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Abstract

In this paper the questions of the definition of the cen-
ters optimum allocation in fuzzy transportation net-
works are observed by the minimax criterion. It is sup-
posed that the information received from GIS is pre-
sented like a fuzzy graph. In this case the task of the
definition of the centers optimum allocation transforms
into the task of the definition of the graph vitality fuzzy
set. The method and algorithm of the definition of the
graph vitality fuzzy set is considered. The example of
finding optimum allocation of centers in GIS for rail-
way stations with the largest vitality degree is consid-
ered as well.
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1. Introduction

The large-scale increasing and versatile introduction of
a geographical information system (GIS) is substantial-
ly connected with the necessity of the perfection of in-
formation systems providing decision-making. GIS is
applied practically in all spheres of human activity. Ge-
ographical information technologies have reached an
unprecedented position now, offering a wide range of
very powerful functions such as information retrieval
and display, analytical tools, and decision support [1,
2]. Unfortunately, geographical data are often analyzed
and communicated through largely non-negligible un-
certainty. Uncertainty exists in the whole process from
geographical abstraction, data acquisition, and geo-
processing to the use [3, 4, 5].

One of the tasks solved with GIS is the task of the
centers allocation [6]. The search of the optimum plac-
ing of hospitals, police stations, fire brigades and many
other necessary important enterprises and services on
some sites of the considered territory are confined to
this task. In some cases the criterion of optimality can
consist in the minimization of the journey time (or in
the minimization of distances) from the service centre
to the most remote service station. In other cases the
criterion of optimality consists in the choice of such a
place of allocating the centers so that the route from
them to any other place of service could be passed best
by some criterion of a way. In other words, the problem
is the optimization of "the worst variant» [7].

© 2015. The authors - Published by Atlantis Press

1006

However, very often, the information represented in
GIS, happens to be of the approximate value or insuffi-
ciently authentic [8]. We consider that a certain railway
system has n railway stations. There are k service cen-
tres, which may be placed into these railway stations.
Each centre serves a station, and also some neighbour-
ing stations with the given degree of service. The cen-
ters can fail during the exploitation. It is necessary for
the given number of centers to define their best alloca-
tion. In other words, it is necessary to define the places
of k centers into n railway stations so that the “control”
of all the territory (all the railway stations) is carried out
with the greatest possible service degree.

2. Basic concepts and definitions

It is supposed that the service degree of a region is de-
fined as the minimal value from the service degrees of
each area (railway station).

Taking into account that the service degree cannot
always have a symmetry property (for example, by spe-
cific character and relief of the region) the model of this

task is a fuzzy directed graph G=(x,0) [9]. Here, set
X={x}, ier=f12,.,n} is a set of vertices and
U ={< uy, <X X > <X X >} < X,x; >e x 2 is a fuzzy
set of directed edges with a membership function

uu:X?—[0,1]. Membership function x, <x,.x;> of

fuzzy graph G = (X,U) defines a service degree of ar-

ea j when the center is placed into area i. We assume
that the service degree has the property of transitivity,
i.e. if the service centre is in the area and serves area X;
with degree x, < x;,x; >, and if the service center is

in area x; and serves area Xk with degree u, < x;,x, >

J')
then the service degree of area x« from area X is
My <X, X; > &uy < x;,x, > . Here, & operation is a

minimum operation.

The task of the best allocation of the centers in a
fuzzy graph can be reduced to the problem of finding a
subset of vertices Y, from which all the other vertices of
fuzzy graph X/Y reachable with the greatest degree.
Considering the questions of the optimum allocation of
the service centres we will focus on the concepts of a
fuzzy directed way, and the degree of fuzzy graph vital-
ity [9, 10].

Fuzzy directed way [(xi,xj) of graph G = (X ,J)

is a sequence of fuzzy directed edges from vertex x; to
vertex Xm:



LXj X)) =< sy <Xi, X5 >/ <X,X;>>, < py <Xj,% >

< py <Xy X > <X X >

.....

Conjunctive durability of the way ﬂ([(xi,xj)) is
defined as

nlEx,)= &

<x Xp>€L(xx,)

>

Hy <X,.X,

Fuzzy directed way [(xi X)) is called a simple way

between vertices x; and xn if its part is not a way be-
tween the same vertices.
Vertex y is called a fuzzy accessible of vertex x in

graph G = (x,U) if the fuzzy directed way from ver-
tex x to vertex y exists.

The accessible degree of vertex y from vertex x, (x=y)
is defined by the following expression

yxy) = max (p(L, (xy), a=12,..p,

where p is the number of various simple directed ways
from vertex x to vertex y.

On the basis of the presented definition of a fuzzy
accessible vertex we can construct accessible matrix N,
containing accessible degrees for each pair of the verti-
ces

n-1

Y

n k=0

R™.

N= Hyi,-

Here, ni=xXi,X;), XixjeX, R™ is the vertex matrix power
m for a graph (matrix R? is an identity matrix).

Let us consider that each vertex xeX in graph
G=(x, U) is accessible from itself with accessible de-
gree ©x,X)=1.

Example 1. For the fuzzy graph presented in Fig.1,
vertex Xs is a fuzzy accessible vertex from x; with the
accessible degree

y(x,,xg)=max{( 0,7&0,3);(0,6&0,8)}=
= max {0,3;0,6} = 0,6.

X4
Fig. 1: Fuzzy graph.

Let fuzzy graph G=(x,U) be given. The fuzzy

multiple-valued reflections 7, 7°%, I'*,..,.I'* are de-
fined as:

rix)={<u

(VX e x)[‘ul'l(x,)(xi) = py <X, X, >1,

F1<x.>(xi)/(x,~) >}, where

[Pa,)=TTE,)p, T) = T® )}
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rAx,)=M{rw)r={< u,,

r(X‘)(xj)/x].>},where

(9%, € Xl a,,

r(XI)(xj)= (%) & py <%, x;>]"

oxex Hrto0
It is obvious that ¥ (x;) is a fuzzy subset of the verti-

ces, which are accessible from vertex x;, using fuzzy
ways with the length k.

Example 2. For the fuzzy graph presented in Fig.1 we
have

I(x) ={<0,7/(x,) >,<0,6/x, >},
re(x)={<06/x, >}

Fuzzy transitive closure f(xi ) is the fuzzy multiple-
valued reflection:

PG )= 100 I(x)o ) U = | J 7))
j=0

Where fo(xi) ={<1/x; >} . In other words, vertex X;
can reach itself with the degree 1.
Set I'(x,) is a fuzzy subset of vertices, which are ac-

cessible from vertex x; by some fuzzy way with the
greatest possible conjunctive degree. Since we consider
finite graphs, it is possible to state, that

n-1
)= r'e).
j=0
Example 3. For the fuzzy graph presented in Fig.1,
the fuzzy transitive closure of vertex x; is:

f“(xl) ={<1/x,><07/x,><06/x,><05/x, ><0,6/x, >}-

Fuzzy graph G=(x,U)isa fuzzy strongly connect-
ed graph if it satisfies the following condition:

(VX € X)(S. . =X). 1)

(%)

Here, S is the carrier of fuzzy transitive clo-

(%)
sure 7°(x; ).
On the contrary, fuzzy graph G=(x,U) isa fuzzy

strongly connected graph if there is a fuzzy directed
way, the conjunctive strength of which is different from
0 between any two vertices.

Let the fuzzy transitive closure for vertex x; look like

..... < e, i, > 1,

then value p(é): & & py(x;) is defined as the
j=1ni=1n
degree of the fuzzy graph strong connectivity.

Let G =(X,U) bea fuzzy graph with degree of strong

T(x,) = f< 0, > <p, (6, )x, >

connectivity p(é) , and é’z(x ’,J) be a fuzzy subgraph
with degree of strong connectivity p(é ).

Fuzzy subgraph G'=(X'U" is defined as a maxi-
mum strong connectivity fuzzy subgraph or a fuzzy
strong connectivity component if there is no other sub-



graph é"'z(x ’ZJ') for which G’'c 6", and
p(G) < p(G".

We consider the degree of fuzzy graph vitality as a
degree of strong connection, so it will be defined by the

formula [11, 12]:
V(G)= & & y(x,.x,).
xeX xjeX
It means that there is a route between each pair of the
graph vertices with a conjunctive strength not less than
value V.

To allocate service centers in a fuzzy graph we
should consider the problem of the “optimum” placing
this way: all (residual) vertices are served with the
greatest vitality degree.

Let k be a service center (k<n), placed in the vertices
of subset Y, [Y|=k, Y&X, and y(x,,x,) is a reachability

degree of vertex x; from vertex Xi.
Definition 1. Value
& (v

Vx;eX\Y Vxe

Vg(Y): Y}/(Xi,Xj)&J/(Xj,Xi))

Is a vitality degree of fuzzy graph G which is served by
k-centers from vertex set V.

Vitality degree VoY) determines the minimax strong

connectivity value between each vertex from set X\Y
and a center from set Y.

In other words, one can “leave” the vertex of subset
Y, “reach” any vertex of the graph, “serve” it, return to
the “initial” vertex while the conjunctive strength of the
route will not be less than value v_(v).

Itis clear that value v_ (v) < [0,1] depends either on the

number of centers k, or the allocation of the centers on

the vertices of graph G (i.e. on the choice of set Y).
Thus, the problem of the allocation of k service cen-
ters (k<n) in fuzzy graph G is reduced to determining
such a subset of vertices YcX, that value of vitality de-
gree V() reaches its maximum value, that is val-

Uev . (k) = mex {V (Y)}-
vYcX
IY |=k
Definition 2. Fuzzy set

Vo ={<Ve ()/1>,<V(2)/2 > <Vg (n) /1 >}

defined on vertex set X, is called a fuzzy set of vitality of
graph G = (x,U). Fuzzy set of vitality \7(3 determines

the greatest vitality degrees of graph G if it is served
by 1, 2... n centers.
Values Qé(k) (1<k<n) signify that we can place k-

centers in graph G so that there is a route from at least

one center to any vertex of graph G and back. The
conjunctive strength of the graph will be not less than

V: (k) -
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3. Method for finding centers with the largest vitali-
ty degree

Let us consider the method of finding a family of all
service centers with the largest vitality degree. The giv-
en method is a similar method for the definition of all
fuzzy base sets [13] and fuzzy antibase sets [14] for
fuzzy graphs.

Let Y be a subset of the vertices of fuzzy graph
G = (X,U) in which the service centers are located and

the vitality degree equals to V. Therefore, one of the
two conditions for any vertex x;eX can be satisfied:

a)  vertex x; belongs to set Y;

b)  there is vertex x; that belongs to set Y and ine-
qualities y(x,,x,)>Vv and y(x,,x;)=V are encoun-
tered.

Using the notation quantifier form we can get the truth
of the following formula:

(vx; e X)[x; €Y v (3x;)
(X, €Y &y(X;,Xx;) 2V &y(x;,%)=2V)]
Logical variable p;i can be set in correspondence to each

vertex xj eX. If x; €Y, the logical variable possesses val-
ue 1, otherwise 0. Fuzzy variable ¢, = y(x,, x;) canbe

set in the correspondence to expression y(x,,x;) >V .
So we can get the truth of the logical formula:
@ i%(pivjz—n(pj&gij&‘fij))'

\

Let . =1 and equality

PivVP&E&E SV p &L &S, is true for any X,
then:

@)

[}

\

& V—(éij &éji & pj)'

i=1,n j=1,n

While removing the brackets in formula (2), let us use
the following rule of absorption:

ava&b=a; &'&avE &ad&b, if £

Here, a,b £{0,1} and &, &7’ €[0,1].
Consequently formula (2) will be represented as:

©)

® (4)

\%

v(p, &p, &..&p, &V,)"
i=1,1 ! ! !
We can prove the following property:
Property. If further simplification in the formula (4)
based on the rules (3) is not possible, then the totality of
all vertices, conforming to variables, for each disjunc-
tive term i defines the subset of vertices Y <X with vital-
ity degree V; of fuzzy graph G = (x,U). Here subset Y
is minimal, in other words, any subset of Y does not
have this property.

4. Algorithm for finding the allocation of service
centers

Let us rewrite expression (2) like this:



®)

o, = .fg‘l—(ail PLVa,P, V.. va,p,)

To construct expression (4) we will convert pair
a;j&p from expression (5) to weighted binary vector

a,P,. Here P = p” || is a binary vector that has di-

mension of n. The elements of 51, are defined as:

p(? :{

Example 4. Let n=3, so, taking into account our rules
of conversion, expression 0.6&p, is equal to vector
0.6(0,1,0) and expression 0.4&ps is equal to vector
0.4(0,0,1).

The conjunction of (aip:1) and (azp2) from expression
(5) corresponds the conjunction of two weighted binary

vectors a,p,  and Po=l p2 1l P, =l o™ Il
i =1,n, aj,a;e[0,1]. In a vector space the conjunction

is defined as a P, & a,P, = aP , where a=min{as,az},

1, 0fi = j
0,ifi # j.

a,P,,

P=llp Il p=max{ p®,p®}, i=1n.

Example 5. The conjunction of vectors from example
(4): 0.6(0,1,0)&0.4(0,0,1) = 0.4(0,1,1).

Let us define the operation < “less or equal” between
binary vectors. Binary vector p, is less or equal than p,
if and only if each element of p, is less or equal than

the corresponding element of vector p,. Or
(F<P) o (Vi=Ln)[p® < p®]

Example 6. (0,1,0)<(0,1,1).
Considering the algebra in space of weighted binary
vectors, we can make a rule of absorption:

alﬁlv aze = 3151’ if a;>a,and Slg FT2 (6)

Example 7. 0.6(01,0)v 0.4(0,11) = 0.6(0,1,0), that
corresponds the rule of absorption in space of fuzzy ex-
pressions0.6 & p, v 0.4& p,& p,=0.6& p,-

Now we can construct statement (6) using the con-
junction operation and the rule of absorption of
weighted binary vectors by the following algorithm:

1°. Each element of the first bracketed expression
(j=1) of expression (5) is converted to weighted binary
vector. The result is to be written in the first n elements
of the buffer vectorv, = v® ||,i=1,n*.

2°. j incrementing (j:=j+1).

3°. Each element of the bracketed expression j is also
converted to weighted binary vectors. The result is to be
written in the first n elements of the buffer vector
Vo =llv® li=1n.

4°. The next stage consists of the conjunction of two
vectors v, andv,. The result is placed into the buffer

vector v, =||v® ||,i =1,n* . While placing elements into

\/_3 , absorption is made using rule (6).

1009

5°. All the elements of buffer v, are copied to buffer

v, (v =v®i= 1?)
6°. j incrementing (j:=j+1).
7°. If j<n, the next step is 3°, otherwise 8°.
8°. Expression (4) is to be built using elements in the

buffer v, . This way we have fuzzy set of vitality \7G of
graph G = (x,U)-

5. Example of the service centers finding

Let us consider a railway network limited by the sta-
tions Novosibirsk, Kemerovo, Barnaul and Novokuz-
neck. The network is presented in Fig. 2.

Fig. 2: Railway network.

The fuzzy graph of this railway network, obtained
from the GIS “Object Land” [15], is represented in
Fig.3. Here the fuzzy graph vertices correspond to the
network railway stations, and the fuzzy graph edges
correspond to the rail way between the stations. The
membership functions of the edges are calculated ac-
cording to the characteristics of the railway. For exam-
ple, “if the period of the maintenance of the railway is
less than 15 years and the length is less than 20 kilome-
ters, the membership function is equal to 0.9”. It is nec-
essary to find the allocation of service centers. For the
sake of simplicity, let us present all the subgraphs,
strong connection degrees of which equals to 1, by one
vertex.



A
Cherepanovo

N
Srednesibirslyéya(k
!

Fig. 3: Fuzzy graph of the railway network.

As a result we will receive the aggregative fuzzy graph

with n=9, which is represented in Fig. 4:

0,7 X
X1 J 5 0,9 . 'Xs

e
0,6 ) 1

0,7

¥ €

0,6

X9 1

Fig. 4: Aggregative fuzzy graph of the railway network.

The vertex matrix for this graph has the following
form

X, 0 1 0 0 07 O 0o 07 0
X, 07 0 06 0 O 0 0 0 0
Xy 0O 06 0 0 O 0 0 0 0,7
X, 0 0 0o 0 O 0 0 0 0,7
R = x, 06 0 0o 0 0 09 03 0 0
Xq 0 0 0o o0 06 0 04 O 0
X, 0 0 0o o0 03 04 0 04 O
Xg 06 0 o 0 O 0o 04 0 07
Xq 0 0 06 1 O 0 0o 07 O

We raise the contiguity matrix to 2, 3, ..., 9 powers.

Uniting them, we find an accessible matrix

X X X X X

0,4
0,4
0,4
0,4

X X

3
0,7
0,6

4 5

0,7 07
0,7 07
0,7 0,6
06 1 06 0,6
06 06 1 09 04
06 06 06 1 04 06 0,6
04 04 04 04 1 04 04
06 1 06 06 04 1 1
06 1 06 06 04 07 1

6 7 8 9

0,7
0,7
0,7
0,7
0,6

0,7
0,7
0,6

0,7
0,7
0,7
0,7
0,6

Iy

e

3

X X ox X X X X
& o
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The corresponding expression (5) for this graph has
the following form

®, =(1p,v0,7p,v0,6p,v0,6p,v06p,v06p,v04p,v
0,6p, v 06p,)&

& (0,7p , v1p, v 0,6p, v 0,6p, v 06p v 06p,vO04p,
v 06p,Vv06p,)&

& (06p , v 0,6p,vip,v0,6p,v06p,v06p,v0,4p,vVv
0,6p,v06p,)&

& (06p , v 0,6p,v0,6p,vip,v06p,vO06p,v04p,vVv
0,7p, v 0,7p,) &

& (06p , v 0,6p,v0,6p,v0,6p,vip,v06p,vO04p,v
0,6p, v 0,6p,)&

& (06p , v 0,6p,v0,6p,v0,6p,v06p,vip,v04p,v
0,6p, v 0,6p,) &

& (04p ,v0,4p, v 0,4p, v 0,4p, v O04p v 04p,Vvip, v
0,4p, v 0,4p,) &

& (06p, v 0,6p,v0,6p,v0,7p,v06p,vO06p,vV
0,4p, v1p, v 0,7p,) &

& (0,6p , v 0,6p,v0,6p,v0,7p,v06p,v06p,v
0,4p, v 0,7p, v1py).

Before the first iteration of the algorithm vectors v,
and v, are the following:

0.7(100000000 )

1(100000000 ) ) )

| 0.7(010000000 ) | 1(010000000 ) |

} 0.6(001000000 ) { | 0-6(001000000 ) I

| 0.6(000100000 ) | 0.6(000100000 ) |
\71:} 0.6(000010000 ) { V, = 0.6(000010000 ) I
| 0.6(000002000 ) | | 0.6(000001000 ) |

| 0.6(000000100 )I 0.4(000000100 )I

| 0.6(000000020 ) | 0.6(000000010 ) |

)

LO.G(OOOOOOOOl )J LO.G(OOOOOOOOl

After the first iteration of the algorithm we have:

v," = (0.7(1000000000), 0.7(010000000),

0.6(001000000), 0.6(000100000), 0,6(000010000),
0.6(000001000), 0.4(000000100), 0.6(000000010),
0.6(000000001), 1(110000000)).

After completing the iterations for j=3, 4, ...,9, final-
ly we have:

V," = (0.4(1000000000), 0.4(010000000),

0.4(001000000), 0.4(000100000), 0,4(000010000),
0.4(000001000), 0.4(000000100), 0.4(000000010),
0.4(000000001), 0.6(100000100), 0.6(010000100),
0.6(001000100), 0.6(000100100), 0.6(000010100),
0.6(000001100), 0.6(000000110), 0.6(000000011),
0.7(101111100), 0.7(100011110), 0.7(101011101),
0.7(011111100), 0.7(011011110), 0.7(011011101),
1(111111111)).

So, the formula (4) for this graph has the form:



D, = %v 0,4p, v 0,4p,v0,4p,v0,4p,v0dp,v
04p,v04p,vO0dp,v MV 0,6p,p, v0,6p,p, v
0,6p,p, v0,6p,p,v0,6p,p,v0,6p,p;v06p,p,v

0,70 ;P3P ,Ps PP, v 07D ;P3P Ps P, Py v 07D PP Ps P, Py Vv
0,70 P3P, PsPe P, v 0,7 PP Ps P, Py Vv

0,7p ,P3PsPeP Py V1P, P,PP,P:PP PP,

Graph G has 24 subsets of vertices with the greatest
vitality degree, which follows from the last equality,
and the fuzzy set of vitality is defined as:

V((S):{< 04/1>,<06/2>,<0,7/6>,<1/9>}.

The fuzzy set of vitality defines the following optimum
allocation of the service centres: if we have 9 service
centres, we should place them into all vertices. The
greatest vitality degree equals to 1. If we have 6 service
centres, we should place them, for example, into verti-
ces 1, 3, 4,5, 6 and 7 (Inskaya, Barnaul, Novokuzneck,
Yrga-2, Surzhenka, Kemerovo). The greatest vitality
degree equals to 0.7 in this case. If we have 2 service
centres, we should place the centres, for example, into
vertices 1 and 7 (Inskaya, Kemerovo). In this case the
degree of service equals to 0.6. If we have only one ser-
vice centre then we can place it in any vertex (for ex-
ample, Inskaya). Here, the degree of service equals to
0.4. The fuzzy set of vitality also indicates that, for ex-
ample, there is no need to place 3, 4, or 5 centers. In
this case the greatest vitality degree will be the same as
in the case of 2 centers.

6. Conclusion

The task of defining of the optimum allocation of cen-
ters was considered as the task of the definition of vital-
ity fuzzy set of fuzzy graphs. It must be noted; that the
introduced method makes it possible to define the best
service allocations only if the centers are placed in the
vertices of a graph (the case of generating new vertices
on the edges is not considered). In our future work we
are going to examine the problem of the centers’ alloca-
tion in the temporal fuzzy graphs, i.e. the graphs, edges’
membership functions of which change in discrete time.
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