the stabiliza-
tion conditions. Finally, the effectiveness of the pro-
posed stabilization conditions is demonstrated by a nu-
merical example.
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1. Introduction

During the past decades, the Takagi-Sugeno (T-S)
fuzzy control system has been widely explored (see [1-
2] and references therein). A nonlinear system can be
converted into a T-S fuzzy model through the local ap-
proximation method or sector nonlinearity method [1].
Subsequently, the T-S fuzzy model-based control de-
sign methods can apply to the nonlinear system. The
parallel distributed compensation (PDC) [3] control law
combined with the Lyapunov stability criterion is usual-
ly synthesized to the T-S fuzzy model. The stabilization
conditions are usually represented in the linear matrix
inequality (LMI) form. Then, the T-S fuzzy model-
based control is completed by using effective LMI tools
to solve the LMI problem. The T-S fuzzy model-based
control is also successive applied to the system with
constrained control. In [4], the control input constraint
is represented as the LMIs and solved with the stabiliza-
tion conditions simultaneously. The LMIs of the control
input constraint assure that the designed control satis-
fies the constraints in the control inputs and have been
successively applied to many applications [1-8]. How-
ever, the stabilization conditions and input constraint
LMIs of the most studies are derived based on the
common quadratic Lyapunov function.

The primary Lyapunov stabilizations of the T-S
fuzzy control systems are based on the common quad-
ratic Lyapunov function [1-7]. Based on the common
quadratic Lyapunov function, the stabilization proce-
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dure is to obtain a common positive definite matrix
such that all the Lyapunov inequalities are satisfied.
The Lyapunov inequalities are with respect to the fuzzy
rules of the T-S fuzzy system. The common quadratic
Lyapunov function based control design is simple but
the structure information of the fuzzy rules is unnoticed
in the stabilization conditions. In contrast with the
common quadratic Lyapunov inequalities, the piece-
wise quadratic Lyapunov function involves the struc-
tural information of the fuzzy rules [2, 8]. In addition,
the piecewise quadratic Lyapunov function has more
Lyapunov function candidates than the common quad-
ratic Lyapunov function. Hence, the piecewise quadrat-
ic Lyapunov function derives more relaxed stabilization
conditions than the common quadratic Lyapunov func-
tion does.

The aim of this study is to stabilize the T-S fuzzy
discrete system with the constrained control. First, the
T-S fuzzy system is converted into an equivalent
switching T-S fuzzy discrete system. Then, the stabili-
zation conditions are derived based on the Lyapunov
stability criterion with the piecewise quadratic Lyapun-
ov function. The constrained control inputs are em-
ployed to estimate the possible state transition in ad-
vance. Subsequently, only the Lyapunov inequalities
associated with the possible state transition are neces-
sary to fulfill. In addition, the Lyapunov stabilization
inequalities associated with the possible state transition
are integrated into a single matrix, and then the relaxed
stabilization conditions are derived. The effectiveness
of the proposed stabilization conditions are verified by
an illustrative numerical example.

This study is organized as follows. Section 2 presents
the considered system and the existing stabilization
conditions. Section 3 develops the main result. Section
4 provides an illustrative example to demonstrate the
utilization of the proposed method. Finally, Section 5
draws conclusions.

2. Preliminary

Consider a T-S fuzzy discrete system as follows:

Rulei:

If x,(t) is M, X5 (t) is Mo, ..., X, (1) is My,
then x(t +1) = A x(t) + B;u(t)

fori=12,...r.
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where A e R™" and B; e R™™ are the system and
input matrices, respectively. x(t) e R" and u(t) e R"
are the state and input vectors, respectively. M;; is the

fuzzy set. After defuzzification, the system is inferred
as:

X0+D=gwﬁﬂAM0+&w0] 0
where
TTM; (%;(8)
wt)=-"2"21— (@3
2T M(x;(1))
i=1j=1
0<w(t)<1 (4)
Sw () =1 (5)

For a physical system, the control signal is constrained
as follows:

o, < ®

The PDC control law [3] is usually employed to the
system (2) as follows:

Rulei:

If X, (t) is Mg, X, (t) is My, ..., X, (1) is My,
then u(t) = —F, x(t)

fori=12,..r.

U]

After defuzzification, the controller is inferred as:
r
u(t) = —,lei OFx() (8)
=

Apply the PDC control law to the system (2), then

X(t+1)= 3 3w (Ow; OLA - BFIX()

i=1j=1

©)

According the Lyapunov stability theorem with a com-
mon quadratic Lyapunov function V (t) = x" (t)Px(t) ,
the stabilization conditions for the T-S fuzzy discrete
system (9) with constrained controls (6) are as follows:

Theorem 1[1, 4]: For ||x(0), < ¢, the system (9) with
constrained controls (6) is asymptotically stable if there
are matrices M; =F,P™ and Q=P >0, such that
the following inequalities are satisfied.

Q> 41 (10)
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Uj ﬂ2|}>0 (11)
{AiQ—QB-M- Q} >0 (12)
Q | *
AQ-BM; +AQ-B;M, >0 (13)
> Q

where i, j=1,2,---,1; i< j. The asterisk denotes the

transposed matrices for symmetric positions.

By using the following piecewise quadratic Lyapun-
ov function, the relaxed stability conditions for the T-S
fuzzy discrete system are expected.

vm=gm®ﬂmmm)(M)
where

g;(0)= {1, X(t) € S; (15)

0, otherwise

S; denotes a subregion of the state space X .
For a fuzzy system, the subregion division follows
the firing of fuzzy rules, i.e., 0<M;(x;) <1. Let the

center of each fuzzy set be a dividing point in the state
space X , and then the subregions of a two-state-
variable-system are illustrated as Fig. 1. Therefore,

;1Sj=X,and S;NS; =0 fori=j.

Fig. 1: Subregion division of thé state space

Consequently, the T-S fuzzy discrete system is con-
verted to an equivalent switching T-S fuzzy discrete
system as follows:

Region Rule j:
If x(t) € S;, then
Local Fuzy Rule LR :
If X, (1) iSM iy, Xo (1) ISM 5, -+, X (D) IS M,
then x(t +1) = A;x(t) + Bju(t)
for j=1 2,--,5;1=22,---, B(]))
(16)



After defuzzification, the switching T-S fuzzy discrete
system is inferred as

s BU)
X(t+1) = P [ Ow, O[Ax®+Bu®m] @)

where
ID[ M g (Xq (1))
Wy (t) = ﬂ((})zln (18)

2 TTMyjq (x4 (1))
=1 d=1

0<w, () <1 (19)

AU)

> wy (=1 (20)

Also, the PDC control law in the switching T-S fuzzy
system form is considered.

Region Rule j:
If x(t) € S;, then
Local Fuzy Rule LRj; :
If X (t) iSMjip, Xo (1) iSM iz, -+, X, (1) ISM
then u(t) = —F; x(t)
for j=1, 2,---,s;1=12,---, B(J)
(21)

After defuzzification, the controller is inferred as:

s Q)
u(t) = - J_;j;’l 0, W, OFx®) (22

Apply the PDC control law to the system (17), then

x(t+1)

s AU) BU)
_le kzlgj(t)Wn(t)ij(t)[An - BjiFjIx(t)
j= =

N g

)
03 (OW (G x() (23)

AU BU)
kzlg,- (Owj; (E)w (1) Ay X (1)

>

j=11=1

where Gy = Aj —BjFjc, and Ay = (G +Gjq) /2.

According the Lyapunov stability theorem with the
piecewise quadratic Lyapunov function (14), the stabi-
lization conditions for the T-S fuzzy discrete system
(17) with constrained controls (6) are as follows:

Theorem 2[8]: For |x(0)|, <¢, the system (17) with
the constrained control (6) is asymptotically stable if
there are matrices M =F;P;*, and Q;=P;* >0,
such that the following inequalities are satisfied.
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Q; > ¢l (24)
m‘l ﬂzl}o (25)
j

Qj *
0 26
|:Aj|Qj_Bj|Mj| Qi:|> (20)
Qj *

AjQj —BjMy + AyQ; — By My, . >0 (27)

2 1

where i,j=1,2,---,s; I,k=12,---,8()) ; I <k. The

asterisk denotes the transposed matrices for symmetric
positions.

It should be noted that the matrices Q; = PJ-‘l and

Q= Pi’l in Theorem 2 are with respect to the piece-
wise  Lyapunov  functions for Xx(t)eS; and
X(t+1) eS; , respectively. In a discrete system, the
successive two states x(t) and x(t+1) may be in any
subregions, consequently, i, j=12,---,s should be
considered in Theorem 2. If the relative positions of
two consecutive states, x(t) and x(t+1), can be esti-
mated, fewer < j,i> pairs for Theorem 2 are expected.

In next section, the stabilization conditions are reduced
by estimating the maximum distance between two suc-
cessive states.

3. Main result

For a physical system, the control signal is always con-
strained, as shown in (6). Therefore, from (17), if
X(t) € S;, the next state x(t+1) is bounded. In the

subregion S;, a state x(t) can be represented as the

\

convex combination of centers of the fuzzy sets X,

illustrated in Fig. 2.

as

Fig. 2: Convex combination of centers of the fuzzy sets

X(t) = 2znjch(t)x‘j’C ,for x(t) € S; (28)
c=1



where
0<w()=<1 (29)
2ﬂ
wi(0) =1 (30)

According to (17), (28) and the constrained control (6),
then

[ax@,
=[x(t+1) - x|,

Aj)
= H Ejlel (O[A;x(t) + Byu(®)] - x(t) (1)

0

<

(D) 2° ,
El Zjlel(t)ch(t)[Ajl = 11X

o0

+

AU)
I21Wj| ()B;

-, for x(t) € S;.

0

From (19)-(20) and (29)-(30),

lax®ll,

< r’r|1acx“(Aj| —1)xY (32)

'e) ] 0

1

where I;; is the width of subregion S;, as shown in
Fig. 2. ; is the minimum positive integer satisfying
(32). Hence,

X(t+1)eSs;,
o : (33)
ori=j+(2.-,05;),0<is<s

Define a set Q to denote the possible state transition
from S; to S;.

Q={ji>|x(t)eS;, x(t+1)eS; y
j=12,,8i=j*(L 28>0 (34)

Apply the Q in (34) to Theorem 2, the relaxed stabi-
lization conditions for the T-S fuzzy discrete system
with the constraint controls (6) is derived. In addition,
the interactions among all fuzzy subsystems are inte-
grated into a single matrix to relax the stabilization
conditions.

Theorem 3: For [x(0)], <¢, the system (17) with the
constrained controls (6) is asymptotically stable if there
are matrices M, =F; P, Yy =Y, Yy =Y and
Q= Pj’1 >0, such that the following inequalities are
satisfied.
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Q; > ¢°l (35)
Q *
0 36
|:Mjl pd > (36)
Qj—Yi *
>0 (37)
|:AjIQj_BjIMjI Qi
Qi —Yik —Yiu | *
A;jQ; —ByMj + AyQ; -ByM, ‘ >0 (38)
2 1
N Y Yits(i)
Y. 2V, Yoo
> _| Yiz j2 i25(0)
V= ! : P10 (39)
Yistin Yisti2 2Yip(i)
where
<ji>eQ (40)

ILk=212,---,8(j) ; <k . The asterisk denotes the

transposed matrices for symmetric positions.
Remark 1: In Theorems 1 and 2, the stabilization con-
ditions for i, j =1, 2,---, s should be satisfied. In Theo-
rem 3, however, only the conditions for < j,i>eQ
defined as (34) are considered. Hence, the proposed
Theorem 3 is more relaxed than Theorems 1 and 2.
However, if 5; in (32) is too large, it would lead to
Q={<j,i>|i,j=12,---,s} and then the proposed
stabilization conditions regress to the traditional forms.

The control design procedure of Theorem 3 is sum-
marized as follows:

Step 1: Convert the T-S fuzzy system (2) into a
switching T-S fuzzy discrete system (17).

Step 2: Determine the possible state transition Q
through (32)-(34).

Step 3: List all stability conditions (35)-(39) accord-
ingto Q.

Step 4: Solve the stabilization conditions by the ex-
isting linear matrix inequality tool.

4. lllustrative Example

This section demonstrates the effectiveness of the pro-
posed stability conditions induced by considering the
possible state transition Q.

Example 1: Consider the following T-S fuzzy discrete

system with the constrained control |u(t)|, < #=1.

Rulei:

If x.(t) is M, and x,(t) is M,
then x(t +1) = Ax(t) + B;u(t)
fori=12,---,8

(41)



where

[a o4 _[09 05
A= 05 08| Ao = 05 01|
07 0.2 _[09
0.4 A=

0.9 0.5
_[08 02] , [o8
A {0.3 .9] . {0.4

_[09 03
A= 01 0.7/

~ _[08 03
a 02 08|

A

and

B, b B - 06|

“lo]” P loal
In addition, the fuzzy sets of this system are shown as
Fig. 3.

B;.

Fig. 3: Fuzzy sets of tis example

Then, the T-S fuzzy system is converted to an equiv-
alent switching T-S fuzzy system:
Region Rule j:
If x(t) € S, then
Local Fuzy Rule LR :

. . (42)
If % (t) ISM i, X5 (1) isM 5,
then x(t+1) = Ay x(t) + Bju(t)
j=12,31=1234
Accordingly, A=A , A=A =A

Apy=PRAs1=Ag, A=Ay, Az=As, Au=~A3=5As,

Apy=RAg3=A;, Ay =Ag, and By =[0.60.1]", ex-
cept By; = B;. As shown in Fig.3, I; =2 and the cen-
ters of the fuzzy sets are

-3 -1 -3 -1
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-1 1 -1 1
il ) o

1 3 1 3
X = H X, - H - M X m

Hence, from (32), 6, =2 and &, = 8; =1. Accordingly,

01,02, (1.3, (2.3)
{<2, 2).(2.3.(32)(3 2>}

Q

(43)

According to (43) and |x(0)]|, < ¢ = V10, the stabiliza-

tion conditions in Theorem 3 are derived and solved by
the Matlab LMI toolbox [9]. Fig. 4 displays the feasible
(a, b) pairs for the system (41) and the comparison with
other literature [8]. Obviously, the proposed possible
state transition set Q and integrating matrix \fj bring
the relaxed stabilization conditions for the T-S fuzzy
system with the constrained control. Fig. 5 is the simu-
lation result for the system (41) with a=0.6 and

B, = B, . The simulation shows that the system can be
stabilized under the input constraint [u(t)]|, < #=1.

C O ® &

O Theorem 3
*all <i, j> pairs
A Th3.1of [8]

®» ® & ® ® ® ® @ ® ® &
® ® © O 6 6 O O ® & &

O O O O

Oor® ® ® ® O O C ® & & B

N
'

1 0 0.1

o OFrO0O O O O O O G O & & ®

Fig. 4: The feasible (a, b) pairs for this example.

1

—— state x;

— state X, [
—— control u

0 20
Fig. 5: Simulation result.
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5. Conclusion

In this paper, the stabilization conditions for the T-S
fuzzy discrete system with the constrained control have
been investigated. The piecewise Lyapunov function is
adopted to derive the stabilization conditions. The pos-
sible state transition is considered to reduce the stabili-
zation conditions. The correspond Lyapunov inequali-
ties of the interactions among the state transition are
integrated into a large slack matrix. An illustrated nu-
merical example displays the effectiveness of the pro-
posed method.
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